Google 


This  is  a  digital  copy  of  a  book  that  was  preserved  for  generations  on  Hbrary  shelves  before  it  was  carefully  scanned  by  Google  as  part  of  a  project 

to  make  the  world's  books  discoverable  online. 

It  has  survived  long  enough  for  the  copyright  to  expire  and  the  book  to  enter  the  public  domain.  A  public  domain  book  is  one  that  was  never  subject 

to  copyright  or  whose  legal  copyright  term  has  expired.  Whether  a  book  is  in  the  public  domain  may  vary  country  to  country.  Public  domain  books 

are  our  gateways  to  the  past,  representing  a  wealth  of  history,  culture  and  knowledge  that's  often  difficult  to  discover. 

Marks,  notations  and  other  maiginalia  present  in  the  original  volume  will  appear  in  this  file  -  a  reminder  of  this  book's  long  journey  from  the 

publisher  to  a  library  and  finally  to  you. 

Usage  guidelines 

Google  is  proud  to  partner  with  libraries  to  digitize  public  domain  materials  and  make  them  widely  accessible.  Public  domain  books  belong  to  the 
public  and  we  are  merely  their  custodians.  Nevertheless,  this  work  is  expensive,  so  in  order  to  keep  providing  this  resource,  we  liave  taken  steps  to 
prevent  abuse  by  commercial  parties,  including  placing  technical  restrictions  on  automated  querying. 
We  also  ask  that  you: 

+  Make  non-commercial  use  of  the  files  We  designed  Google  Book  Search  for  use  by  individuals,  and  we  request  that  you  use  these  files  for 
personal,  non-commercial  purposes. 

+  Refrain  fivm  automated  querying  Do  not  send  automated  queries  of  any  sort  to  Google's  system:  If  you  are  conducting  research  on  machine 
translation,  optical  character  recognition  or  other  areas  where  access  to  a  large  amount  of  text  is  helpful,  please  contact  us.  We  encourage  the 
use  of  public  domain  materials  for  these  purposes  and  may  be  able  to  help. 

+  Maintain  attributionTht  GoogXt  "watermark"  you  see  on  each  file  is  essential  for  informing  people  about  this  project  and  helping  them  find 
additional  materials  through  Google  Book  Search.  Please  do  not  remove  it. 

+  Keep  it  legal  Whatever  your  use,  remember  that  you  are  responsible  for  ensuring  that  what  you  are  doing  is  legal.  Do  not  assume  that  just 
because  we  believe  a  book  is  in  the  public  domain  for  users  in  the  United  States,  that  the  work  is  also  in  the  public  domain  for  users  in  other 
countries.  Whether  a  book  is  still  in  copyright  varies  from  country  to  country,  and  we  can't  offer  guidance  on  whether  any  specific  use  of 
any  specific  book  is  allowed.  Please  do  not  assume  that  a  book's  appearance  in  Google  Book  Search  means  it  can  be  used  in  any  manner 
anywhere  in  the  world.  Copyright  infringement  liabili^  can  be  quite  severe. 

About  Google  Book  Search 

Google's  mission  is  to  organize  the  world's  information  and  to  make  it  universally  accessible  and  useful.   Google  Book  Search  helps  readers 
discover  the  world's  books  while  helping  authors  and  publishers  reach  new  audiences.  You  can  search  through  the  full  text  of  this  book  on  the  web 

at|http  :  //books  .  google  .  com/| 


BIBLIOGRAPHIC  RECORD  TARGET 

Graduate  Library 
University  of  Michigan 

Preservation  Office 

Storage  Number: 


ABS3153 

ULFMTBRTaBLmT/C    DT  07/18/88  R/DT  04/05/89  CC   STATmmE/Ll 

010:  :  I  a    09162256 

035/1:  :  |  a  (RLIN)MIUG86-B103442 

035/2:  :  |  a  (CaOTULAS)160134482 

040:  :  |cMnU  |dMnU  |dMiU 

050/1:0:  |aQA3  |b.C4 

100:1  :  1  a  Cayley,  Arthur,  |  d  1821-1895. 

245:04:  |  a  The  collected  mathematical  papers  of  Arthur  Cayley. 

260:  :  ]  a  Cambridge,  |  b  University  Press,  |c  1889-1897. 

300/1:  :  |  a  13  v.  |  b  fronts,  (v.  6,  7, 11;  ports.)  tables,  diagrs.  |  c  30  cm. 

500/1:  :  I  a  Edited  after  Cayley's  death  by  A.  R.  Forsyth. 

500/2:  :  |  a  Accompanied  by  "Supplementary  volume,  containing  titles  of  papers, 

and  index."  (v,  141  p.  30  cm.)  published:  Cambridge,  University  press,  1898. 

500/3:  :  j  a  The  index  was  made  by  F.  Howard  Collins. 

650/1:  0:  |  a  Mathematics. 

700/1:1:  j  a  Collins,  F.  Howard  |  q  (Frederick  Howard),  Id  1857-1910. 


Scanned  by  Imagenes  Digitales 
Nogales,  AZ 

On  behalf  of 

Preservation  Division 

The  University  of  Michigan  Libraries 


Date  work  Began:  _ 
Camera  Operator:  _ 


V  Google 


MATHEMATICAL    PAPEES. 


V  Google 


aonbon:  C.  J.  OLAY  &  SONS, 

CAMBRIDGE   UNIVEESITJ  PRESS  WAEEHOUSE, 

A\F    M4RIA  LANE. 


ffiambriBjJc     DEIGHTON,  bell  and  CO. 
l!,Eip5ig .  F.  A.  BBOCKHAUS. 


V  Google 


THE    COLLECTED 


MATHEMATICAL    PAPERS 


AUTHUE    CAYLEY,    Sc.D.,   F.E.S., 

SADLEUIAN    PROFESSOR    OF    PURE    MATHEMATICS    IS    THE    UNIVERSITY    OF    CAMBRIDGE. 


VOL.    III. 


CAMBRIDGE  : 

AT    THE    UNIVERSITY    PRESS. 

1890 

[All  Eights  res&rved.'] 


V  Google 


CAMBRIDOE  ; 

PRINTED    BY   C.    J.    CIAY,    M.A.    AND   SONS, 
AT   THE    UNlVh:BKITY   PRESS. 


V  Google 


ADVEBTISEMENT. 


r  I  THE  present  volume  contains  64  papers  numbered  159  to  222  originally 
-*-  published  in  the  years  1857  to  1862 :  the  chronological  order  is 
slightly  departed  from  for  the  sake  of  including  a  series  of  papers  in  the 
Memoirs  and  the  Monthly  Notices  of  the  Royal  Astronomical  Society: 
there  are  thus  some  earlier  papers  which  have  been  left  over  for  the  next 
volume. 

As    papers    are   referred   to  by  their  Numbers  only    it    will  be  convenient 
to  give  in  each  volume  a  Table  such  as  the  following : 


fol.     I. 

Numbers 

I     to    100. 

„    II. 

101     „     158. 

„  III. 

159     „    222. 

V  Google 


V  Google 


CONTENTS. 

[An    Asteiisk    denotes    that   the    Paper   is    not    printed    in   full.] 

159.  Oil  some  Integi-al  Transformations 

Quart.  Math.   Jonr.  t.   i.   (1857),  pj..   4— C 

160.  On  a  Tlieorem  relating  to  Reciprocal  Triangles 

Quart.  Math.  Jour.  t.  i.  (1857),  pp.  7—10 

161.  A  problem  in  Pei-mutations         ....,,, 

Quart.  Math.  Jour.   t.   i.  (1857),   p.  79 

162.  Tivo  letters  on  Cubic  Forms        ....... 

Quart.  Math.  Jour.  t.  i.  (1857),  pp.   85—87  and   90—91 

163.  On  Hansen's  Lunar  Theory         ....... 

Quart  Math.  Jour.  t.  i.  (1857),  pp.   113—125 

164.  On  Gauss'  Theory  for  the  Attraction  of  Ellipsoids 

Quart.  Math.  Jour.  t.  I.  (1857),  pp.  162—166 

165.  On   some   Geometncal  T/ieorems   relating  to    a  triangle   circum- 

scribed about  a  Conic     ........ 

Quart.  Math.  Jour.  t.  i.  (1857),  pp.  169—175 

166.  Note  on  the  Homology  of  Sets 

Quart.  Math.  Jour.  t.   I.  (IS.'ir),  p.   178 

167.  Apropos  of  Partitions  -......, 

Quart.  Math.  Jour.  t.    i.   (1857),  pp.    183-18-1 


V  Google 


VUl  CONTENTS, 

*'168.     A    demonstration    of   the    Fundamental    Property    of    Geodesic 
Lines      ...         

Quart.  MatL.  Jour.  t.  i.    (1857),  pp.    185—186 

169.  Eisemtein's  Geometrical  Proof  of  the  Fundamental  Theorem  for 

Quadratic   Residues   {Translated  from  the  Onginal  Memoir, 
Crelle,  t.  xxviii.   (1844),  with  an  addition  hy  A.   Cayley)     . 
Quart.   Math.  Jour.  t.   I.   (1857),  pp.   186—191 

170.  On  Schellbach's  Solution  of  Malfatti's  Problem  . 

Quart.  Math.  Jour.  t.    i.   (1857),  pp.   222—326 

171.  Note  on  Mr  Salmon's  Equation  of  the  Orthotomic  Circle   . 

Quart  Math.  Jour.  t.  i.  (1857),  pp.  243—244 

172.  Note  on  the  Logic  of  Characteristics 

Quart.  Math.  Jour.  t.  i.  (1857),  pp.  357—259 

173.  On  Laplace's  Method  for  the  Attraction  of  Ellipsoids 

Quart.  Math.  Jour,  t  i.  (1857),  pp.  285—300 

*174.     On  the  Oval  of  Descartes   ........ 

Quart.  Math.  Jour.  t.  i.  (1857),  pp.  320—328 

175.  On  the  Porism  of  the  In-and- circumscribed  THangle 

Quart  Math.  Jour.  t.  I.  (1857),  pp.  344 — 354 

176.  Note  on  Jacobi's  Canonical  Forrmdw  for  Disturbed  Motion   in 

an  Elliptic  Orbit.  ...  ...... 

Quart.  Math.  Jour.  t.   I.  (1857),  pp.  355—356 

177.  Solution  of  a  Mechaniccd  Problem      ...... 

Quart.  Math.  Jour,  t  r.  (1857),  pp.  405—406 

178.  On  the  ii  posteriori  Demonstration  of  the  Porism  of  the  Li-and- 

circumscribed  Triangle   ........ 

Quart.  Math.  Jour.  t.  ij.  (1858),  pp.  31—38 

179.  On  certain  Forms  of  the  Equation  of  a  Conic  .... 

Quart.  Math.  Jour.  t.  ii.  (1858),  pp.  44—48 


V  Google 


Note  on  the  Meduction  of  an  Elliptic  Orbit  to  a  fixed  plane  . 

Quart.  Math.  Jour.  t.  ii.  (1858),  pp.  49—54 

On   Sir    W.   R.   Hamilton's   Method  for   the  Problem  of  three 
or  more  Bodies     ....... 

Quart.  Math.  Jour.  t.  ii.  (1858),  pp.  66—73 

Oji  Lagrange's  Solution  of  the  Problem  of  tivo  fixed  Centres  . 
Quart,  Math.  Jour.   t.   ii.  (1858),  pp.  76—83 

Note  on  Certain  Systems  of  Circles 

Quart.  Math.  Jour,  t  ii.  (1858),  pp.  83—88 

A   Theorem  relating  to  Surfaces  of  the  Second  Order 
Quai-t.  MatL  Jour.  t.  ii.  (1858),  pp.  140—142 

Note  on  the  'Circular  Relation'  of  Prof.  Mobius 
Quart.  Math.  Jour.  t.   ii.  (1858),  p.  162 

On  the  determination  of  the  value  of  a  certain  Determinant  . 
Quart.  Math.  Jour.  t.  ii.  (1858),  pp.  163—166 

On    the    Sums    of  Certain   Senes   arising  from   the   Equation 

x  =  u  +  tfx 

Quart.  Matli.  Jour.  t.  ii.  (1838),  pp,   167-171 

On    the    Sim,ultaneous    Transformation    of  two    Homogeneous 

Functions  of  the  Second  Order 

Quart  Math.  Jour,  t  ii.  (1858),  pp.  192—195 

Note  on  a  formula  in  finite  Differences 

Quart.  Math.  Jour.  t.  ir.  (1858),  pp,   198—201 

On  the  System  of  Conies   which  pass   through    the   same  four 
points    ........... 

Quart.  Math.  Jour,  t.  ii.  (1858),  pp.  206—207 

Note  on  the  Expansion  of  the  true  Anomaly    .         .  .         . 

Quart.  Math,  Jour.  t.  ii,  (1858),  pp.  229—232 


V  Google 


Chi  the  Area  of  the  Conic  Section  represented  by  the  General 
Trilinear  Equation  of  the  Second  Degree     .... 

Quart.  Math.  Jour,  t   ii.  (1858),  pp.  248—253 

On  Rodrigues'  Method  for  the  Attraction  of  Ellipsoids    . 
Quart.  Math.  Jour.  t.  n.  (1858),  pp.  333—337 

Note  on  the  Theory  of  Attraction 

Quart.  Math.  Jour.  t.  ii.  (1858),  pp.   338,  339 

Note  on  the  Recent  Progress  of  Theoretical  Dynamics 
Report  of  British  Association,  1857,  pp.   1 — 42 

Note  sur  un  Problhme  d' Analyse  Indeterminee . 

ISfouvdles  Annales  de  Math.  t.  xvi.   (1857),  pp.   161—165 

Note  on  the  Theory  of  Logarithins    ...... 

Phil.  Mag.  t    XI.  (1856),  pp.  275—280 

Note  on  a  Result  of  Elimination      ...... 

Phil.  Mag.  t.  XI.  (1856),  pp.  378—379 

Note  on  the  Theory  of  Elliptic  Motion 

Phil.  Mag.  t.  XI.   (1856),  pp.   425—428 

On  the  Cones  which  pass  through   a  given  Curve  of  the  Third 
Order  in  Space     ......... 

Phil.  Mag.  t.  XII.  (1856),  pp.  20—22 

Seco'nd  Note  on  the  Tlieory  of  Logarithms         .... 
Phil.  Mag.  t.  XII.  (1856),  pp.  354—360 

Sujypleinentary  Remarks  on  the  Porism.  of  the  In-and-circum- 
scribed  Triangle    ......... 

Phil.  Mag.  t.  xm.  (1857),  pp.  19—30 

On  the  Theory  of  the  Analytical  Forms  called  Trees 
Phil.  Mag.  t.  xiiL  (1857),  pp.   172—176 

On  a  Problem  in  the  Partition  of  Numbers     .... 
Phil.   Mag.   t.  xm.   (1857),  pp.  245—248 


V  Google 


CONTENTS. 

Note  on  the  Summation  of  a  Certain  Factorial  Expression 
Phil.  Mag.  t.  XIII.  (1857),  pp.  419—423 

Note  on  a   Theorem  relating  to   the  Rectangular  Hyperbola    . 
Phil.  Mag.  t.  XIII.  (1857),  p.   423 

Analytical  Solution  of  the  Problem  of  Tactions 
Phil.  Mag.  t.  xin.  (1857),  pp.  507—509 

Note  on  the  Equipotential  Curve       -i — 7  =  C 
Phil.  Mag.  t  XIV.  (1857),  pp.  143—146 

A    Demonstration   of  Sir    W.   R.    ffamilton's   Th,eorem   of  the 
Isochronism  of  the  Circular  Hodograph       .         .         .  . 

Phil.  Mag.  t.  XIV.  (1857),  pp.  427—430 

On  the   Cubic  Transformation  of  an  Elliptic  Function   . 

Phil.  Mag.  t.  KV.  (1858),  pp.  363—364 

On  a  Theorem  relating  to   Hypergeometric  Series    . 
Phil.  Mag.  t.  XVI.  (1858),  pp.  366,  357 

A  Memoir  on  the  Problem  of  Disturbed  Elliptic   Motion 
Mem.  R.  Astron.  Soc.  t.  xxvii.   (1859),  pp.   1—29 

On  the  Development  of  the  Disturbing  Function  in  the  Ltmar 
Theory  ........... 

Mem.  E.  Astron.  Soc.  t  xxvii.  (1859),  pp.  69—95 


The  First  part  of  a  Memoir  on  the  Development  of  the  Dis- 
turbing Function  in  the  Lunar  and  Planetary  Theones     . 

Mem.  U.  Aatron.  Soc.  t.  xxviii.   (1860),  pp.   187—215 

A  Supplementary  Memoir  on  the  Problem,  of  Disturbed  Elliptic 
Motion  ........... 


Mem.  R.  Astroti.  Soc.  t. 


,  (1860),  pp.  217—234 


V  Google 


216.  Tables  of  the  Development  of  Functions  in  the  Theory  of  Elliptic- 

Motion 

Mem.  E.  Astron.  Soc.  t.  xxix.  {1861),  pp.  191—306 

217.  A   Memoir  on  the  Prohlem  of  the  Rotation  of  a  solid  Body  . 

Mem.  E.  Astron.  Soc.  t.  xxix.  (1861),  pp.  307—343 

218.  A   Third  Memoir  on  the  Prohlem  <f  Disturbed  Elliptic  Motion 

Mem.  R.  Astron.  Soc.  t.  xxxi.  (1863),   pp.  43—56 

219.  On  some  formulcB  relating  to  the   Variation  of  the  Plane  of  a 

Planers  Orhit 

Monthly  Notices  R.  Astron.  Soe.  t.  xxi.  (1861),  pp.  43—46 

220.  Note  on  a  Theorem  of  JacoMs  in  relation  to  the  Problem  of 

Three  Bodies 

Monthly  Notices  R.  Astron.  Soc.  t.  xxii.  (1862),  pp,  76 — 78 

221.  On  the  Secular  Acceleration  of  tlie  Moon's  Mean  Motion 

Monthly  Notices  R.  Astron.  Soc.  t.  xxii.  (1862),  pp.   173—230 

222.  On  Lambert's  Theorem  fm'  Elliptic  Motion        .... 

Monthly  Notices  R.  Astron.  Soc.  t.  xxii.  (1862),  pp.  238—242 


Notes  and  References 


V  Google 


CLASSIFICATION. 


CircleM,   Comes  and  Quadric  Surfaces,  170.  171,  179,  183,  184,   190,    192,  206,  207 

Malfatti's  Problem,  170 

Problem  of  Tactions,  207 

In-and- Circumscribed  Triangle,   165,   175,   178,  202 

Eeciprocal  Triangles,  160 

Homology  of  Sets,  166 

Geodesic  Liues,  168 

Cartesians,  174 

Circular  relation  of  Mobius,  185 

Cones  through  Cubic  Curve,  200 

Equipotential  Curve,  208 


Attractions,    164,  173,   193,    194 
Dynamics 

Report  on  Progress  of  Theoretical   Dynamics,   195 

Hansen's  Lnnai-  Theory,   163 

Jacobi's  Canonical  Formulaj,   176 

Plane  of  Elliptic  Orbit,  ISO,  319 

Problem  of  two  fixed  Centres,  182 

Hamilton's  Method  for  three  or  more  Bodies,  181 

Elliptic  Motion,   191,   192,  199,  332;    Disturbed,   312,    215,   : 

HamUton'a  Circular  Hodograph,  209 

Disturbing  Function  in  Lunar  and  Planetary  Theories,  213, 

Theorem  of  Jacobi's,  220 

Secular  Acceleration  of  Mooq,  221 

Rotation  of  Solid  Body,  217 


V  Google 


CLASSIFICATION. 


Elliptic  functions,    210 

Transfoi-niation  of  two  Qiiadric  Functions, 

Integral  Trausformations,  159 

Permutations,  161 

Binary  Cubic  Foi-ms,  162 

Partitions,  167,  204;  Trees,  203 

Quadratic  Eesidues,  169 

Logic  of  Characteristics.  172 

Mechanical  Problem,  177 

Special  Determinaat,  186 

Sums  of  Certain  Series,  187 

Formula  in  Finite  Differences,   189 

Indeterminate  Analysis,   196 

Theory  of  Logarithms,  197,  201 

Elimination,  198 

Hypergeometric  Series,  205,  211 


V  Google 


159] 


159. 


ON    SOME    INTEGRAL    THANS FORMATIONS. 


[From  the  Quartei-ti/  Mathematical  Journal,  vol.  i.  (1857),  pp.  4 — 6.] 


Suppose   that  x,  a,  h,  c  and  a^,  a',  h',  c'  have   the   sami;  anharmonic  ratios,  or  what 
is  the  same  thing,  let  these  quantities  satisfy  the  equation 


this  equation  may  be  represented  under  a  variety  of  different  forms,  which  aro  obtained 
without  difficulty ;    thus,  if  for  shortness 


then 


=       a{b'-<;){^-a')+h   {c-a'){x'-h')+c    {a' -h'){x' -  c') , 

=  -  {be  {h'  -  c")  {x'  -  a')  +  ca  (c'  -  a')  {x'  -  b')  +  ah  (a'  -  b')  {x  -  c')], 

K(x-a)=     {c-a){a-b){b'  -d){x'-a'), 

K{x-h)=     {a-b){b~c){c'-a'){x'-b'), 

K{x-c)=     (h~c)(c-a)(a'-h'){x'-h-)- 
Consider  x,  of  as  variables ;   then 

K^ib:       =     (t  -  c)  (c  -  a)  {a  -  b)  (b'  -  c')  (c'  -  a')  (a'  -  b")  dx' ; 
let,  d,  d'  be  any  corresponding  values  of  x,  x' ;    then 


1 


1  , 


1 


1 


-0 


a   ,     b   ,     c    ,     d     , 
a!  ,     h' ,    c'  ,     d' 
aaf,     hb',     cc',     dd' 
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2  ON    SOME    INTEGRAL   TRANSFORMATIONS.  [159 

and  we   have 


where 
and 


B:^(c--a')(a'-b')(b--c')A, 


^   (a-d){b-c)    ^   (b-d)ic-a)    ^    {o-d)ia-b) 
(a'~d')(h'-o')     (b'-d')(c'-a-)     (c-d')(a'~b'y 


Suppose  a  +  /3  +  7  +  S  =  —  2;  then 

(«■  - «)•  («•  -  by {^ -cy{x-dfdx.J W - «■)•  (,/ - 6-)' (»■■  - »> (x' -  d'f  rb. 
where 

/=  (&  _  c)s+T+>  (c  -  a)v+'+i  (a  -  by+^+'  (b'  -  c>+^+'  (c'  -  a'f*^*'  («'  -  6')t+«+i  /)«. 

We  may  in  particular  take  for  a',  b',  c',  d'  the  systems  b,  a,  d,  c  :  c,  d,  a,  b  and  d,  c,  b,  a 
respectively  ;   this  gives,  writing  successively  y,  z,  w  instead  of  x', 

i^e-aYix  ~hf(x-cy<{3i-dfdx 

=  M{y~df{y  -h)'{y  -cf{y~dydy 

^N{z-a)y{z  -b'fis-cYiz-dfdz 

=  P(io-  af  {w  -  b)y  (w  -  cf  (w  -  dy  dw. 

where 

M  =  -  (-)v+5  ((J  _  c)«+v+.  (a  -  rf)"+i+'  (6  -  c)S+''+.  (h  -  rf)fl+5+i, 

N  -     {-)y+^{a  -  bY+^*-'  (a  -  dy-"^*-'  (b  -  cf+y"  (c  ~  rf>+'+', 
P  =  (a  _  ;,)"+3+i  (a  -  cy+y+'  (b  -  df+^+'  (c  -  d)v+^+' ; 

the  relations  between  the  variables  x,  y,  z,  w  being 

_  (c  +  d)ab-{a.  +  b)  cd  -  (ab  —  cd)  y 
ub  —  cd  —  {a+b  —  c~d}y 

_{b  +  d)ac  —  (a  +  c)  bd  —  (ac  —  bd)  z 
ac~bd-(a  +  c-b~d)s 

_(b  +c)ad—(a  +  d)bc  —  (ad  —  be)  w 
ad— he  — {a  ■\-d—h  —  c)w 

these  are,  in  fact,  the  formula  in  my  note,  "  On  an  Integral  Transformation,"  Camb. 
and  DubL  Math.  Jour.  t.  ill.  (1848),  p.  286  [62],  which  was  suggested  to  me  by 
Gndermann's  transfonnation  for  elliptic  functions,  (Orelle,  t.  XXIII.  (1846),  p.  330). 

Suppose  now  that  the  values  of  a',  b\  c',  d'  are  0,   1,   <rj ,  ^,  we  have  in  this  case 

_a(h-c)  +  c{a.-i),j 
(b-c)  +  (a-b),j     ■ 
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and  representing  the  denominator  by  K,  tlion 

Sr(«-a)  — (<.-6)((.-c)<,, 

if(x-c)-    (a-o)(J-o), 
K(^-d)-     (a-h)(c-d){y-l;). 
where 

(„-<i)(t-c) 
^     (a-i)(c-ii)' 
and  we  hiivc 

K'ix  =  -(a-b)(a-c)ib-c)djj, 
whence 

-  {~Y  («  -  ft)-+^+'+'  {a  -  c)»+v+'  (6  ^  c-)S+v+>  (c  -  rf)^  J-  (1  -yf{;y-  ^f  dy. 

It  is  easy,  by  means  of  this  equation,  to  generalise  a  remarkable  formula  given  by 
M.  Serret  in  his  memoir,  "Sur  la  Representation  g^om^trique  <ies  Fonetions  elliptiqiies 
et  ultr&,-elliptiques,"  Liouville,  t.  xi.  and  Xii.  [1846  and  1847],  and  Recueil  des  Savans 
Strangers,  t.  Xi.  [1851].(')  In  fact,  suppose  that  the  indices  a,  ^,  y,  B  are  integers,  and 
that  two  of  these  indices,  e.g.  y,  S,  are  negative,  the  remaining  two  indices  being 
positive,  then  writing  ~y,  -S  instead  of  y,  B  the  integral 
((x~aY(a,-bfda^ 

where  7  +  S  =  a  +  /3  +  2,  depends  on  the  integral 

J     (y-O'  '- 

Suppose  that  the  fraction  under  the  integral  sign  is  resolved  into  simple  fractions,  each 
of  these  ii-aetions  will  be  integrabie  algebraically,  except  the  fraction  having  for  its 
denominator  the  simple  power  7  -  f ,  the  integral  of  which  is  a  logarithm.  The 
coefficient  of  this  fraction  is  at  once  found  by  writing  in  the  numerator  ?+(y  — ?) 
for  y ;  and  expanding  in  ascending  powers  of  y~^  and  equating  this  coefficient  to 
zero,  we   have 

(|y"'f(i-r)'=o. 

which  [observing  that  (y~l)  +  (8-l)  =  (x  +  l3]  is  easily  s^een  to  be  equivalent  to 

'  M.  Serret   has  reproduced   the   theorem   in   hin   terj  interesting  auA  instructive  treatise,  "  Cours  d'Algebre 
superieure,"  deuxiSme  Edition.  Paris,  1854.  [quatriSme  edition,  Paris,  1677], 

1—2 
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Hence  if  the  function   ^  =  )    ^h\<   ~i}\   ^**^fy  ^^^^  condition,  the  indefinite  integral 

where  7  +  S=a  +  /3  +  2,  will  be  expressible  as  a  rational  algebraical  fraction. 

It    may    be    noticed,   that    in    the    general    case,   observing    that   x  =  a,   x  =  b    give 
y  =  0,  i/  =  l,  the  integral 

j'V-a)-(«-6)»(,T-c)v(^.  _<()<<& 
depends   on 

or,  putting  f  =  - ,  upon 

which   is   expressible   by   means   of   a    hypergeomctric    series   having   u   for   its   argument 
or  fourth  element. 

2,  Stone  Buildings,  Lincoln's  Inn,  Feb.  1854. 


V  Google 


160] 


160. 


ON    A    THEOREM    RELATING    TO    RECIPROCAL    TRIANGLES. 


[From  the  Quarterly  Mathematical  Journal,  vol  i.  (1857),  pp.  7 — 10.] 


The  following  theorem  is,  I  assume,  known ;  but  the  analytical  demonstration  of 
it  depends  upon  a  formula  in  determinants  which  is  not  \vithout  interest.  The  theorem 
referred   to   may   be   thus   stated ; 

"  A  triangle  and  its  reciprocal  arc  in  perspective ; "  where  by  the  reciprocal  of  a 
triangle  is  meant  the  triangle  the  sides  of  which  are  the  polars  of  the  angles  of  the 
first-mentioned  triangle  with  respect  to  a  conic ;  and  triangles  are  in  perspective  when 
the  three  lines  forming  the  corresponding  angles  meet  in  a  point,  or  what  is  the  same 
thing,  when  the  three  points  of  intersection  of  the  corresponding  sides  lie  in  a  line. 


Let  the  equation  of  the  ( 


!  be 


and  take  («,  0,  7),  (a',  0',  y'),  (a",  0",  y")  for  the  coordinates  of  the  angles  of  the 
triangle,  then  if  K  be  the  determinant,  and  (A,  B,  C)  {A',  B',  C)  {A",  B".  C")  the 
inverse  system,  i.e.  if 

KA    =0'7"-^V)-  -^-K  =7'a"-7'V,     KG   =«'^"-a",3', 

KA'  =  {&"y  -  yS  7"),  KB'  =  y"ci    ~  y  a",     KC  =  <z"0    -  a  0", 

KA"^{0y'  -0'y  ),  KB"  =  y  c^  -y'a  ,     KC"  =  a.  0'  -a'0  , 

equations  which  may  be  represented  in  the  notation  of  matrices  by  the  single  equation 


ff . 

y  I-- 

A.    A'. 

A" 

»', 

7' 

B,     B, 

B" 

a". 

y 

c,  c: 

0" 
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then  the  equations  of  the  sides  of  the  triangle  are 

A  i+B  y+Ci-O. 

A'x  +  Ry  +  ea-O, 

A"i!  +  S"y  +  C"^^0. 

and  the  coordinates  of  the  angles  of  the  reciprocal  triangle  may  be  taken  to  be 
(A,  B,  C)  (A',  B',  C)  (A",  B',  C");  the  equations  of  the  lines  joining  the  corresponding 
angles  of  the  two  triangles  are  therefore 

{By  -0  ^  )!r,  +  (C  cc  -Ay  )tj  +  (Aff  -Ba)2  =  0. 
(By  -C'/3')«  +  (C'a'  -4'V)y  +  {4'/3'  -B' «')«  =  (). 
(B'V'  -  C"/3")  ■«  +  (CV'  -  A'Y)  y  +  (A "p"  -  B"o") «  =  0 ; 
the  condition  that  these  lines  may  meet  in  a  point  is  therefore 

B7-C/3,     C  a   ^Ay  ,    A  g  -B  a    \-a. 

<l'y'-G'ff,     C'a'-A'i,     A'/3'  -B'n' 

B"y"~C"P",     C"o.'-A"y",     A'0"-B'v\ 

an  equation  which  is  satisfied  identicaliy  when  A,  B,  G ;  A',  B',  C";  A",  B",  C"  are 
replaced  by  their  values.  To  prove  this  I  transform  the  different  quantities  which 
enter  into  the  determinant  as  follows :    putting 

F  =  a'  a"  +  P'  P"  +  y'  y" , 
G  -  a"a   +  ^"0    +  7' 7  , 
H=aa'  +0  13'  +yy-; 
we   have 

K  (By  -  Gff)  .  y   {yV  -  y'V)  -  ff  (aff' -  ^'ff) 
-■."W+tY)    -ci(fifi"  +  yy") 

.  «"  (ra-  +  ;3/3'  +  77')  -  a'  (m"  +  t^P"  +  77") 
.a"Jf-«'G, 
&C. ; 
and  the  equation  becomes 

a"H-<t'e,    ff"H~l3'G,     y"H-y'G     -0. 
aF  ~  d-'if,     ff  F  -  P'H,    y  F  -  y"H 
olG-aF,    ff'G-BF,    y'G-yF 

Now  the  minor  [fiF  -  P"I[){y'G-yF)-{yF  -  y"H)(ffG-pF}  is  equal  to 
GH  (ffy"  -  fi"y')  +  HF  (ff'y  -  fiy")  +  FG  (/S7'  -  H'y), 
i.e.  to  K{GHA  +  HFA'  +  FGA") ; 
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and  expressing  the  othei'  Tiiinors  in  a  similar  form,  the  equation  to  be  proved  is 

iGHA+HFA'  +  FGA"){By  -Cd)"] 
+  (GIIB  +  HFB"  +  FGB")  {Co.  -  ^7)  '  =  0, 
+  {GHC'+HFC'  +FGO")(Aa-Ba)) 
ie, 

HF    a;    B',     C"^  +  FG^A'\     B'\     0"\  =  0. 
\  A,    B,     0    ,  I  A  ,     B  ,     C    \ 

«   ,     a,     J    ■  \  a    ,     0  ,     y     \ 

The  first  determinant  is 

-{a{BC'  -B'C)  +0(CA'  -  GA)  +y(AB--  A-B)\  = -^(aa."  +  0^" -\-yy")  =  ~  ~G, 
and   the   second   determinant   is 

\a  (B"C-  BO")  +  /9  {C"A  -  CA")  +  7  {A"B  ~  AB")]  =      -^  (an'  +  00'  +  77')  =      -^  -ff, 

and  we  have  therefore  identically 

HF(-G)  +  FG(H)  =  0. 

The  corresponding  theorem  in  geometry  of  three  dimensions  is  that  a  tetrahedron 
and  its  reciprocal  have  to  each  other  a  certain  relation,  viz.  the  four  linos  joining  the 
corresponding  angles  are  generating  lines  of  a  hyperboloid,  or,  what  is  the  same  thing, 
the  four  lines  of  intersection  of  corresponding  faces  are  generating  lines  of  a  hyperboloid. 
The  demonstration  would  show  how  the  theorem  in  determinants  is  to  be  generalised. 

Lincoln's  Inn,  February,  1855. 
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A    PBOBLEM    IN    PERMUTATIONS. 

[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  p.  79.] 

The  game  called  Mousetrap  gives  rise  to  a  singular  problem  in  permutations.  A 
set  of  cards,  ace,  two,  three,  he,  say  up  to  thirteen,  are  arranged  in  a  circle  with 
their  faces  upwards— you  begin  at  any  card,  aud  count  one,  two,  three,  &c.,  and  if 
upon  counting  suppose  the  number  five,  you  arrive  at  the  card  five,  that  card  is 
thrown  out ;  and  beginning  again  with  the  next  card,  you  count  one,  two,  three,  &c., 
throwing  out  if  the  case  happen  a  new  card  as  before,  and  so  on  until  you  have 
counted  up  to  thirteen,  without  coming  to  a  card  which  ought  to  be  thrown  out. 
It  is  easy  to  see  that,  whatever  the  number  of  the  cards  is,  they  may  be  so  arranged 
as  to  be  all  thrown  out  in  the  order  of  their  numbers ;  but  that  it  is  not  possible 
in  general  to  arrange  the  cards  so  that  all  the  cards,  or  any  specified  cards,  may  be 
thrown  out  in  a  given  order.  Thus,  if  all  the  cards  are  to  be  thrown  out  in  the 
order  of  their  numbers,  the  arrangements  in  the  case  of  a  single  card,  two,  three,  &c. 
cards,  are 

1 


15  2     7     4     3     6 

16  2     4     5     3     7     8 


It  is  required  to  investigate  the  general  theory. 
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TWO   LETTERS   ON   CUBIC   FORMS. 

[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  85 — 87  and  90 — 91.] 

Cher  Mons.  Hermite, 

II  y  a  longtemps  que  j'ai  voulu  vous  ^rire,  mais  j'en  ai  4t4  emp&h^  je  ne 
sais  comment ;  j'ai  assez  h,  vous  dire  par  rapport  aux  covariants,  mais  a  present  je 
vais  vous  parler  des  formes  cubiques  k  deux  ind^terminees.  II  me  semble  que  Ton 
peut  aimplilier  la  th^orie  de  Eisenstein,  et  I'^tendre  au  cas  d'uu  determinant  negatif 
quelconque,  de  la  manifere  que  voici. 

Soit  (a,  b,  c,  d\x,  yf  une  forme  cubique,  je  repr^sente  par  Hessn.  (ct,  h,  c,  d^x,  yY 
la  forme  quadratique  d^riv^e  (ac  — 6",  ^{ad  —  hc),  hd  —  c''\x,yY.  Cela  ^tant,  soit  {A,  B,  0) 
une  forme  representative  (r^uite  et  proprement  primitive)  au  determinant  —  D ;  k 
moins  que  (A,  B,  (Tf  =  {A,  —  B,  G),  c'est-^-dire,  k  moins  que  {A,  B,  0)  ne  soit  une 
forme  laquelle  par  sa  triplication  produit  la  forme  principaJe,  il  n'existe  pas  de  forme 
cubique  (a,  b,  c,  d)  telle  que  —  Hessn.  (a,  b,  e,  d'^x,  j/)'  =  (A,  B,  C^x,  yf,  ou,  si  Ton 
veut,  telle  que  }f--ac=A,  bo  —  ad  =  2B,  c^  —  bd  =  G;  mais  en  supposant  que  i'on  ait 
(j1,  B,  Of  =  {A,  —  B,  C)  on  peut  trouver  une  seule  forme  cubique  qui  satisfait  a 
r^uation  dont  il  s'agit.  Jecarte,  cela  va  sans  dire,  I'une  ou  I'autre  des  deux  formes 
(a,  b,  c,  d)  et  (—  a,  -b,  —o,  —  d). 

En  effet  on  a  identiquement 
(6'  —  ao,  —  J  (&c  —  ad),  c"  —  bd^bxx'  +  cxy'  +  cx'y  +  dyy',  axx'  +  bxy'  +  hx'y  +  cyy'^f 

=  Qfi  -  ac,  ^  (be  —  ad),  c^  -  bd'^x,  yf  x  (b^  —  ao,  ^  (bo  —  ad),  c^  —  bd~§jc',  y")*, 

done,   en   supposant   que   b''  —  ac  =  A,  bc  —  ad  =  2B,  <f—bd  =  C,  il   s'ensuit  que   (_A,  B,  Gf 
=  (A,  ~B,  0). 
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Je  suppose  done  {A,  B,  0}- =  (A,  -  B,  C),  et  je  dis  qu'il  iie  peut  pas  y  avoir 
deux  formes  cubiqiies,  (a,  b,  c,  d)  ut  {a,,b,,  c^,  d,),  qui  aieiit  la  propri^te  doiit  il  s'agit ; 
ear,  en  ^crivant 

^^hxx'  -\-cxy'  ■\- ex' y  •]- dyy' ,'\  f,  =  h,xx'  -\-  c,xy'  +  c,x'i/  -\-  d,yy','\ 

1}  =  axx'  +  hxy'  +  hx'y  +  cyy"  J  »/,=  a/no;'  +  h^xy'  +  h,x'y  +  c,yy',} 

on  trouverait 

(A.-B,  CH,  ,)■_(<(,  ~B.  CSf,,,,)', 

ee  qui  iiiiplique  d'abord  que  f,,  ■»/,  soient  des  fonetions  lin^aires  de  ^.i].  Mais  {A,~B,G) 
etaiit  une  forme  re'duite  et  proprement  primitive  au  d^t-erminant  —D,  il  n'existe  pas 
de  transformation  de  la  forme  quadrafcique  en  elle-meme,  hormis  ^^  —  ^,  )j_  =  ij.  Le  cas 
-D  =  1  doit  se  traitor  k  part ;  dans  ee  cas  particulier  il  n'y  a  que  ia  forme  cubique 
(0,  1,  0,  1).  Done  &c.  Enfin,  si  (A.  B,  Gy^{A,  -B.  C),  il  existe  une  forme  cubique 
(«,  b,  c,  d)  telle  que  ^  —  00  =  A,  &c. ;  ear  en  cherchant  par  la  m^thodu  de  Gauss  les 
valeurs  des  coefficients  p,  p',  p",  p"  et  g,  q',  g",  c/'"  qui  donnent  cette  transformation, 
on  obtient  d'abord  p'=p",  g'  —  g"-  On  peut  done  repr^senter  ces  coeffieients  par 
^,,  c,,  c,,  d,;  a,  b,  b,  c ;    savoir,  on  peut  trouver  a,  b,  c,  b,,  c,,  d_  de  manifere  que 

(A,  —  B,  C^b^xic' +  c^xy' +  c^m'y +  d^yy\     axj/  +  bxy' -\-bx'y +  cyy'y 

=  (A,  B,  Gl^.,jy.(A.B,  Cjy,  j').. 

Ceta  ^tant,  les  (Equations  de  Gauss  donnent 

A=bb,  —  ac,,  A  =b'   —  ac, 


■i,-ad„     - 

-2B. 

ci,  +(?(?,- 

c,-bd„ 

C- 

"'    -l>A,: 

b  (b  -  b)  ■ 

-0  (c 

-0:1-0. 

c(b-b,)- 

-M» 

-o')=0, 

eXb-by 

-»,(«- 

-',)-», 

"i,  ('-',) - 

-  c,  (e  - 

-O-O; 

t;' est -a- dire,   ou  j— -  =  -  =  -i,ce  qui  n'est  pas  vrai  (car  cela  dounerait  A  —0,  5=0,  0—0], 

ou  6  -  (1,  =  0,  c  — c,  =  0.     Done  b,  =  b,  c^—c;    et  en  ecrivant  d  au  Heu  de  rf,,  on  voit  que 
I'equation  de  transformation  devient 

{A,  —B,  C^bxsf -\- cxy' -{-cx'y  +  dyy',     axx' +  bxy' +  bx'y  +  cyy'f 

.(A.B.Cl^,!,y.(A,  B,  Cfx,,y, 
oil 

A  =  b^-ac,     IB-bc-ad,     0  =  c^~bd.     C.  q.  f.  k  d 
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Je  ne  sais  pas  si  je  vous  ai  mentioniie  que  j'ai  calciile  les  formes  ([iiadiatiquos 
pour  lee  treize  num^ros  —307,  &c.  aux  determinants  irre'guliers.  Pour  i)  =  — 307  cew 
formes   sont : 

Ordre  P,  P.,  1  genre,  9  classes,  c'est-a-dire : 

Composition. 
IS        2^      I  ^   ;  (1,     0,  mi),  (  7,       1,  44),  (7,-1,  44), 
B,     SB,      B'S,    j  ^"^  I  (4,     1,     77),  (11,  -1,  28),  (17,      4,  19), 
S/     8B;    8'By.,     +    '(4,-1,    77),  (17,  -4,  19),  (11,       1,28), 
oil  S'=  1,  g,'  =  l. 

Ordre  I.  P.,  1  genre,  3  classes,  e'est-a-dire : 

<7,     <tS,    (7S=     I     +    I  (2,  1,  154),     (14,  1,  22),     (14,  - 1,  22). 

A  chaque  forme  de  I'ordre  P.  P.  il  eorrespoiide  done  une  forme  et  ime  seiile  forme 
cnbiquc  au  determinant  —  1228.     Ces  formes  sont 

(0,  1,  0,  -307),  (1,  1,  -6,  8),  (1,  -1,  -6,  -8), 
(0,  2,  1,  -  38),  (1,  -3.  -2,  8),  (4,  1,  -4,  -3), 
(0,  2,  -  1,  -    38),  (4,  -1,  -4,  3),  (1,     3,  -2,       S), 

Je  serai  bien  aise  d'avoir  de  vos  nouvelles,  et  je  vous  prie  de  me  croire  votrc 
t  res -devout 

A,   Cayley. 


Cher  Mons.  Hermite, 

On    d^montre    sans    peine    la   proposition    avancee    dans    ma    dernier e    lettre,   savoir 
qu'en    supposant 

ij  ^aceaf  +b  my'  +  h  afy  +  c  yy', 
^,  =  b,xx'  +  c^xi/  +  CjX'y  +  d,yi/, 
1]^  =  a,xaf  +  b^iay'  +  c^x't/  +  d,yy', 
(A.-B.Cll  nf  =  (A,-S,  CJf,  ,)■, 


on  doit  avoir 
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ofi  a,  0,  7,  S  aout  des  entiers.  En  eiFet  en  trouve  d'abord  en  t^liminant  par  ex,  xy' 
efc  x'y, 

V,~y^+  S  ij  +  raw'  +  p^y', 

ah  a,  ^,  &c.,  \,  /J.,  &c.,  sont  des  quantit^s  rationnelles.  En  substituant  ces  valeurs  de 
I,  7),  on  aura  (A,  -  B,  G)  (X,  vf  =  0,  (A,  -  B,  0)  (**,  pf  =  0.  Done  le  determinant 
n'^tant  pas  un  carrd,  X  =  0,  i*  =  0,  fi  =  0,  p  =  0  et 

»),  =  7|  +  S)?, 
oil  a,  ;3,  y,  8  sont  des  quantit^s  rationnelles.     Done 

6,  =ab  +  /3a.,  a,  =  76  +  Ba, 
e,  =ac  +  ^b,  fi,  =  yc  +Sb, 
d,  =  ad  +  ^0,     c_  —'^d-Vhc, 

done  a,  ,3  seront  des  quantit^s  rationnelles  ajant  pour  denominateur  I'une  quelconque 
h,  volont^  des  trois  quantit^s  6'-oc,  c''  —  bd,  ad  — be,  c'est-a-dire,  des  quantities  A,  B,  C ; 
et,  puisque  {A,  B,  C)  est  une  forme  P.  P.,  eela  ne  peut  arriver  k  moins  que  a,  j9  ne 
soient  dos  entiers ;  de  meme,  7,  S  seront  des  entiers.  Je  remarque  de  plus  les 
equations 

b0+cia-B)-dy  =  O, 
lesquelles  donnent 

^  :  a-S  :  -y  =  bd-c'  :  bc-ad  :  ac-lf 
-        C     :  -IB      :  A, 

cela  fait  voir  que  la  transformation  en  elle-meme  de  la  forme  (A,  —  B,  C\^,  ■/])-  a 
raoyen  de  ^,  =  '^S  +  0v>  V,  —  yS  +  ^  ^st  une  transformation  propre.  J'aime  cependant 
mieux  la  manifere  dont  vous  vous  ^tes  servi  pour  d^duire  d'une  forme  cubique  doniiec 
toutes  les  autres  formes  cubiques  qui  eorrespondent  a  la  mSmo  forme  quadratique.  II 
serait  facile  de  la  mSme  maniere,  etant  donnee  une  transformation  quelconque  d'une 
forme  quadratique  dans  le  produit  de  deux  autres  formes  quadratiques,  d'en  deduire  toutes 
les  autres  transformations;  car  il  y  a  pour  la  fonction  aaxc'x"  +  ^e  ...  un  covariant  qui 
corresponde  au  cubieovariant   de  la  fonction  aa^  +  &C. ...     Je  suis  votre  tres-d^vou^ 

A.   Catlet, 
2,  stone  Buildings,  Lincoln's  Inu.  G  Mara,  1855, 
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ON   HANSEN'S  LUNAR   THEORY. 

[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  112 — 125.J 

The  foUowing   paper  was   written   in   order   to   exhibit,   in   as   clear   a   form  as  may 
be,  the  investigation  of  the  remarkable  equations  for  the  motion  of  the  moon  established 
in   Hansen's   "Fundamenta   Nova    Investigationis    OrbitEe    verm    quam    Luna    perlustrat," 
&e.,  Gothje,   1838.     I   have   availed  myself  for  this   purpose   of  the   remarks   in   Jacobi's 
two   letters    in   answer   to   a  letter   of  Hansen's,   Crelle,   t.   XLir.    [1851],   p.    12;    it   may 
be    convenient    to    remark   that   the   quantity  there   represented   by   A,   and   which   does 
not  occur  in  Hansen's  own  investigation,  is  in  this  paper  represented  by  0. 
The  position  of  the  moon  referred  to  the  earth  as  centre  is  determined  by 
r,   the  radius  vector, 
L,  the  longitude, 
A,  the  latitude. 


Suppose,  moreover,  that  the  attractive  force  at  distance  unity,  =k(M  +  E),  is  represented 
by  n^a\  then   the   principal   function   will   be    V= ,  and   the  disturbing   function  R 


may 

be 

represei 

ited  by  n^a 

I'li;   the  expression  for  the 

half  of  the  vis  viva  is 

T 

-M©"--« 

-©"-■ 

Ql 

and 

the 

equations  of  motion  are  therefore 

d  dr 
dtdt 

-""-©■- 

-O'- 

n^a- 

'       .  ,dn 
dr 

U^ 

-4f) 

^-•"% 

0:' 

f)--— (fr 

.  ,dn 
"'"  d.\ ' 

where  li  is  considered  as 

a  function  of  r. 

L,  A. 
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Consider  the  orbit  as  an  ellipse,  then  putting 
a,    the  mean  distance, 

n,    the  mean  motion  =  */ ^ , 

e,     the  excentricity, 
c,     the  mean  anomaly  at  epoch, 
to,    the  distance  of  perigee  from  node, 
8,    the  longitude  of  node, 
i,     the  inclination, 
$,  the  distance  from  node, 
''V,  the  reduced  distance  from  node,  —  L  —  6, 
JJ,  the  ex  centric  anomaly, 
/,     the  true  anomaly,  =  "I*  —  to, 

the    elements    of    the    orbit    are    a,   e,   c,   w,   0,  i,   and    we    have    from    the    tlieory    of 
elliptic  motion, 

9j(  +  c=      U~esin  U, 

f=  tail-'  — i jY- — , 

•"  cos  V  —  e 

Moreover   i    is    the    angle   at    the   base    of   a    right-angled    spherical    triangle,   the   base, 
perpendicular,  and  hypothenuse  of  which  are  ''^,  A,  O,  hence 

tan  "^  =  cos  i  tan  ^  , 

sin  A  =  sin  i  sin  *   , 

sin  ^  =  cot  i  tan  A  , 

cos  <I>  =  cos  A  cos  ^. 
Considering  the  elements  as  constant,  we  have 
dr  _  Tjoesin/ 
di  ~  ^!{l  -  ^)  ' 
rf/_»aV(l-g°) 

d-^  _  cos  1   na^  ^(1  -  e°) 

di      cos^A  1^  ' 

dL  _  cos  i  no?  \l{\  —  e°) 

dt      cos' A  7^  ' 

dA        .     .       ,,,  mi?  V(l  -  e') 

-.-=  sm  I  cos  ^ ^^-^ . 

dt  r' 
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ON  Hansen's  lunar  theory. 

d  /*■-, 

uVemf 

dt  \dtl 

r= 

a(-»-f)- 

0, 

dtV^dt) 

coan'sinA  jiW{l-e-) 
cos-  A              ¥■ 

d(df\ 
dt[dt) 

2nV      .    , 

The   foregoing   values   show   that  the   equations   of    motion,   neglecting  the   terms   which 

involve   the   disturbing  funetions,   are   satisfied  hy   the   elliptic   values   of  r,   L,   A :    and 

in    order    to    satisfy   the    actual    e<i nations    of  motion,   we    have    only   to    consider    the 
elements  as  variable  and  to  write 

dr                         =  0, 

dL                      =  0, 

dlS.                    =  0, 

dt  dr      ' 


^(-f) 


dL  """ 


where  the  differentiations  relate  only  to  the  elements,  or,  what  is  the  same  thing,  to  ( 
in  so  tar  only  as  it  enters  through  the  variable  elements:  the  system  is  at  once 
transformed  into 


dr 
dL 
dA 

=  0, 
-0, 

-0, 

d  na^  V(l  - 

^)c«s.' 

.  .  "i"  J, 

=  »W3jA 
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Now   '■9  =  1-0,   or   (supposing,   as   before,  that   the   differentiations   relate   to   t,  only 
so  far   as   it   enters  through  the  variable   elements)  d'?'  =  -  dd,  and  thence  d6  =  - 
we  have  also  d^  =  ~coBide.     The  c—- .*:""-  — *„;^:^~  ^^  -^j  ^^  . 


tan  <I>  , 


itions  containing  -jj  and    yr-  give 


da  , 


cos  i  d  na'  »/{l  -  e^)  -  nd'  V(l  -  e')  sin  i  di  =  n^a"  —  dt 

dL     ' 

cos  ^  sin  i  d  na^  ^(1  -  e^)  +  na''  V(l  -  e')  (cos  ■*■  cos  V  rfi  +  sin  "*■  sin  i  d0)  =  if  a?  ^  dt  ■ 

dX 

or,  expressing  d8  by  means  of  di  and  reducing,  the  second  of  these  equations  becomes 

and  combining  this  with  the  first  of  the  two  equations,  and  observing  that 

cos^i  .      .  1 

— ;~i "o"^-  +  sin^  I  — — , 

cos''  A  cos''  T  cos"  ^ 

wo  find 

J     ■   //I        „■,  ^  ,      { cos  t  dii       .     .        ,  (Ml\ 


di! 


,  dn 


"  V(i-«OV 


Now,  considering  fl  as  a  function  of  r,  6,  i,  <&,  thon  A,  L  are  given  as  functions  of 
0,  i,  *  by  the  equations  sin  A  =  sin  i  sin  O,  tan  "^^  =  cos  i  tan  *,  l^  =  i  -  g,  and  .  aftor 
some  simple  reductions. 


,T,  dil\ 
dL  dA/ 

s  1   (7Ii       .     ,  (£il\ 


da 

dr- 

dn 

da 

ie  " 

dL' 

da, 

di 

tan  *  ^- 

da 

( 

(in 
de  ^ 

cos 

.da 

'a*" 

—  sm  I  cot  9  -7T  . 
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We  have  therefore 


i-V(i-.')  = 


""3* 

na  cot  "l"   dil 

V(l  -  6=)  dT 

"  s/(l-e=)8in*   di"' 


Suppose 


'  that  1 


,  nae  sin  /" 

<^^7^ — i\ 

e  have 


Vd  -  e')    rfV 


p,    a  radius  vector,  t  for  (, 

<!>,  a  true  anomaly,  do., 

V,  an  escentric  anomaly,  do., 

i.e.    let    p,   (f>,    u,   be    what    the    radius    vector,   the    true     anomaly    and    the    excentric 

anomaly  become  when   the   time   (,  in   so   far  as   it   enters   directly,  and  not  through  the 

variable  elements,  is  replaced  by  a  new  variable  t.     We  have 

uT  +  c^v  —  e  sin  i;, 

.       X  v'(l-e=)sin.^ 
ih  =  t,fl,n-i  ■  ■— ■  ■    ■ — . 


-  a  (1  ~  6 


sv) 


1  Vecosd  ' 


and  of  course  the  differential  cocfiicients  of  p,  0  with  respect  to  r  may  be  at  once 
deduced  from  the  corresponding  expressions  for  the  differential  coefficients  of  r,  f  with 
respect  to  t,  the  elements  being  considered  as  constant.  Now,  using  I  to  denote  a 
logarithm,  and  supposing  that  the  differentiations  affect  only  the  elements,  we  have 


and  putting  for  shortness 


X,  =  dlp 


pe  sin  ^<f> 
re  smfdf 


psin0  _ 
r  sin/ 


sin  rf)  cos  f\    , 
-"eSTT'")*- 
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or  reducing 


rsiii/ 

1 


sin/{l  +  e  cos  >p) 
Write  for  a  moment 


(sin/-  sin  ((,  +  e  sin  (/-  ^)J  \~  -  j--^j  -  sin  (/-  W  *}  • 
^  '      ^      \/(l-e^)  1+ecos/' 


dB, 


'  nV      ^  *uV  Bf     nV  R 

We  have  therefore 
da      iede  _^JP  _  2  ,„ 

«      l-e-       P       m'(l-e") 

Wa"  n'a"  R^     nW  it/  «.*ii*  V    «• »   ■«      « «   ^/ 

which,  after  reduction,  becomes 

de  =      ,,}      .  ie  dnV+  2  (cos/+  e  cos^/))  dP^  -  V(l  -  ^)  sin/rfQ  ~  (i±^^^!Z)!^/ 
net  (^1  —  ^ }  \  '  ^^  't  (^1      c } 

and  substituting  these  values, 

-.(l-..)sin(/-*)     ,ij^^)« 

(l+ecos/ycot/  sin(/-.^)  1  ,  „) 

+  W^.-}  «.V(l-e-)n- 

or  substituting  for  X,  X,,  P,  Q,  iS,  their  values 

„       p  sin  i  ,,        pesind)   ...      ,,, 

;^^^  (2  -  2  oos  (/-  «  +  .  sin/si.  (/-  «)  ^-j^^i-j-^  A."  V(l  -  ^) 

.     ,  .      ,,  1  ,  nae  s'm  f 

,  pa  V(l  -  e^)  ^ 


V  Google 


163]  ON"  Hansen's  lunar  theory. 

Now 

-  {^  cos  (/-0)-H-^^^  (cos  (/-*)-!)} 

"  ffl(l-e^)  (^  -  2  "^"^  </-  "^^  +  '  ^'"f^'""  ^f-  *))  ' 
therefore 

dip  -  '^    ■    ^  (^ir  +  -t- ^  {rf/^-  rfd)  = 

-  {e  cos  (/-«-!+  ;^,^  (COH  (/-  «  -  l)|  „„.^'i„^,  *«■  V(l  -  ^ 


-p8m(/-^)- 


1  ,  wtte  sin/ 


i-Va-e")     V(l-«') 
pa  V(l  -  e')  _ 


-' cot/sin  (/-,(,) - 


V(l-e-)" 


*"  +  irr^*)  ('«/-  "f*'  =  -  {;■  cos  (/-  «  - 1  +  ^j^^  (cos  (/-  «  -  l)}  -W^,  'S  a 


So  far  the  variations  of  the  elements  have,  in  fact,  been  treated  as  independent; 
but  if  we  substitute  for  dna'' 'J{1  -  6%  d  ",?!^^"-„'{,  dr.  their  values  in  the  disturbed 
motion,  the  equation  becomes 

dn 

.     ,  .      , ,       na        dfl  ,^ 
-psm(/-«^^j-^3^a. 

Consider  now  the  point  in  which  the  orbit  is  intersected  by  any  orthogonal 
trajectory  to  the  successive  positions  of  the  orbit,  or  to  fix  the  ideas,  the  orthogonal 
trajectory  passing  through  T,  the  point  in  question  may,  for  want  of  a  recognised 
name,  be  called  the  "departure  point;"  and  the  angular  distances  in  the  orbit  measured 
from  this  point  may  be  termed  "departures;"  the  expression,  "the  departure,"  is  to  be 
understood  as  meaning  the  departure  of  the  moon.     Write  now 

X,   the  departure  of  the  perigee, 

v^,  the  departure,  —/+%, 

(T,    the  departure  of  the  node,  =  ^  —  w, 

®,  the  longitude  in  orbit  of  departure  point,  =  $  —a: 

It  should  be  remarked  that  x  i^  i">t  properly  an  element,  i.e.  it  is  not  a  function 
of  a,  e,  0,  w,  $,  i  without  t,  and  in  like  manner  a  and  0  (which  depend  upon  x)  ^^e 
not  elements. 

We  have  from  the  geometrical  definition 

dx  =  da  +  cos  i  dO ; 
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and  therefore 

da  —         cos  i  dS, 
d(^)^H-CQs{)d0. 

Moreover  y,  =  O  +  <r,  which  gives  (assuming  that  the  differentiations  are  performed  with 
respect  to  (,  only  in  so  far  as  it  enters  through  the  variable  elements)  dv,  =  d*i>  +  d<T 
=  d^  +  cosid6,  i.e.  dv,  =  0,  an  equation  which  might  have  been  assumed  for  the  purpose 
of  defining  the  departure  point ;  the  equation,  in  fact,  expresses  that  the  departure 
V,  is  measured  from  a  point  not  actually  fixed,  but  such  that  the  increment  of  v,  in 
the  interval  of  time  dt  is  the  angular  distance  between  two  consecutive  positions  of  the 
moon. 

We   have,  as  above  noticed,  da-  =  cos  i  d0,  and  thence  and  from  what  has  preceded 

_  HO. cot*   dD, 
"  V(l  -  e')  ~di  • 

,    _   naeoti    dH 
~  ^(1  -  6=)  ~di  ■ 

Now    the    position    of    the    moon    can    be    determined  by    means    of    the    quantities 

r,  w,,  0,  0-,  i;   hence   fi   (which   has   been   considered   as  a   function   of  r,  <!>,  9,  i)   may, 

if  we  please,  be  considered  as  a  function  of  r,  v„  0,  a,  i  and  from  the  differential 
relations 


dr  - 

-dr. 

dv,  -- 

=  d<b  +  ixtide. 

d&. 

.(1-cos 

i)dS, 

di  -- 

=  rfw  +  COS 

1  i  dS, 

we 

find 

di   . 

da 

dr  ' 

da 

da 

dr  • 

da 

dt,' 

da 

.  (da    da 

°™  'U»,      da 

H- 

•jd( 

da 

di  ' 

di  • 

we 

have  therefore 

da      \-  cos  i 
da         cos  i 

da 

da  ,    1 

dC 
iM 

or 

in  virtue  of  a 

preceding  equation 

da      1-cos* 
rf<r+      COsi 

da 
d»- 

-  tan  i  cot  *I> 

da 

di 
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lud  effecting  the  Hubstitutioas,  and  collecting  the  t 

d  naW(l-e')  =  n'a''~dt, 
dv, 

dr  =   0, 

,  nae  sin/       _     ^  ,dD.  , 


di 


da 


na  cot  i    fdil      1  --  cos  *  dil 


va-e") 


I    /dll      1  -  cos  *  dil\  , 

-)  [d^+^^  m)'^' 


V(l-eO   di 
where  II  is  considered  as  a  function  oi  r,  v ,  ®,  a 


Instead  of  c 


l  we   may  introduce  the  new  quantities  p,  q  defined  by  the  equations 
p  =  sin  i  sin  <r, 
5"  =  sin  i  cos  a- ; 

this    gives    sin^i=p^  +  q^,  a-  =  tan-^"  and   retaining  in  the  formula   the   sine   and  cosine 
of  i,  to   avoid   the   introduction  of  irrational   fiinctions   of  p^  +  q\  we   have 

^^(qdp-pdq), 


cos  i  (1  +  cos  i) ' 
I  by  means  of  p  and  q.     We  have  moreover 


dp   =     sin  i  cos  crdo-  +  cos  i  s 

lino-di, 

dq  =—  sin  i  sin  adcr  +  cos  i  c 

OSffdi, 

rfn      sin  <7  dn     cos  <7  rffl 
dp       cos  i   d*       sin  i    da- ' 

da  _  cos  a-  dn      sin  a  dil 
dq       cos  i    di      sin  i  do- ' 

from  which  equations  and  the  foregoing  values  of  di  and  da-  we  find  the  values  of 
dp  and  dq ;  the  other  equations  of  the  system  remain  unaltered,  and  we  have 
therefore 

*■  =    0, 

,   jzae  sin  /■  „  „  dil  , 

\'{l  -  e-)  dr 
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dp  = 


V(l ~^)\dq     cos  1  (1  +  cos i)  d&J 
na  cos'  1    /rffi_^ g  «?ii\   - 


where    il    is    considered    as    a   function 

employed   by   Hansen,   mean   that  the   differentiations  are  to   be   performed   as  if  0  i 
a  function  of  p,  q,  such  that 

,„     d©  ,       (/©  ,  qdp  -  pdq 

d0  =  -r  dp  +  -T-dq  =  —^",,   ,         ., ; 
dp    '       dq    ^     cos  I  (1  +  cos  i) 

the  last  two  equations  being  therefore  nothing  else  than  what  Hansen  represents  by 


Write  now 

X,  the  departure,  t  foi'  t, 

i.e.  X  is  what  w,  becomes  when  t,  in  so  far  as  it  entei's  explicitly,  and  not  through 
the  vaiiable  elements,  is  replaced  by  the  new  variable  t  ;  so  that,  in  fact  \  =  ^  +  -)(. 
The  values  of  r,  v^  coiild  be  at  once  found  from  those  of  p,  X  by  changing  t  into  t ; 
and  to  determine  the  values  of  p,  \,  Hansen  proceeds  as  follows : 

writing 

?^  =  n  {?,  0. 

where  ?  and  ^  are  new  variables  functions  of  t  and  (,  and  U,  T  ai-e  arbitrary 
fiinctional  symbols ;  so  that  if  z,  w  are  what  f,  /3  become  when  t  is  changed  into  (, 
we  should  have 

v^  =  n(z,  (), 

lr  =  r(z,  t)  +  w, 
then  the  foregoing  equations  give 


dr  ' 

dx 


dr 


.n'(?.  *)i>  +  n,(r,  (), 


[where  the  accents  and  strokes  denote  diiferentiation  in  regard  to  f,  (  respectively]. 
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Hence  eliminating  11' {^,  t)  and  r'(f,  t)  we  have 

dX  d^_d\d^__  d^ 

dr    dt       dt  At"  •^^'  ^Ut' 


dlpd^_dlpd^^d0  dX_dS  rf?_p  .j.  ,>^ 
dr  dt      dt  dT     dr  dt      dt  dr        '  -^^    ' dt' 


or,  what  is  the  same  thing, 


d^     dX 

dr      dr  dr 

dX  dip 


•  writing 


dr 

dt      d\ 
dr 

dr 

dT 

!•  = 

dK 

d    dt 

"drli" 

3t 

B^ 

d0 
'  dt 

dt 
dfl  Tt 

"St  dC 
dr 

1    d'k 
dk  dtdr 
3t 

dj"    dX 

'  7^'  dt 

(ch) 

+  n,(f,  < 

d'k 

.a, 

dt 

< 

dip  dip 

dT  dr 

Now   from   the    equation   X  =  0  +  x  where   x    '^^    independent   of    t,   the   ditferential 

coefficients    of   \    and    p    with   respect  to   t   are   at    once    deduced   irom   those   of  /,   r 
with  respect  to  (,  and  we  have, 

():-X  2n^a'      .     , 

dX  ««V(l-e^) 
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Consequently 


»iaV(l-e')   dt  p'  a{l-e')  ( 


a  (1  -  e')  '  '  *^'  ''     mC  V(l  -  «')     '  '^'     '  dt  ' 


d(p     2£«smJ,  (ft,         __  1 rf 

dl  "^  II  (1  -  e')  (i(  "^  no"  V(l  -  e')  «        ^  ' 


«(l-e")  iia"v(l— O  "t 

"■-     dt-  a(l-e')  «  +  a(l^^)  ",  (C  0  -  1 ,  (S  (). 

and  substituting  in  tliese  equations  tlie  values  of 

dip      pe  sin  A   rfX        ,    d 

Ti -r, j\  -i7  and  -j-  n 

dt      (t(l-eO  dt  dt 

we  find 

T=J2ecos(„-A)-l+-,^Jcos(,.-,-X)-l)l— !5_^  +  2esm(,-X)^,,-'i^^rf^ 

which  are  Hansen's  values,  except  that  -      in  the  coefficient   of  n;   (£■,   ()   has   been   re- 
placed by  its  value. 

2,  Stone  Buildings,  Slst  March,  1855. 
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ON    GAUSS'    METHOD    FOR    THE    ATTRACTION    OF    ELLIPSOIDS. 

[From  the  Quarterly  Mathematical  Journal,  vol.  I.  (1857),  pp.    162 — 166,] 

The  following  is  the  method  employed  in  Gausa'  Memoir  "  Theoria  Attrafitionia 
Corporum  Sphteroidicorum  elliptieoram  homogeneorum  methodo  novo  tractata,"  1813. 
Comm.  Gott.  recent,  t.  II.  [and  Werke  t.  vi.  pp.  1^22].  I  have  somewhat  developed 
the  geometrical  considerations  upon  which  the  method  depends. 

The  attraction  of  the  ellipsoid  is  found  by  means  of  the  following  theorems,  which 
apply  generally  to  the  case  of  a  homogeneous  solid  bounded  by  a  closed  surface  :— 
M  denotes  the  attracted  point,  P  a  point  of  the  surface,  PQ  is  the  normal  (lying 
outside  the  surface)  at  the  point  P,  dS  is  the  element  of  the  surface  at  this  point, 
MQ,  QX,  and  MX  denote  angles  at  the  point  P,  viz.  MQ  the  zMPQ,  and  QX  and 
MX  the  inclinations  of  QP  and  MP  respectively  to  a  line  PX  drawn  in  a  direction 
assumed  as  that  of  the  axis  of  X,  MP  denotes  the  distance  between  the  points  M 
and  P.  And  X  is  the  attraction  in  the  direction  opposite  to  that  of  the  axis  of  a: ; 
the  integrations  extend  over  the  entire  surface. 

Theorem.     The   integral 

frdSaosMQ 
jJ       MP' 
has  for  its  value 

0,     -27r,    or    -  iv, 

according  as  M  is  exterior  to,  upon,  or  interior  to,  the  surface. 
This  is  obviously  a  purely  geometrical  theorem. 
Theorem.     The  attraction  is  given  by  the  formula 
Y  _[fdS  cos  QX 
~j'       MP 
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Theorem.     The  attraction  is  also  given  by  the  i'oiinula 

X=     I  f  dS  COB  MQ  cos  MX 
JJ  MP 

Consider  now  an  ellipsoid,  the  semi-axes  of  which  are  A,  B,  C,  and  putting  a,  b,  c 
for  the  coordinates  of  the  attracted  point  M,  and  a;,  y,  z  for  tho  coordinates  of  P, 
assume 

so  that  f,  J?,  ^  are  the  coordinates  of  a  point  P'  on  a  sphere,  radius  unity,  corresponding 
in  a  definite  manner  to  the  point  P  on  the  eHjpsoid;  and  let  d(7  be  the  corresponding 
element  of  the  spherical  surface,  we  have 


where  p   denotes   the   perpendicular   let   fall   from   the  centre   of  the   ellipsoid   upon  the 
tangent  plane  at  P. 

Moreover, 

cosQX  =  4<     cobMX  =  ^^  =  ^^M; 
^         A  MP        MP 

and  therefore 

MP 


The  second  theorem  gives  theiefore 

^  ABC j J  MP' 

where    the    integi'ation    is    extended    over    the    surface    of    the    sphei^e,    and    the    thii-d 
theorem   gives 

X    _  _  rr  (a-A^}cosMQdS 
ABO       JJ    '         MP' 

where  the  integration  is  extended  over  the  sm'face  of  the  ellipsoid. 

Suppose  now  a  confocal  ellipsoid,  the  semi-axes  of  which  are  A  +  8^4,  B  +  BB, 
G  +  BC,  and  let  P,  be  the  point  on  this  new  ellipsoid  which  corresponds  to  the  point 
P  on  the  original  ellipsoid,  i.e,  let  P,  be  the  point  whose  coordinates  are  (A  +  BA)  ^, 
(B  +  8J5)j7,  (C+SO)^;  the  decrement  of  MP  will  be  equal  to  the  normal  distance 
BN  between  the  two  ellipsoids  at  the  point  P,  multiplied  into  the  cosine  of  the 
angle  MQ,  and  we  have,  by  a  property  of  confocal  ellipsoids,  ABA  =  BBB  —  CBC = j^^^  l 
we  have  therefore 

f  1777  _  _  ABA  cos  MQ 
P  ' 
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which  gives 

■'-  ""-ABC" 


Now  from  the  equation 


ABU     ]]  Ml' 


MP- 


and  consequently 


ABC     ABC  JJ      MP' 

SA     jlAlcoaMQdS 
^  ABC  II  MP- 

■  iA     !aa.-Ai) 

vf^^ABcll  M 

.^A  [I 

■ABC     ABGU 


ABC 


Hence,  by  the  fiiiit  theorem : 

In  the  ease  of  an  exterior  point,  we  have 


i.e.  the  attractions,  in  the  directions  of  the  axes,  of  coufocal  ellipsoids  vary  as  the  masses ; 
which  is  Maclauiin's  theorem  for  the  attractions  of  ellipsoids  upon  an  exterior  point. 


!  of  an  interior  point,  we  have 


or,  taking  a,  0,  y  as  the   semi-axes   of  an  ellipsoid  confocal  with  the  ellipsoid  {A,  B,  C), 
but  exterior  to  it,  and  supposing  that  (X)  refers  to  the  ellipsoid  (a,  0,  7),  we  have 

S~  =  -47ra  — y  . 
0/^7  a-/57 

Now   introducing  instead   of  a  the   new   variable    6,  such   that   a=  =  ^-  +  S,  we  have 

-=,/'   :- ,  ^-(ff  +  9)*,  7  =  (C"  +  9)*,  and  consequently  writing  d  for  8, 

«S7        ''"  {A'  +  ef  (B'  +  ef'  (c  +  e)i ' 
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and  thence,  effecting  the  integration, 


X,  X  f^' ^ 


ef 


where    X,   refers    to   the    ellipsoid   whose    semi-axes    ai-e    {A''-y6)^,   (B'  +  6^')^,   (0^  +  0,)^. 
In  the  case  where  d^=xi ,  we  have 

.      ^'     . I-O, 

and  consequently 


which  is  the  expression  for  the  attraction,  in  the  direction  opposite  to  that  of  the  axis 
of  a;,  of  the  ellipsoid  (A,  B,  C)  upon  au  interior  point,  the  cooi'dinates  of  which  are 
(a,  b,  c). 

In  the  caisc  of  an  exterior  point,  let  A^,  B,,  C,  be  the  semi-axes  of  the  conlbcal 
ellipsoid  passing  through  the  attracted  point;  so  that  putting  A=\HA^-\-ri),  B=\/{B-+ri), 
C^  =  -^(0^  + 1}),  we  have 

a^  b'  c"^     _  -. 

A°  +  il     B^  +  v     'C'  +  i}~    ' 

the  attraction  is  equal  to  —t-gTT  '^  attraction  of  the  ellipsoid  which  passes  through  the 
poihl,  i.e. 

X  =  4,7raABOr  = ^^     , .; 

J  '>  {A^  +  6f{B^  +  ef{c^+ef 

or,  putting   S  —  57  instead   of  6, 

X = 4™  ABC  r J ^^— J . , 

which  is  the  expression  for  the  attraction  upon  an  exterior  point.  The  fonnulce  coincide, 
as   they   ought   to   do,  in  the  case  of  a  point  upon  the  surface. 

2,  Stone  Buildings,  9th  April,  1855. 
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ON  SOME  GEOMETRICAL  THEOREMS  RELATING  TO  A  TRIANGLE 
CIRCUMSCRIBED   ABOUT   A   CONIC, 


[From  the  Quarterly  Mathematical  Journal,  vol.   I.  (1857),  pp.  169—175.] 

The  following  investigations  were  suggested  to  me  by  Sir  F.  Pollock's  interesting 
paper  "On  a  Geometrical  Theorem  relating  to  an  Equilateral  Triangle  circumscribed 
about  a  Circle,"  [Quart.  Math.  -lour.  t.  i.  (1857),  pp.  167—169]. 

If  on  the  sides  of  a  triangle  ABC,  there  be  taken  points  a,  0,  j,  such  that 
Aa,  B0,  C7  meet  in  a  point  0;  and  if  on  each  side  of  the  triangle  ■  there  be  taken 
two  points  forming  with  the  two  angles  on  the  same  side  an  involution  having  the 
first-mentioned  point  on  the  same  side  for  a  double  point ;  then  if  -  three  of  the  six 
points  lie  in  a  lino,  the  two  lines  are  said  to  be  harmonically  related  with  respect  to 
the  triangle  ABC  and  point  0.     Call  these  the  lines  (r),  (s). 


The   triangle   ABO  and   point    0   give   rise   to   a  determinate  conic;   viz.,  the  conic 
touching  the  sides  at  the  points  a,  0,  7, 
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The  harmonic  of  the  point  0  with  respect  to  the  triangle  is  a  Hne  (o),  which 
is  also  the  polar  of  0  with  respect  to  the  conic.  The  conic  meets  this  line  in  two 
points  (as  the  figure  is  drawn,  imaginary  ones),  J,  J. 

Suppose  now  that  the  harmonic  lines  (r),  (s)  are  hai'monically  related  to  the  points 
/,  J,  (i.e.  let  the  lines  (/■),  (s)  and  the  lines  through  their  point  of  intersection  and 
I,  J,  he  a  harmonic  pencil,  (or,  what  is  the  same  thing,  let  /,  J,  and  the  points  in 
which  the  line  of  junction  meets  the  lines  (r),  (s)  be  a  harmonic  range),  then, 
Tkem-em,  the  point  of  intersection  of  the  lines  (r),  (s)  lies  on  the  conic. 

In  order  to  prove  this,  take 

^  =  0,  y  =  0,  «  =  0,  for  the  equations  of  BC,  CA,  AB,. 

x—y  =  z,  for  the  point  0, 

the  equations  of  the  harmonic  lines  will  be 

ax  +  hy  f  cz  —  0, 

''+1  +  ^  =  0, 
a        it        c 

the  equation  of  the  conic  is 

ar'+i/'^  +  z-  -  2yz  -  tzx  -  2cey  =  0  ; 

the  equation  of  the  line  (o)  is 

x+y  +  z^O. 

The  coordinates  of  the  points  /,  /,  are 


where  lo  is  an  imaginary  cube  root  of  unity. 

The   equations   of  the    lines  joining  the   point   of  intersection   of    (r),   (s)   with   the 
points  /,  J,  are 

ax  +  hy  -\-cz  __  bcx  +  cay  +  abz 
a  +bw\- cw        be  +  caa>  +  aba'  ' 
and 

ax  +  hy  +CZ  _  bcx  +  cay  +  abz 
a  -\-ba^  +  Cio       be  +  cauy'  +  aba  ' 


and  these  will  form  with  the  lines 


ax  +  by  -^  cz  =  0, 
bcx  +  ca,y  +  a,hz  =  0, 
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a  harmonic  pencil,  if 

(a+b(i>  +  coi^)  (be  +  cata^  +  aba  ) 
+  (a  +  6<»^  +  CM  )  (6c  +  cam  +  abio")  =  0 ; 
i.e.,  if 

(iific  —  be'  —  f/c  —  cii'  —  d'a  —  aif  —  a'6  =  0 ; 

which    is,   therefore,    the    condition    in    order    that    (r),   (s),   /,   J  may    bo    harmonically 
related. 

The  coordinates  of  the  point  of  intersection  of  (r),  (s)  ai'e 

X  :  y  :  z  —  a(b''  —  c')  :  6{c^  — o^)  :  c{a'^~¥); 

and  substituting  these  values  in 

*'  +  f  +  z^~  2i/z  -  25^'  -  '2a!y, 

WB  see,  a  prion,  that  the  result  contains  the  factor 

2abc  +  bc'  +  ¥c  +  ca!'  +  c^a  +  ab^  +  <i?b  =  (&  +  c)  (c  +  a)  {(t  +  6) ; 

in   fact   &  +  c  =  0  gives  x  :  y  :  z^d  :  b{¥ —  a^)  :  b{h^  —  a?),    i.e.    x  =  0,   y-s^O,  which 
makes  a^  +  y^  +  z"-  2yz  ~  Izx  —  2a;y  vanish ;  and  so  for  the  other  factors. 

Effecting  the  substitution,  we  find 

3^2  + 1/2  +  ^2  -  2yz  -  2za: -  xy  =  (2abc  +bd'  +  b^c  +  ca^  +  0^11  +  ab^  +  a^b) 

X  (—  Gabc  -t  bc^  +  ¥c  +  ca^  +  c'a  +  ab^  +  a^b), 

which  equals  0,  on  account  of  the  second  factor. 

Hence  the  point  of  intersection  of  the  lines  (r),  (s)  lies  upon  the  conic.     cj,e,d. 

Consider,  next,  a  side  of  the  triangle :  then.  Theorem, — the  following  four  points 
on  a  side  of  the  triangle,  viz.  the  point  of  contact,  the  point  of  intersection  with 
the  line  (0),  and  the  points  of  intersection  with  the  harmonic  lines  (r),  (s),  form  a 
hai"monic  range. 

In  fact,  for  the  side  *■  =  0  the  points  in  question  ;n-e  given  by  means  of  the 
equations 

y-«  =  0,     3  +  ..O,     bn  +  e^  +  O,    l  +  '-O. 

and  forming  the  eqiiations 

f^z^  =  0, 

I'b     c\  ,     „ 

the  theorem  is  at  once  seen  to  be  true,     q.e.d. 
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It  is  interesting  to  give  the  analytical  expressions  for  some  other  of  the  points 
and  lines  of  the  figure.  The  harmonic  lines  (r),  (s),  meet  in  a  point  of  the  conic 
given  by  the  equations 

This   point   may   be   spoken   of   as    the   common   point   of   intersection   of   the   hannonic 
lines  with  the  conic.     The  foregoing  values  give 

which  may  also  be  written 

,.-K-f)=.!:{l(»+„)..RP, 
f.  -  (f -,).={,-!-(„+ J)..  P13, 

if  for  sh«iincss 

-t+,  +  f-p, 

formula  which  will  he  presently  useful. 

Each  harmonic  line  meets  the  conic  in  another  point,  which  may  he  tenned  the 
simple  point  of  intersection.  For  the  line  ax  +  by  +  cs^O,  the  cooi-dinates  of  the  simple 
point  of  intersection  are  given  by  a;  :  ^  ;  z  =  tj^{h  +  cf  :  ^^(c+ay  :  ^^/{a  +  by;  or,  what 
is  the  same  thing,  hy 

J_     J_       1 
^  '  ^  '  ^~  Pa'-  Qb'-Rc' 

and,   in   like   manner,   the   coordinates   of   the    simple   point   of    intersection   of   the    line 


^  I  ^  G  "  -^  ^'"'^  ^^^"^  ^^ 


:  y  :  z- 


P  ■  Q-  M' 
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Hence  the  equation  of  the  line  joining  the  two  simple  points  of  intersection  is 

=  0, 


^  . 

y  • 

' 

1 

1 

1 

Pa' 

Qh- 

Re 

a 

h 

c 

P   • 

Q- 

R 

point   of  intereection   is 


or  expanding  and  reducing 

The  equation    of  the  tangent  to    the    conic    at  the 
evidently 

Pic+    Qy+    Rz^O. 

The  laat-mentioned  lines,  together  with  the  harmonic  lines  (r),  (s),  viz.  the  lines 

ax+    bi/+     C2  =  0, 

a  h  c 

may  be  considered  as  the  sides  of  an  inscribed  quadi-ilateral ;  the  equation  of  the  conic 
must  therefore  be  expressible  in  a  fonn  in  which  this  is  put  in  evidence ;  to  do  this, 
I  first  form  the  equation 

which  may  also  be  written 

(oM  +  bi/  +  cz\  (-  +  j  +  -]^cc^  +  if  +  s^-  2Xyz  -  2^^  -  2va:y, 


and  then  putting 

f"+,--r 

2f, 

A=p  +  ,-+f--2,i:_ 

an  equation  which  gives 

A=P'-i,,( 

-0--itl 

=  Ji-^4f,. 

V  Google 


34  ON   SOME   GEOMETRICAL    THEOREMS    &C.  [165 

and 

it  is  easy  by  means  of  these  relations  to  verify  the  iiJeiitical  equation 

or,  writing  for   A    its  value    A  =0,  the  equation  of  the  conic  takes  the  form 

which  is  as  it  should  be. 

It  may  be  added,  that  the  common  point  of  intersection  and  the  points  in  which 
the  harmonic  lines  (r),  (s)  meet  a  side  of  the  triangle  lie  in  a  conic  passing  through 
the  points  /,  J,  such  that  with  respect  to  this  conic  the  point  of  contact  is  the  pole 
of  the  line  (o).     Thus  for  the  side  fl;=0  the  equation  of  the  conic  in  question  is 

&(«  +  >, +^)+(l-^-|)»,-  +  (Sy  +  »,)  (!  +  !)_  0, 
where 

a(b~cf{b  +  c)^(b  +  cy 
bc(a-b)(c-a)        26c     ' 

and  similarly  for  the  other  two  conies. 

In  the  case  where  the  triangle  is  an  equilateral  triangle  and  the  line  (o)  is  the 
line  at  co ,  the  conic  becomes  a  circle,  the  points  /,  J,  are  the  cu'cular  points  at  infinity, 
and  lines  harmonic  in  respect  to  the  points  /,  J,  become  lines  at  right  angles  to 
each  other :   the  foregoing  results  agi-ee,  therefore,  with  Sir  F.  Pollock's  Theorem. 
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NOTE    ON    THE    HOMOLOGY    OF    SETS. 


[Froin  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  p.  178.] 


Let  L  denote  a  set  of  auy  four  elements  a,  b,  c,  d,  and  in  liko  manner  A,  i,  &c. 
sets  of  the  four  elements  a,  ^,  ry,  B;  a^,  b^,  c,,  rf,,  &c ;  then  we  may  establish  a 
relation  of  homology  between  four  sets  X,  L,,  L^,  Ls,  and  four  other  sets  A,  Ai,  A^,  A^; 
viz,,  considering  the  corresponding  anharmonic  ratios  of  the  different  sets,  we  may 
suppose  a  relation  of  homology  between  these  ratios.  Thus  conaideiing  the  set  to  L, 
■write 

a:  =  (a--b){a-d). 

y  =  {a~c){d-b), 

z={a-d){b-c), 

then  x  +  y  +  2  =  0  aiid  the  anharmonic  ratios  of  the  set  are  x  :  y  :  e — we  may,  if 
we  please,  take  x  :  y  as  the  anharmonic  ratio  of  the  set.  And  in  like  manner  taking 
^  :  j;  as  the  anharmonic  ratio  of  the  set  a,  ff,  y,  5,  &c.,  the  assumed  relation  between 
the  sets  L,  L,,  i,,  L^  and  the  sets  A,  Aj,  A^,  As  mil  be 

=  0; 


"i. 

XV  , 

se, 

yi 

«,i„ 

^Vu 

vA. 

yiV2 

^A. 

X^V-T' 

vA. 

y-iVi 

-:.(.. 

xm^ 

3&, 

)im 

and  it  is  to  be  observed,  that  this  relation  is  independent  of  the  particular  ratio 
X  :  y  which  has  been  chosen  as  the  anharmonic  ratio  of  the  set ;  in  fact,  if  we  write 
x=~y  —  z,  ^  =  —  v~K>  '^'^■1  then  reducing  the  result  by  means  of  an  elementaiy 
property  of  determinants,  the  equation  will  preserve  its  original  form,  but  will  contain 
the  ratios  y  :  z;    v  '■  ^'  ^^-y  instead  of  the  ratios  <c  '■  y\    ^  '■  v-  &c. 
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APROPOS    OF    PARTITIONS. 


[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  183—184.] 

Let   W  {\  -  of')  =  {\  -  of-)  {\-x'')...{ic    factors)   and    assume    that    L=r— -— 

the  part  of  .^^7, — -5^  which  involvea  negative  powers, of  ^.—x,  then 

Coefficient  cfi  in   [^j^ji-^J__^  =  coefficient  .-'  in  (^TTgiti  "  i  _  (i' _  ^).)  ■ 
which  suggests  the  question  of  the  expansion  in  powers  of  z,  of  the  function 


Now  by  the  definition  of  Bernoulli's  numbers 

e'-l      (      2^^1.2     ^1,2.3.4^    n. 2. 3.4.5. ■ 
from  which  it  is  easy  to  deduce 


and,  writing  in  this  formula  i  =  - ttlog{l  —  g),  we  have 
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i,e. 

and  piitting  p,  for  ahc...  and  Sj,  8.^...  for  the   sums   of  the   powers,  we  have,  taking  the 
product 

n       '       _  1  ,-«(isfi^,)-""»<'->«-*'*S-«.**rfi»«-'«' 
"i-(i-.)"-p/ 

whence  also 

{l_3)3+l^^l_(l_s)«~p/ 

from  which  the  development  may  ho  found. 
The  index  of  e  is 

+  fc 

and  developing  the  exponential, 

1°.     The  coefficient  of  3  is 

9+iS.-i(<-2). 

2°.     The  coefficient  of  ^^  is 

teM?»S.-i(«-3)l  +  iS,'-^,S,-i(«-3)S,  +  («-3)(4,-i), 
and  so  on. 

The  peculiarity  is  the  appearance  of  the  tactors  k  —  2,  k  —  %,  &c.  li  we  neglect 
these  terms,  and  consider  as  well  g  as  a,  b,  c...  to  be  each  of  them  of  the  dimension 
unity,  the  coefficients  will  be  homogeneous. 
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A    DEMONSTRATION    OF    THE    FUNDAMENTAL    PROPERTY    OF 

GEODESIC    LINES. 

[From  the  QuaHerly  Mathematical  Journal,  vol.  i.  (1857),  pp.  iy5 — 6.] 

This  IB  ths  translation  of  a  paragraph  in  M  Bertiand'a  Memoir  "  D^onstration  g^om^tiiqiie  de  quelquea 
thfiorfeoies  relatifa  i,  la  thione  dea  Burtapeh,"  Liom  t  «n.  (1948),  p  7i,  m  wliidi  ho  sliona  that  the  theorem 
that  the  geodesic  Imea  on  a  smfaoe  haie  at  each  pumt  tbsir  osculatinf,  place  noimal  to  the  surface  it  an 
immediate  oonsecjuence  of  Meunier  s  theorem 
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EISENSTEIN'S  GEOMETRICAL  PROOF  OF  THE  FUNDAMENTAL 
THEOREM  FOR  QUADRATIC  RESIDUES.  {Translated  from  the 
Original  Memoir,  Crelle,  t.  xxviii.  (1844),  tvith  an  Addition,  hy 
A.    Cay  LEV.) 

[From  the  Quarterly  Mathematical  Journal,  vol.  I,  (1857),  pp.  186 — 191.] 

Let  _p  be  a  positive  odd  prime,  a  the  aggregate  of  all  the  even  numbers  <p 
and  >  0,  viz.  a  — 2,  4,  6,  ...^— 1;  and  let  q  be  any  integer  not  divisible  by  the 
modulus  p ;  then  if  r  denote  the  general  term  of  the  residues  of  the  multiples  qa  in 
respect  to  the  modulus  p,  it  is  cleai-  that  the  numbers  of  the  series  the  general  term 
of  which  is  (— )■■  r  will  coincide  to  multiples  of  p  pres  with  the  numbers  of  the  series 
a;    so  that  we  shall  have  the  two  congruences 

if.<i^'i  Xia  =  'nr  (moA.  p),  and  ITa  =  (■-)^''nr  (mod.  ^), 

from  which  it  follows  that 

gHo-i)  =(_)*■■  1  (mod.  j)),  and  therefore  f^j  =(-)S'- 1. 

Let  E  iX-\  denote  the  greatest  whole  number  contained  in  the  fraction  i-,  then  it  is 
clear  that  ^qa=p%E  f  — j  +  Sr;  and  since  all  the  a's  are  even,  and  ))  =  l{mod. 2)  it 
follows  that  %r  =  %E  [  — J(mod.  2);   and  we  have,  therefore. 


I, 
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When   q  —  %,    the   formula   gives   at   once   the   value   of  ( - ) ;    when,   on   the   other   hand,. 
q  is  odd,  and  therefore  5  —  1  even,  we  find,  hy  a  simple  transformation, 


^^(?)--(|)-^(|)-^(|) 


-©--(- 


-    \     p      / 


and  if  the  last  i 


be  represented  by  /a,  then  also 

Imagine  now  in  a  plane,  a  rectangular  system  of  coordinates  (a:,  y)  and  the  whole 
plane  divided  by  lines  parallel  to  the  axes  at  distances  =  1  from  each  other  into 
squares  of  the  dimension  =  1.  And  let  the  angles  which  do  not  lie  on  the  axes  of 
coordinates  be  called  "lattice  points." 

Take,  now,  upon  any  vertical  parallel  a  point  coiTesponding  to  the  ordinate  ij, 
then  E(y)  will  denote  the  number  of  lattice  points  which  lie  between  this  point  and 
the   horizontal   axis ;    and,   in   like   manner,  taking   upon   any  horizontal  parallel   a  point 


B 

> 

^ 

+ 

A 

corresponding  to  the  abscissa  x,  then  E{a!)  will  denote  the  number  of  lattice  points 
which  lie  between  this  point  and  the  vertical  axis.  If,  therefore,  we  draw  in  the 
plane  a  curve  the  equation  of  which  is  y=i^,  then  the  sum 


E<p\  +  E<f>2  4 


i  +  E<f>i  +  &C., 


will   denote   the   number   of    lattice   points   which   lie    between   the   curve   and    the    axis 
of  w,  including  any  lattice  points  which  lie  upon  the  curve. 


Suppose 


,  to   return  to   the   subject,  that  AB  represents  the  straight  line  which 


i  for  its  equation  y  =  ^x,  where  p  and  q  are  now  assumed  to  be  both  of  them  positive 
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odd  primes;  and  let  AD  =  FE  he=p,  AF=DB  =  q,  AC=  EG  =  ^(p-l),  AE=CG=ii(q-l). 
Then  if  /*  denote  the  number  of  the  lattice  points  between  AB  and  AD  as  far  as 
the  ordinate   CG  inclusively  (these   lattice   points   are  distinguished  in  the  figure  by  the 

mark  [*]),  by  what   precedes   M]  =(-)"!.     But   since   the   equation  of  the  straight  line 

AB   may  also   be   written  a:  =  ~  y,   we   have   in   the   same   way,  if  v  denote  the  number 

of   the    lattice    points    which    lie    between    AB    and    AF    as    far    as    the   abscissa   EG 

inclusively   (these   are   distinguished   in   the   figure  by   the   mark    ["]),   [-)  =  (— )*'l.     But 

the  lattice  points  marked  with  [»]  and  [=]  taken  together,  i.e.  all  the  lattice  points 
to  the  right,  and  all  the  lattice  points  to  the  left  of  AB,  make  up  the  entire  system 
of  lattice  points  of  the  rectangle  AEGG,  the  number  of  which  is  \{p  —  l).^{q  —  \); 
consequently,  i^-\-v  =  l{p  —  '^)--k{'i  —  ^)'  ^^d  therefore 

(|)©  =  (-r-i  =  H'~i 

which  is  the  theorem  in  question. 

It  maybe  noticed  that  the  foregoing  transformation  2£^l— j  =  ^(mod.  2)  may  itself 

be  proved  by  the  simple  geometrical  consideration  that  'ZE{—\    is  nothing  else  than  the 

number  of  lattice  points  which  lie  on  the  even  ordinates  (those  corresponding  to 
a;=2,  4,  6,...p  — 1)  between  AB  and  AD  as  far  as  BD,  and  that  each  ordinate, 
between  the  axes  AD  and  BF  exclusively,  contains  (g— 1),  i.e.  an  even  number  of 
lattice  points;  and  besides,  that  the  two  triangles  BAD  and  ABF  are  congruent,  and 
that  the  latter  of  them  stands  in  the  same  relation  to  BF  and  BD  as  the  fonner 
does  to  AD  and  AF;   the  completion  of  which  is  left  to  the  reader. 

Remark.  There  are  figures  for  which  simple  formulte  may  be  obtained  for  the 
number  of  the  interior  lattice  points.  Imagine,  for  example,  a  circle,  the  centre  of 
which  lies  in  the  axis  of  coordinates,  and  the  radius  of  which  is  ijm,  then  the  number 
8  of  the  lattice  points  which  lie  within  the  circle,  including  those  which  lie  on  the 
axes,  is  given  by  the  following  formula, 

,S  =  1  +  4  {£ (»0  -  E  ilm)  +  E  (im)  -  &c.) 

continued  until  the  series  stops  of  itself  It  is  easy  to  see  that  the  equation  expresses 
a  relation  between  the  number  of  lattice  points  of  the  circle  and  the  number  of  lattice 
points  of  a  segment  included  between  two  rectangular  hyperbolas.  Writing  in  the 
formula 

) 


[m 


B(S».)  +  -«(i».)- 


a ,    the    left-hand    side    becomes    equal    to    tt,    and    the   right-hand    side    becomes 
to    4(l-^-t-|- &c.>,   which    gives    the    formula    of   Leibnitz.      There   arc   similar 
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formula;  for  the  number  of  lattice  points  of  a  system  of  sectors  of  ellipses  or  hyper- 
bolas ;  and  similar  relations  exist  also  in  space,  and  in  cases  of  more  than  three 
dimensions.  We  shall  return  to  this  important  subject,  which  has  the  closest  connection 
vnth  the  properties  of  the  higher  forms,  upon  another  occasion. 

(Additiim  hy  ike  Translator.)  Eisenatein  is  now,  alas  I  dead;  too  soon  for  the  com- 
plete development  of  his  various  and  profound  researches  in  elliptic  functions  and  the 
theory  of  numbers;  and  the  promise  at  the  conclusion  of  the  foregoing  memoir  has 
riot,  I  believe,  been  fulfilled.  The  formula  in  the  Remark  must,  I  think,  have  been 
established  by  geometrical  considerations,  and  would  have  served  to  give  the  number 
of  decompositions  of  a  number  into  the  sum  of  two  squares;  but,  as  I  do  not  perceive 
how  this  is  to  be  done,  I  shall  follow  a  reverse  course,  and  establish  the  theorem 
from  considerations  founded  on  the  theory  of  numbers.  I  remark,  first,  that  the 
number  of  lattice  points  in  a  quadrant  of  the  circle,  inclusive  of  those  on  the  vertical 
axis,  but  exclusive  of  those  on  the  horizontal  axis  and  of  the  centre,  is  equal  to 
E^Jm+  £>/{■)«. -1)+  E^/(7n -4')  + E'/im- 9)  + Sk.;  and  that  this  sum,  multiplied  by  four 
and  increased  by  unity,  gives  precisely  the  number  of  lattice  points  of  the  circle, 
including  those  on  the  horizontal  and  vertical  axes.  The  fonnula  to  be  established  is 
therefore 

E'^m  +  E^'(m~l)  +  E^(m-i)  +  E>J(m-9)+&c.=E{m)-E(l;m)  +  E(lm)-E{}m)  +  &(i. 

where,  as  already  noticed,  the  left-hand  side  denotes  the  number  of  lattice  points  of 
a  quadrant  of  the  circle,  inclusive  of  those  on  the  vertical  axis,  but  exclusive  of  those 
on  the  horizontal  axis  and  of  the  centre. 

Let  Xn  be  the  number  of  ways  in  which  the  integer  number  n  can  be  expressed 
as  the  sum  of  two  squares.  (If  n=^a^  +  ^,  then  if  a  and  ^  are  unequal,  and  neither 
of  them  is  zero,  this  counts  as  two  decompositions,  viz.  a:  =  a,  y  =  ^  or  a:  =  0,  y=a; 
but  if  a  =  ^,  this  counts  only  as  a  single  decomposition ;  or  if  either  of  the  numbers 
a,  ^,  e.g.  a,  is  zero,  then,  since  y  =  0  is  excluded,  this  counts  as  a  single  decomposition, 
x  =  0,    !/  =  /3.|     Xn    will   denote   the   number   of   lattice   points   on    the   quadrant    of    the 

circle  ludius  V".     Suppose  also  that  E'lTn)   stands  for  unity  or  zero,  according  as  r  « 

is  or  is  not  an  integer.  Then  as  m  passes  through  the  integer  number  n,  i.e.  from 
a  value  between  n  —  1  and  w  to  a  value  between  n  and  n+l,  the  left-hand  side  of 
the  equation  is  increased  by  Xn,  and  the  right-hand  side  of  the  equation  is  increased 
by  E'{n)-E'(ln)  +  E'(ln)-&!:e.     We  ought  therefore  to  have 

Xn  =  E'  (n)  -  E'iln)  +  E'^n)  -  E'{}n)  +  &c., 

and  convei'sely  fi'om  this  equation,  the  original  equation  will  at  once  follow.  The 
light-hand  side  denotes,  it  should  be  observed,  the  number  of  factors  of  n  of  the 
form  =  1  (mod.  4),  less  the  number  of  factors  of  the  form  =  3  (mod,  4),  Let 
n  =  2*/"/"' ...y^/^' ...  where  /,  /'...are  odd  primes  =  1  (mod.  4)  and  g,  g' ...  are  odd 
primes  =  3  (mod.  4).     Consider  iirst  the  factors  g,  ^ ... ,  and  forming  the  product 

(l+S'-..+?^)(l+5'+--./0".. 
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it  is  easy  to  see  that  if  all  or  any  one  or  more  of  the  indices  d,  ^'■■-  ai'e  odd,  thou 
the  number  of  terms  of  the  product  which  are  =  1  (mod,  4)  is  equal  to  the  number 
of  terms  of  the  product  which  are  =  3  (mod.  4);  but  if  all  the  indices  ^,  /3'.,.  are 
even,  then  the  number  of  terms  of  the  first  form  is  greater  by  unity  than  the  number  of 
terms  of  the  second  form.  Now  the  tenns  of  the  product  (1  +/+... /'*)(1  +f+  .../'■')... 
are  all  =l(mod.4),  and  the  number  of  terms  is  (1 +a[)(l  +  a') ...  .  Hence  if  all  or 
any  one  or  more  of  the  indices  (3,  ff...  are  odd,  then  the  number  of  factors  of  n  of 
the  first  form  less  the  number  of  factors  of  the  second  form  is  zero ;  but  if  the 
indices  ft  ft..,  are  all  even,  the  number  of  factors  of  the  first  foim  less  the  number 
of  factors  of  the  second  form  is  (1 +  a)(l +  a')  ■■■  ■  i-^-  ^''^  have 

£"(n)-£'(^n)  +  £'(»-&c,  =  0,    or    =  (1  +  o)(l  +  a')  ,..  , 

according  as  /3,  (3'...  are  all  or  any  one  or  more  of  them  odd,  or  according  as  they  aj-e 
all  of  them  even.  Now  it  is  well  known  that  the  number  n  =  ^f'^f''^'... g^g'^'...  does 
not,  in  the  case  of  all  or  any  one  or  more  of  the  indices  y3,  ft...  being  odd,  admit 
of  decomposition  into  two  squares,  i.e.  in  this  case  Xji=0;  but  if  the  indices  ft  ft.., 
are  all  even,  then  the  number  n  will  admit  of  precisely  as  many  decompositions  into 
two  squares  as  the  number  n'  =  2''f'f' ...  (in  fact,  the  only  decompositions  of  n  are 
those  obtained  from  the  decompositions  of  n'  by  multiplying  the  roots  into  the  common 
factor  gi^g'^^' ...),  and  the  number  of  decompositions  of  n'  is  moreover  equal  to  the 
number  of  decompositions  of  n"  =f "/'"'... ,  which  last  number  is  in  fact  the  product  of 
the  numbers  of  decompositions  of  /",  /'"■.. ;  the  number  of  decompositions  of  n  into  two 
squares  (estimated   according   to   the   foregoing  convention)  is   thus  shown  to   be,   in   the 

case  of  ft  ft...,  all  of  them  even,  equal  to  (l  +  a)(l  +  a') And  we  have  therefore  in 

every  case 

Z»=  iS'(«)  -,E-(i«)+  B'ft..)-  &c., 

and  the  principal  theorem  is  thus  shown  to  be  true. 
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ON   SCHELLBACH'S   SOLUTION   OF   MALFATTI'S   PROBLEM. 


[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp,  222 — 226.] 

The  following  elegant  solution  of  Malfatti's  Problem  as  applied  to  spherical  triangles 
is  given  by  Dr  Schellbach  (Crelle,  t.  XLV.  (1853),  p.  186);  for  the  reason  which  will 
be  mentioned  I  have  made  a  change  of  notation. 


In   a   spherical   triangle   ABG  to  describe  three  small  cii^cles,  each  of   them  touching 
the  other  two,  and  also  two  sides  of  the  triangle. 

Let   the  .sides   of  the   triangle   be   a,  b,  c,  and   let   x,  y,  z,  be   the   distances   of  the 
points  of  contact  from  the  adjacent  angles  of  the  triangle.     Then  writing 


whence 

and  putting  also 

it  is  easy  to  obtain 


a  +  6  +  c  =  2s, 


=  ?.  ^^-y  =  v,  is  -  2  =  ?, 


'  COB  I   cos  J)  cos  ^     sin  I  sin  t;  sin  ^ 

cos  Js         sin  ^8       ' 


cos  m  cos  i^cosf  sin  main  J^sinf  _ 

cos  is  sin  Is 

cos  n  cos  f  cos  tj  sin  n  sin  |^  sin  i;  _ 

cos  ^s  sin  ^s  ' 

from   which   equations   the   unknown   quantities   f,  tj,  ^,  are   to  be  determined.     And  the 
equations  may  be  solved  without  assuming  the  existence  of  the  relation  l  +  m  +  n  =  is. 
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To   solve   the   equations,   let   the   subsidiary  angles  X,  fi,   v,   be    determined   by    the 
conditions 

'  cos  X  cos  m  cos  n     sin  X  sin  m  sin  m 


cosjtcos  n cos  I    ,  sin  /* sin  n  sin  I 


cos  Js 
cos  V  cos  I  cos  m 


sinj. 


then  it  may  be  shown  that 


■"^  ^  '^^  -^  '^  V  '      *'         COS  i  (X  +  0 


COS  J-  (X  + 1) 


..(?+?)= 


COS  i  (^  +  '^) 


cos  J  (s  —  !■  +  Ji) 


v°"«^-'>--,oti(.+.r  ■°"«-'')-  cosi(,+,.) 

tan  ^  =  tan  m  tan  n  cot  ^s, 
tan  ■)(^  =  tan  n  tan  I  cot  i^s, 
tan-^=tan2  tanmcot^s, 

„       .  \     cos  i«  cos  ^ 

cos  (\  -  A)  =  - — ^ ^ , 

^'      cos  m  cos  K 

,          ,      cos  is  cos  Y 
cos  (u.  -  y)  = ^ A 

COS  (j-  —  1^)  = 


COS  Js  COS  ^ 


COS  I  cos  «i  ' 
equations  which  give  the  values  of  X,  fi,  v,  from  which  ^,  i),  ^  are  detennincd  as  above. 

If    we   suppose   that    the    sides   become   indefinitely   small,   we   have   the   case   of 
plane  triangle,  and  the  equations  then  are 

il 

^  +  f  +  ^'^  =  is=-m^ 
|^  +  i)^H ^T}  =  Js'  — n', 

(,  +  f)-  =  i|(.  +  x-i)--(x  +  0-)  =(i»+\)(is-o. 

(,-f)'=if(»-^+0'-(^+i)-l  =<i.-M(is+y, 


We  have  here 
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and  consequently 

„3  +  ^  =  1^5  _  2\l,     ^f  =  s  (X  -  0, 

where  if 

i-e.  _^________^^_ 

_  2itt)s         A  J     4mW        ^       ^ 

Hence 

,  .      ilmn     I    ,- — T— -    ,-- — ~- 
,j=  +  i;'  =  |s^ Vs'  -  4m?  Vs'  —  in\ 

i)f  =  20171  -5^  +  1  Vs^"^m=  V's"  -  in\ 
^f  =  2ni  -  sm  +  i  "/s"  -  M  V^^^i', 

^ + ^.  ^  ^,.  _  M^  _  V.^^4i^  V."^-:rw. 

^  =  2;)K  -  sn  +  J  V'6'=  -  W  Vs"  -  4m=, 

which  is  in  fact  at  once  deducible  from  the  formula  in  my  paper  "On  a  System  of 
Equations  connected  with  Malfatti's  Problem  and  on  another  Algebraical  System," 
(Camb.  and  Dvhl  Math.  Joum.  t.  iv.  (1849),  p.  270  [79]). 

Write  now  for  /,  m,  n,  ^,  ri,  ^,  their  values  in  terms  of  a,  b,  c,  x,  y,  z.     We  have 

i.e. 

4 
^=  +  s=  -  -  {Is  -a)yz'  2a  (^  +  s)  +  a=  =  0, 

or  reducing 

{y  +  z  -  af  -  ^{l  --^yz  =  0, 

and  we  have  thus  the  system 

2/  +  2  +  2a/i-^  \'yi  =  a, 


Z  +iE  +  2A/l--  V^  =b, 
a^  +  2/  +  2,^l-V^=c, 
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which  are  given  by  Schellbaeh  in  the  same  volume,  p.  29  ;  and  it  was  for  the  sake 
of  facilitating  the  comparison  that  the  notation  has  been  altered  in  the  case  of  the 
spherical  triangle.     To  solve  the  system,  Schellbaeh  writes 

a  =  s  sin'  ^,  b  —  s  mf  y^,  c  =  s  sin^  ^jr, 
reducing  the  equations  to 

1/  +  2  +  2  Nyz  COS  ^  —s  sin^  0, 

z  +3:  +  2  vsx  cos  x—^  ^^'^^  X' 

X  +  y  +  2  "^xy  cos  i^  =  s  sin'  •^, 
whence,  putting 

^  +  x:  +  ^  =  2o-, 
the  equations  are  satisfied  by 

iB  =  ssitf(<r-^),  y  =  s%YViH,<T-x),  s  =  s  sin^  (<r  - -i^), 

which  leads  to  a  simple  geometrical  construction.  And  if  we  substitute  for  0,  X'  ^>  "■ 
theii'   values,   it  is  easy   to   obtain 

^-!»{V'^-;V1-'-V1-;  +  Vj\/'}. 

values  which  are  also  at  oneo  obtained  from  the  formula  in  my  paper  above  referred 
to.  It  may  be  remarked  that  the  above  equations  for  the  determination  of  x,  y,  z 
(the  distances  of  the  points  of  contact  from  the  adjacent  angles  of  the  triangle)  are 
very  similar  in  form  to  those  given  in  the  same  paper  for  the  determination  of 
X,   F,  Z,  the  radii  of  the  inscribed  circles. 
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NOTE    ON    MR    SALMON'S    EQUATION    OF    THE    ORTHOTOMIC 
CIRCLE. 

[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  242 — 244] 

Let  Ui  =  0,  U^  =  0,  U^  =  0  be  the  equations  of  three  circles,  and  let  V  be  the 
functional  determinant  of  Ui,  U^,  U3,  the  functions  being  in  the  iirst  instance  made 
homogeneous  by  the  introduction  of  a  variable  s,  which  is  ultimately  replaced  by 
unity;  then  the  equation  of  the  circle  cutting  at  right  angles  the  three  given  circles, 
or,  as  it  may  be  called,  the  orthotomie  circle,  is  V  =  0.  This  elegant  theorem  of 
Mr  Salmon's  is  connected  with  the  theory  developed  by  Hesse  in  the  memoir,  "  Ucber 
die  Wendepuncte  der  Curven  dritter  Ordnuug,"  Crelle,  t.  XXViii.  (1844),  p.  97). 

In  fiict,  let  Ui  =  0,  i/a  =  0,  U^^O  be  the  equations  of  three  conies,  the  locus  of 
a  point  such  that  its  polars  with  respect  to  each  of  these  conies,  or  indeed  vdth 
respect  to  any  conic  having  for  its  equation  XUi  +  /iUi  +  vU3  =  0  (where  X,  /j,,  v  are 
arbitrary),  pass  through  the  same  point,  is  a  curve  of  the  third  order  V—Q,  where 
F  is  the  functional  determinant  of  t^i,   Ui,   U^. 

Conversely,   if  the   curve   of  the   third  order    ^=0   be   given,  and    f  be  a  function 

of   the   third   order,   such   that   the   functional   determinant   of  — =-  ,   -^j-  ,   --5-  ,   or,   what 

dx      ay      az 

is    the    same    thing,   the    "  Hessian "    of   the   function     U    is    equal    to     V,   a    condition 

which    may   be   written   V~H{U),  then   we   may  take   for   the   conies   any  three   conies 

the  equations  of  which  aa-e  of  the  form  \  - — '"/^j~  +  *'j~-0-  The  equation  V=H  ( U) 
affords  the  means  of  determining  U;  in  fact,  we  shall  have  IT^aV+bH (V),  where  a  and  b 
are  constants  to  be  determined.  This  gives  B(U)=H {aV+bH iV))=AV+BH('V),  where 
A  and  B  are  given  functions  of  a,  b  (a  practical  method  of  determining  these  functions 
was  first  given  in  Aronhold's  memoir,  "Zur  Theorie  der  homogenen  Functionen  dritten 
Grades  von  zwei  Variabeln,''  Crelle,  t.  xxxix.  (1850),  pp.  140—159);  and  we  have  therefore 
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V=AV  +  BH(V),  i.e.  ^  =  1,  B  =  0:  the  latter  equation  determines,  what  is  alone 
important,  the  ratio  6  :  a ;  the  equation  is  of  the  third  order,  so  that  there  are  in 
general  three  distinct  solutions   U  —  aV  +  BH (V) '^  0. 

In  the  particular  case  in  which  the  curves  of  the  third  order  V=0  is  made  up 
of  a  line  P  =  0  and  a  conic  W^O,  le.  where  V=PW'=0,  the  curve  B"(F)  =  0  is 
made  up  of  the  same  line  P  =  0  and  of  a  conic  having  double  contact  with  the  conic 
W^O  at  the  point  of  intereection  with  the  line  P  =  0,  i.e.  H {PW)  =  Pit W +7111^). 
And  U  =  aPW  +  bH(PW)  is  consequently  a  function  of  the  same  form,  i.e.  the  cubic 
U=0  is  made  up  of  the  line  P  =  0  and  of  a  conic  having  double  contact  with  the 
conic  W=0  at  its  points  of  intersection  with  the  line  P  =  0.  We  may  therefore  write 
U^PifW  +  gP"),  and  forming  with  this  value  the  equation  P W  =  P (FW  +  GP^).  it 
may  be  noticed  that,  owing  to  the  occurrence  of  a  special  factor  which  may  be  rejected, 
the   resulting   equation   0  =  0    gives   only  a  single   value   for    the   ratio  /  :  g.    Forming 

from   the   value    Cr=P(/F'  + ^P*),   the   equation    ^77- +/*  j- +  *'-j~  ^  0,    the   equation 

thus  obtained  will  be  of  the  form  W  +  PQ  =  0,  which  is  the  equation  of  a  conic 
passing  through  the  points  of  intersection  of  the  line  and  conic  P  =  0,  W=0,  and 
besides  intersecting  the  conic  W  =  0  in  two  other  points.  And  it  may  also  be  shown 
that  the  four  points  of  intersection,  (i.  e.  the  points  given  by  the  equations  W  —  0, 
W+PQ  =  0),  the  pole  of  the  line  P  =  0  with  respect  to  the  conic  W  —  0,  and  the  pole 
of  this  same  line  with  respect  to  the  couic  W  +  PQ  =  0,  lie  all  six  in  the  same  conic. 
We  see,  therefore,  that,  given  a  curve  of  the  third  order,  the  aggregate  of  a  line 
P  =  0  and  a  conic  TF  =  0,  as  the  locus  of  the  point  such  that  its  polars,  with  respect 
to  three  several  conies  (or  a  system  depending  on  three  conies),  meet  in  a  point,  each 
conic  of  the  system  is  a  conic  passing  through  the  points  of  intersection  of  the  line 
and  conic  P  —  0,  W=0,  and,  moreover,  such  that  the  four  points  of  intersection  with 
the  conic  W  =  0  and  the  poles  of  the  Kne  P  =  0,  with  respect  to  the  conic  of  the 
system,  and  with  respect  to  the  conic  W=0,  lie  all  six  in  the  same  conic.  In  the 
particular  case  in  which  the  line  and  conic  P  =  0,  W  =  0  are  the  line  at  00  and  a 
circle,  each  conic  of  the  system  is  a  circle  such  that  its  points  of  intersection  with 
the  circle  TF  =  0  and  the  centres  of  the  two  ch-cles  lie  in  a  circle,  i.  e.  the  conies  are 
circles  cutting  at  right  angles  the  circle  W=0,  which  agrees  with  Mr  Salmon's  theorem. 
To  verify  the  assumed  theorems  in  the  case  of  the  curve  of  the  thud  order 
V  =  PW=0,  we  may  take 

P  =  ax  +  ^i/  +  y2  —  0 

for  the  equation  of  the  line,  and 

W=a^+  f+z^  =  0 
for  the   equation   of  the   conic.     I   write,   for  greater   convenience,    U=  P {^fW +  lgP'); 
the  Hessian  of  this  is 

I /(P  +2ax)+ga^P,  /(^ic+  ay)+ga^P,  f(az+'yx)+gydP 
\f{0x+  ay)  +  gaBP,  f{P  +2^y)+gfi'P,  f (yy +^^)  +  ff^'rP 
\  fi-J^s  +   yx)+gyaP,    f{yy+   ^z)  +  g&yP,    f  (P  +  Zy2)  +  gy'  P 


y  Google 


50  NOTE  ON   MR  SALMON'S  EQUATION   OF  THE  ORTHOTOMIC   CIRCLE.  [l71 

which  is  equal  to 

i.e.   we   muat   have   4/+£f{a^  +  ^=  +  y)  =  0,  or   putting  ^  =  -24  and   :.  f  =  ^ {i^  +  Q^ •¥ i'), 
we   have 

Forming     the     function    X  —j-  +  /t  --, — I-  v  -j-  ,    and    dividing    by    the    constant    factor 
3  {a^  +  0^  +  'f)  {Xa  •hfi0  +  v^),  we  have  for  the  equation  of  any  one  of  the  conies 


wliich  may  be  written  under  the  form   W  +  2PQ  =  0,  where 


We   have   therefore  aa  +  fcyS +  07  =  1  -  2  =  - 1,  i.e.  cr.a  + 6;3  +  C7+ 1  =  0.     And  there  is 
no  difficulty  in  showing  that,  given  the  two  conies 

the  condition  in  order  that  the  four  points  of  intersection  and  the  poles,  with  respect 
to  each  conic,  of  the  line  ax+^y+yz^O,  may  lie  in  a  conic  is  precisely  this  equation 
aa  +  b^+cj  +  l=0. 
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NOTE    ON    THE    LOGIC    OF    CHARACTERISTICS. 

[From  the  Quarterly  Maikematical  Journal,  vol.  I.  {1857),  pp.  257 — 259.] 

The  conditions  in  order  tliat  an  equation  of  tlie  srxtli  degree 
(a,  b.  0:  d,  e.f,s).{'.  j)'  =  0 
may  have  five  of  its  roots  equal  ai-e 

A  =(te-4M  +  3c'  =0, 
B  =a.f'-Zhe  +  2cd  =  0, 
C  =bf-ice  +  Zd^  =0, 
D^ag-9ce  +  Sd^  =  0, 
E  =  bff-Scf+  2rfe=0, 
F  =  cg-  4idf+  36^    =  0, 

equivalent  of  course  to  four  relations  between  the  coeiEcients:  among  the  connections 
of  these  equations  are 

fA~     eB-  bF+     cE^O, 

(Se"  -  2df)  A -2deB  +  ecD-AF^2cdE+ (3c'' -2hd)F  =  0. 
The  system  is  one  of  the  tenth  order.     To  verify  this,  I  write  first 

(A,  B,  C,  F)  =  (A,  B,  G,  F,  cE)  =  (A,  B,  C,  F,  c)  +  {A,  B,  C,  F,  E). 

i.  e.  the  equations  j4  =  0,  fi  =  0,  (7  =  0,  F=  0  imply  (by  the  first  of  the  connectives)  the 
additional  equation  cE  =  0,  viz.  the  system  J1=0,  £=0,  (7=0,  -F=0,  cE  =  0,  or  what 
is  the  same  thing,  one  of  the  systems  j1=0,  B  =  0,  C  =  0,  F  =  0,  c  =  0  and  J,=0, 
£  =  0,  (7-0,  F=0.  E  =  0. 

7—2 
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We  have  in  like  manner 

(A,  B,  0,  F,  B)==(A,  B.  0,  F,  E,  ceZ))  =  (d,  B,  C,  F,  E,   D) 

since  {A,  B,  C,  F,  E,  c)  and  (A,  B,  C,  F,  E,  e)  respectively  vanish  as  being  ea«h  of 
them  equivalent  not  to  four  but  to  five  relations,  and  therefore  as  not  adding  to  the 
order  of  the  system. 

Again, 

{A,  B.  0,  c)  =  {A,  B,  C,  c,  bF) 

=  (A,  B,  C,  c,  b)  +  (A,B,  G,  c,  F) 
=  {ae,  af,  <P,  b,  c)  +  (_A,  B,  C\  c,  F). 
But  here 

(ae,  af,  d^,  6,  c)  =  (a,  af,  d",  b,  c)  +  (e,  af,  d%  b,  c) 

=(». »/.  <".  >>.  »)• 

(for  (e,  af,  (f,  b,  c)  vanishes  as  being  equivalent  to  live  relations,  and  therefore  as  not 
adding  to  the  order  of  the  system), 

=  (a,  a,  tl',  b,  c)  +  {a,  f  d',  b,  c) 

=  (a,  d\  b,  c), 

since,  (a,  f  d\  b,  c)  vanishes  for  the  above-mentioned  reason. 

Hence 

{A,  B,  C,  c)  =(a,  d",  b,  c)  +  {A,  B,  C,  c,  F). 

We  have  coiiseqiientlj 

(A,  B,  C,  D,  E,  F)  =  (A,  B,  C,  E,  F) 

^(A,  B,  0,  F)-  {A,  B,  0,  F,  c) 

=  (4,  B,  0,  F)-{(A,  B,  G,  c)~{a,  b,  c,  d')], 

which  may  be  thus  interpreted : — the  system  (A,  B,  G,  c)  contains  the  system  (a,  b,  c,  tf ), 
or  what  is  the  same  thing,  contains  twice-over  the  system  (a,  b,  c,  d).  Discarding 
this  contained  system,  the  remainder  of  the  system  {A,  B,  C,  c)  is  contained  in  the 
system  {A,  B,  C,  F),  and  the  residue  of  the  last-mentioned  system  is  the  system 
(A,  B,  C,  D,  E,  F),  i.e.  the  system  represented  by  the  equations  which  express  the 
equality  of  five  roots  of  the  given  equation  of  the  sixth  degree. 

It  follows  immediately  that  the  order  of  the  system  (A,  B,  0,  D,  E,  F)  is 
16  — (8  — 2)=  10,  i.e.  that  the  system  is,  as  above  stated,  one  of  the  tenth  order. 
The  preceding  is,  I  think,  a  good  example  of  the  kind  of  reasoning  to  be  employed 
in  what  Mr  Sylvester  has   most  happily  termed  the  Logic  of  Characteristiis, 
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ON  LAPLACE'S  METHOD  FOR  THE  ATTRACTION  OF  ELLIPSOIDS. 

[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  285 — 300.] 

[The   method  referred   to   is   that  given   m   Book    III,    of   the    M^canique    Ci^leste, 
Ed.  I.  1798.]     Let  the  equation  of  the  surface  of  the  ellipsoid  be 

and  take  a,  h,  e  as  the  coordinates  of  the  attracted  point,  which  is  supposed  to  be 
exterior  to  the  surface.  Imagine  an  indefinitely  thin  cone,  having  the  attracted  point 
for  vertex,  and  intersecting  the  surface  of  the  ellipsoid ;  let  f,  •>;,  ^  be  the  direction- 
■eosines  of  the  cone,  and  dS  its  spherical  angle.  Then  if  for  a  moment  r  denote  the 
radius  vector  corresponding  to  a  point  within  the  ellipsoid,  the  element  of  the  mass 
within  the  cone  is  'r'drdS;  and  we  may  thence,  by  an  integration  with  respect  to  r, 
find  the  attractions  parallel  to  the  axes  (and  tending  towards  the  centre)  and  the 
potential  of  the  mass  within  the  cone,  viz.  if  r',  r"  be  the  values  of  r  at  the  surface 
of  the  ellipsoid,  the  attractions  are  {r"''r')^dS,  {^'  —r')ijdS,  (r"  —r')^dS,  and  the 
potential  is  ^(r"^  —  r'^)dS.     And  putting  for  shortness 

L^l^  +mv'  +  nt;\ 
I  =  la^  +  mbr}  +  nc^, 
P  =  ki?  +m6=  +nc^-l, 
R  =  P    -PL. 

then  /,  r"  will  be  the  roots  of  the  equation  Lr^  —  2Ir  +  P  =  0,  and  we  have  consequently 
)■'  = J — ,  r"  = j: — ,      We    have,  therefore,    for    the    attractions   parallel    to    the    axes 
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(and    tending  towards   the    centre)   and    for    the    potential    of    the    entire    ellipsoid    the 
well-known  expressions 


2Ji 


2J4S-1- 


i\i 


L    • 

fV-S 


y_^IIJRdS 


where  the  integrations  extend  over  the  spherical  angle  of  the  circumscribed  cone  ii  =  0. 
We  have  moreover,  by  the  general  theory  of  attractions, 

A--—    £  =  -'"'    C=-- 
da'  db  '    '  dc  ' 

Since  at  the  limits  of  the  integration  the  quantity  under  the  integral  sign  vanishes, 
it  is  easy  to  see  that  the  first  diiFerentials  of  V,  A,  B,  0  with  respect  to  any  of  the 
quantities  a,  h,  c,  I,  m,  n,  k,  may  be  found  by  simply  differentiating  under  the  integral 
sign   without  its    being    necessary   to  pay  attention    to   the   variation    of   the   limits,   so 

that,   for   instance,    -^  =  '2,1  dS  r-  — r — .      It   is   proper   to    remark    that   the   expressions 

thus  obtained  for  the  attractions  A,  B,  G,  are  of  a  different  form  from  the  foregoing 
expressions  for  the  same  quantities.     Laplace  writes 

F=aA  +  hB  +  cG, 

and  he  remarks  that  it  may  be  shown  by  differentiation  that  the  quantities,  B,  0,  F,  V, 

arc    connected    by    an    equation    which    (writing    h    for    h',   and    y ,   7    for    m,   n,    the 

equation  of  the  ellipsoid  being  with  Laplace  a?  +  my^  +  ns^  =  k^)  becomes,  in  the  notation 
of  the  present  memoir, 


"-CJ^-i'-I^o] 


'  We      '  do  ' 
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I  write  this  equation  in  the  foim 

rdV    dF\ 


-^if-SVi-- 


■) 


+  <».-o 


,/dY    dF\ 
'  [dk  ' 


tfdF_ 
ml.  Si 


+  (» 

=  0; 


_,  (_  ,fdV_dF\     0  idF  _ 
'  [    °  \dk      dk]*n  [dc 


'  do 


)      dm] 


and   I  remark  that   this  equation  may  be  broken    up  into  two   equations,  each   of  wliich 
separately  is  satisfied;   these  equations  arc 


\dl,     dk) 


and 


^(r-F)-l 
IdF 


d^_ 
dm 


dF 
dn 


IdF     ,dr      A     .IdF     ,dr     „\        IdF     ,dr     „\     „ 

dF\_dF_dF_dF 
dk]      di      dm     dn 

l\da      ^  da         j     m\db      ^  db        J     n\da      ^  de        I 


It  may  be  added  that  the  functions  under  the  integral  signs,  and  consequently 
the  integrals,  are  all  of  them  homogeneous  of  the  degree  zero  in  I,  m,  n,  k.  The 
thing  to  be  verified  is  that  the  foregoing  two  equations  are  satisfied  by  the  functions 
under  the  integral  signs,  independently  of  the  integrations,  in  fact  by  the  values 


A:. 


C- 


L    ■  L    ' 

"    L    • 
(al  +  bn  +  cQ^X 
L 

We  find  by  differentiating  these  values,  and  after  a  few  obvious  reductions. 


dV^ 
da 


<f^ 


i^)*'"' 


.l-JR) 


I^R  ,  _P\       ,  /    -/   A  /  _  8/ V« _       P     \ 

""'l,i""^iV-K/  biVW^^l        2i'        2LWR) 


dV_ 
dk 


I 
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values  which  give,  as  they  should  do, 


(it  dm        an         dk 

Hence  forming  the  values  of  the  different  parts  of  the  first  eq 


■dV     dF\  _   ^^      p     ''^-f_,;,4?_,.'^-^ 
i  dm 


\dk      dk]  di      '"'dm      "'  dn 


«e-)-(s-)-(f-)^  «-'--«{  f-f.;. 


which  satisfy  the  iirst  equation. 

And  in  like  manner  for  the  second  equation, 
fiV 


tdV  ,    I,  dV     n  dV^ 


+  ;  jT  =(«■  +  »■  +  «') 


is^s  *^s^;='•"-+"-*"-'2^^-<''f+*'+«?)(2»+2I^)• 
IiF  iji'   cji?        ,  „  , 
-Ti-dil-lb=    -M+'i  +  of)' 

which  satisfy  the  second  equation 
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Now  considering  V,  F,  A,  B,  G  as  standing  for  the  definite  integrals,  we  may 
replace  A,  B,  G  by  the  differential  coefficients  of  V,  and  retaining  for  shortness  F  to 
stand  for 

F=~a—-b'^-    — 
da         db         dc  ' 

the  first  equation  becomes 

-k(—-^]+V^F-l'^^--m~-n  — 
\dk      dkJ  dl         dm        dn 

fdF    .dV\     ,fdF     ,dV\        /dF     ,dV\     ^ 

'  and  the  second  equation  becomes 

/  .     J,.      .-.f^^     <^^     <^^     <^^     <^^ 

a  fdF       dV\      b  (dF       dV\      c(dF       dV\      . 
^l\dM^^  ddj^mKdS'^^^'dbj^nKd^^^'dcl-^- 
Yi  we   put   as   before    y  =  ~j^    ,  the   preceding   values  of  the  differential   coefficients 

of   V  give   F= —p. '■/WE.'   """  ^  w^  ^^^y  *^t'6   it    F^-^V+W.  where    ^^j-rii- 

I  put  then  for  the  moment 

F--iV+W. 

It  should  be  remarked  that  there  is  nothing  in  what  has  preceded  which  tends 
to  show  that  these  values  must  satisfy  the  differential  equations.  The  definite  integrals 
must,  of  course,  satisfy  as  before  the  equations,  but  it  does  not  follow  that  the  equations 
are  satisfied  by  the  elements  separately.  And  in  fact  only  the  first  equation  is  so 
satisfied ;  the  second  equation  is  not  satisfied  To  verify  this  I  form  the  differential 
coefficients 

dW     ,^l    k  W    \  ,  ,    l_kl_\ 

da  "  '  \L^R     LR^R)  *      \R.JRJ  ' 

iW  _  I  kl 

dk  L^R     'iR-JR' 

dM_      I    k  kP   \      „(-SkI  kp     \  kl 

dl  ^"'\L^R     LR-JRI     ^  \2L'^R^iL'R^RI^     2R.,IR' 
c.  III.  8 
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We  have  as  before 

,  dF        dF       dF    ,dF    ^ 
di         dm        an        dk 

and  forming  the  expre^ions  for  the  different  parts  of  the  first  equation, 

^k{^-^]  +  V-F-i—-m—~     — 
\dk      dk)  dl  dm         dn 

idF  ,  .dV\.   . 


(fa         db         do  J      \     da         db  dc  } 


I    dV      dV      dV\  MVR       Ski 

I   dW       dW       d,W\  _  k'l 

r  du  +*  db  *'  del  ~  RVR' 

which  show  that  tho  first  equation  is  satisfied. 

Proceeding  in  the  same  manner  with  the  second  equation, 

-(.■+6-  +  o-)(3^-^)=K  +  l.'  +  o-)(-j^-g;^) 

a  [dF     ,  dV\      . 

_,/adZ     1"^     l'^\      fadW      b   dW     e  dW\ 

[adWhdW     cdW\     ,  ,  ,  ,,      ..     kl       ,,.,,,„/        t  i/'    \ 


dF_dF_dF^^/dr    dr    dV\_(dW     dW    dW\ 
dl      dm     dn        \  dl      dm     dn)      \  dl       dm       dn  J ' 
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and 
^fdV  ^dV^dV\      ,,,.,,    n/-M     ,,t,,     ,     >^f'2\/-R,      2/=  A      S/V-fi        /' 


and  the  value  of  the  left-hand  side  of  the  second  equation  is  therefore, 

^^"^  ''^  ^^U-^     2£V-R^         i>         2I/-^R^2LWR     2L'R^R' 
which  is  not  equal  to  zero,  or  the  second  equation  is  not  satisfied. 

I   consider  again    V,  F 
by  means  of  the  equations 

,dV        dV       dV     ,dV     „ 
c(t  dm,        an        ak 

,  dF         dF        dF     ,dF     ^ 
dl  dvi        dn         dk 

The  fii'st  equation  thus  becomes 

l^     m^ +  n  —  -2(l  —  +m— +n~\      V-F 
dl  dm         dn         \   dl  dm        dn) 

^  \    da         db  do)      \    da         db         dcj~    ' 

and  the  second  equation  becomes 

k\    di  dm,        dn)  k\    dl  dm,        dn) 

\l.  da      m  db     n  dc )      \l  da     m  db      n  dc  /      \dt      dm,     dn)        ' 

and  it  will  he  remembered  that  in  these  equations 

dV    ,dV       dV 
F=-a  -,--0  ,-,--c    -,-. 
da        db         dc 

The  first  equation  (it  is  easy  to  perceive)  shows  merely  that  V  is  made  up  of  terms 
separately  homogeneous  in  a,  b,  c,  and  in  I,  m,  n,  and  such  that  the  degrees  in  the 
two  sets  respectively  being  k,  X,  then  A,  —  ^  (« —  2).  In  fact  V  being  a  function  of 
the   form   in   question,  if  we   attend   only  to   the   term   the   degrees   of  which   are   k,JX, 

8—2 
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then,  by  the  properties  of  homogeneous  functions,  F=—V,  and  the  first  equation  is 
aatiafied  if  only 

X,  +  2Xk  +  1  +  /c  +  ^K  -  «^  =  0, 

i,e.  if  \(2k+1)  =  k=-|«-1  =  J(k-2)(2«  +  1)  or  X  =  ^(«-2).  Or,  what  is  the  same  thing, 
we  may  say  that  the  first  equation  shows  that  V  is  made  up  of  terms  the  degrees 
of  which   in   a,  b,   c   and  in   I,   m,   n   are   —  2i~l,   and   — 1~|   respectively.     Attending 

henceforth    only    to    the    second   equation,   I   write   -,-  = ^,   -r  =  „   ■   .  .   ^=- ^'    so 

■'  1  '  k      a  +  0'     k       0  +  8  '    k      y  +  e' 

that   ciL  +  0,  0  +  0,  y  +  d  denote    the   squared   semiaxes  of  the    elhpsoid.     We   have 


and  the  equation  becomes 
-  (d'  +  &=  +  (f) 
+  (a"  +  i^  + 1!') 


do,  ' 


dji 


Put  for  shortness  @  =  (a  4 


('-<-  (^+.,.l.  (,..).!)=„. 

i(0  +  0)(y  +  0),  and  write 


{^J^^^   is   to   a   constant  factor   pres   the   mass   of    the   ellipsoid)   then   v,  f  ai'e   connected 
by  the  equation 


da,       db       dc' 


.nd  obser\'ing  that 


d0 


IV®, 


(^7 


=  J<"  +  /5  +  7  +  'W)v'«, 
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the  equation  becomes 

+(,.+6.+..)((.+«)f+tf+«) !+(,+»)  D 

-  |(c[^  +  6'  +  c^)  w  + 1  {a"  +  6=  +  c=)/ 

+   (.(«  +  »)  |+sw  +  «)|+o(,  +  «)D 

+  ( (»+'')'|+  (ff+»y%+  (T+^'l) 

+  l(=i  +  /3  +  7  +  3e)/=0- 
Now  II  [  =  Y^  V]  may  be  expanded  in  the  form 

».U,+  U,+  U,...+  U,.... 


where  Ui  is  of  tlie  degi^ee  2i  in  the  semiases  \/ia  +  0),  ^/(p  +  e),  \/(7  +  ^),  and  of  the 
degree  —  2i  —  1  in  the  coordinates  a,  b,  c.  And  it  is  easy  to  sec  that  the  iirst  term 
of  the  expansion  is 

U=^JL L 

The  preceding  value  of  v  gives 

and  substituting  the  values  of  v,  f  in  the  differential  equation,  and  attending  only  to 
the  terms  which  ai^e  of  the  same  dimensions  as  (a' +  6^  +  0')  i/j+i,  we  have 

|_(i+ !)  +  (,-  + l)(2i  +  3)-i  +  i(2i  +  S)[(o-  +  i-  +  c')«+. 

+  l(«  +  ^  +  i  +  3«)(2>'  +  i)fi  =  »; 
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or,  reducing, 


!)(< 


dU,     ,„dV,         dU,\ 
'M+'-f^di+'^w) 


Now    ^7;   is   a  function  of  a  +  d,  /3  +  0,  y  +  0;   if,  therefore,  for   any  particular   val\ie 
of  i,   Vi   is  independent   of  d,  it   is   clear   that  Ui  must  be   a   function  of  the  differences 

of   these   quantities,   and   wo    shall    have    -.—  +  -.^  +  -—-  =  0 ;    and    this    being    so,   the 

equation  of  differences,  and  consequently  Ui+i,  will  be  independent  of  0.  But  L\  is 
independent  of  0,  hence  ?7i,  U„  &c.  are  all  of  thorn  independent  of  0,  or  v  is  inde- 
pendent of  8 ;  i.e.  for  ellipsoids  having  the  same  foci  for  their  principal  sections,  and 
acting  on  the  same  external  point,  the  potentials,  and  therefore  the  attractions,  are 
proportional  to  the  masses,  which  is  Maclaurin's  theorem  for  the  attractions  of  ellipsoids 
upon  an  external  point. 

The  foregoing  equation,  omitting  the  term  which  vanishes,  gives 


- 

(«.„(™f> 

'^f 

-f) 

Fn 

-.  =  - 

(2i  +  l)(a^ 

,dU, 

<• 

-^■f-H. 

'  +  /l  +  l)lf, 

I 

(i+l 

)(2i  + 

5)(<i"  +  6"  +  e') 

It 

may  be  rt 

imarked  that  this  equation,  w 

ith  the  assistance  of  the  i 

aquation 

gives 

(i  +  l)(2t  +  5) 

dU, 
di 

IdU,. 
\  dtt 

dVi         dU, 
+   dg    +     di 

„     dl/u,      dUt^, 

+  dm  -^  d^ 

) 

=  0, 

=  -(2i  +  i)(<. 

dU,  ^  .  dUi 

-di  +  ''W 

"f) 

-(2i  +  l)(2(.2'  +  ,3^'  +  7''^')  +  ?K)  =  ((2i  +  i)(2i+l)-(2i+l)(2i  +  }))f;,  =  0, 


which  is  as  it  should  be. 
Write 


(„,=-+ 6^ +  c=)^H' 
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where   JJi  is  of  the  degree  i  in  a,  p,  7,  and  of  the  degree  2i  in  a,  b,  0.     We  have 

-(«+!)  (a'  +  b'  +  c-)-"'-l  {a'a  +  bV  +  0-7)  Q,. 


da  db 


,dU,     „dV,        dU,     ,,       .       ,  ,, 

=  (»-  +  S.  +  c.)--t(»'f'*/!'g  +  ,'^|')  +  }(«  +  ^  +  7)e.. 
Hence,  putting  in  like  manner 

(.+  l)(K  +  5)ft„  =  -(2,  +  ,){(<..  +  6.  +  „.)(™f +  wf  +  „7f) 

-(2i  +  l)(a.  +  i.  +  o-)(a.'|'+/!.^  +  7.«<  +  i(.  +  ;?  +  ,)ft), 

+  (2i  +  l)(<?g'  +  ^g'  +  7-^'  +  J(a  +  ^  +  7)ft)|+(2i+J)(4i  +  l)(a.c,  +  i.^  +  c-7)e„ 

from  which  the  functions  Qi  may  be  calculated  successively. 
We  may,  it  is  clear,  write 

V,=  ''-^     - ^ —K. 

'       3    ■  2'l,2.3..i5.7..2i  +  3     "' 

and  we  shall  then  have 

(«.  +  i-  +  0-)  Jf,,.  +  (4.  +  3)  (,» -j-^  +  i,3  _,j  •  +  cy  -^] 

+  (2i  +  l)(a  +  ^  +  7)^i  =  0, 
where 

K,=  ,,  „    \^ .. 

V{a'  +  ii'  +  c=) 

I  proceed  to  show  that 
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In  fact,  assuming  this  equation  for  any  particular  value  of  *,  we  find  first 

~ * V  da^ '^'^  dlf^'^  d&!     V   da? ^'^d¥^'^ dcV      ^/(a^  +  6^  +  c'O 
■  I  ,d?    ,  ^»  <^'   ,    .d?\  IT 


d^       n  d^  d^ 


Now  putting  for  shortness 

da'         do'  a& 

we  find,  I'eplacing  A^i+i  and  A^j  by  theu'  values  Ki+2  ^^^  -^i+u 

+  2  (  a  +  ^        +7       )  ff;+i, 


A  [aa 


/      d      ,  -,  d  d\  rr  f      d       ,„d  d\    -,. 

f    ..  d-       .,  d'        „  d^  \  „ 

a  (  a     +     3     +     T    )  *■.  =  (  "        +  /3         +7       )  ■Tj+i  i 

hence  operating  on  the  equation  of  differences  with  the  symbol  A,  we  obtain 


t(2i  +  3)  (a         +,3        +7        )-irw  =  0. 
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the  third  line  of  which  is 

by  a  foregoing  equation,  and  the  assumed  equation  of  difference  thus  leads  to 

+  (2V+3)  («        +0        +7       )-ffi+,-0, 

which  is  the  assumed  equation,  writing  *  +  1  instead  of  i.  The  equation,  if  true  for  i, 
is  therefore  true  for  i  +  l,  and  it  is  easily  seen  to  be  true  for  i  —  0;  hence  it  is  true 
generally,  or  the  value 


'     r  da' ^^  d)j'^^  dcV  V(«^  +  ¥  +  <?) 

satisfies    the   equation    obtained    by   Laplace's   method,   and   gives,   moreover,   the   proper 
value  for  K,,.     We  have  thus  the  value  of  Ki\   and  remembering  that 

V  =  V(a  +  ^)(^  +  ^){7  +  ^)  V, 
and  observing  that  the  symbol  A  may  be  replaced  by 

A  =  (.+  9)  £.  +  (/,  +  (.,*+(,  +  «)  IJ, 
the  value  of  V  is 

r=*^'V(.  +  0)O  +  0)(,  +  (-)S.;  (aq.a...J.,..2.  +  3^'v(igTF+?))  ^ 

which   is   in   fact   the   value    which   I   have    found   by   a   much   moie   simple   method   in 
the  Cambridge  Mathematical  Journal,  t.  iii.  p.  69   [2]. 
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174. 

ON    THE    OVAL    OF    DESCARTES. 

[From  the  Qumteily  Mniliematical  Journal,  vol.  I.  (1857),  pp.  320—328.] 

This  is  an  extract  ot  tlie  pahsahG  in  the  Geometry  (La  Gtom4trie  de  M.  DesoarteB,  12"  Paris,  1705, 
pp.  79 — 92|  in  which,  he  apphe^  hi3  method  of  coordinates  to  this  now  ivell-known  curve:  tha  marginal 
reference  is  "  Explication  de  quatre  ncmeani  s^nrea  d'Ovaies  qui  eervent  k  I'Optique,"  The  paper  was  intended 
to  he  introductory  to   a   discussion  m   srme   detail   of  the   history  and   properties  of    the   Curve,   but  no   con- 
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175. 

ON    THE    PORISM    OF    THE   IN-AND-CIRCUMSCRIBED   TRIANGLE. 

[From  the  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  314 — 354.] 

The  porlsm  of  the  in-and-circumsciibed  triangle  in  its  most  general  form  relates 
to  a  triangle  the  angles  of  which  lie  in  fixed  curves,  and  the  sides  of  which  touch 
fixed  curves;  but  at  present  I  consider  only  the  case  in  which,  the  angles  lie  in  one 
and  the  same  fixed  curve,  which  for  greater  simplicity  I  assume  to  be  a  conic.  We 
have  therefore  a  triangle  ABC,  the  angles  of  which  lie  in  a  fixed  conic  @,  and  the 
sides  of  which  touch  the  fixed  curves  91,  S,  K;  the  points  of  contact  may  be  repre- 
sented by  a,  ;S,  7,  And  if  we  consider  the  conic  ®  and  the  curves  91,  ^  as  given, 
the  curve  @  will  be  the  envelope  of  the  side  AB ;  to  construct  this  side  we  have 
only  to  take  at  pleasure  a  point  0  on  the  curve  ©  and  to  draw  through  this  point 
tangents  to  the  curve  S,  31  respectively  meeting  the  conic  ©  in  the  points  A  and  B; 
the  line  joining  these  points  is  the  required  side  AB.  I  may  notice  that  in  the 
case  supposed  of  the  curve  ©  being  a  conic,  the  lines  Aa,  Sff,  Cy  meet  in  a  point ; 
which  gives  at  once  a  construction  for  7,  the  point  of  contact  of  AB  with  the  curve  C. 
For  the  sake  however  of  exhibiting  the  reasoning  in  a  form  which  may  be  modified 
so  as  to  be  applicable  to  a  curve  S  of  any  order,  instead  of  the  conic  ©,  I  shall 
dispense  with  the  employment  of  the  property  just  mentioned,  which  is  peculiar  to 
the  case  of  the  conic. 


!  for  a  moment  (figs.  1  and  1  bis)  that  the  curves  21,  ^  are  points,  and  let 
the  line  through  31,  S  meet  the  conic  ©  in  the  points  M,  N.  If  we  take  the  point 
iV  for  the  angle  0  of  the  triangle,  the  points  A,  B  will  each  of  them  coincide  with 
M,  and  the  side  AB  will  be  the  tangent  at  M  to  the  conic  © :  call  this  tangent  T. 
Consider  next  a  point  C  in  the  neighbourhood  of  M,  we  shall  have  two  points  A,  B 
in  the  neighbourhood  of  M,  and  the  point  in  which  AB  intersects  T  will  be  the 
point  of  contact  7  of  IT  with  the  curve  (S,  To  find  this  point,  suppose  that  Jf 31  =  a, 
Jtf S  =  b,   N%  =  a',    N^  =  b'    and    let   the   distance    of    G    from    N    \>e    ds;    the   distances 

parallel   to   T  oi   A,    B   fi'om   the   line   Jl/iV"  will    be    proportional    to    p,    ds,   —ds,   and 
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the   pei-pendicular   distances   of    these   points    from    T    are    consequently  proportional    to 
Ti^rfs".   —r^dsK     The  inclination  of  AB  to  T  is  therefoi'e  pixiportional  to 

fS-Cl'^-f^--')*^'  i.e.  to   (^,  +  ^,)ds, 
\.b^     aV  \b     aj  \b'     a' J 

which   is   of    the   same   order  as   ds,    and   it    is    at    once    seen    that    the    point    7    will 


coincide   with    M,   i.e.   that   the    curve    K    touches    the    conic    ®    at    the    point    M.     If, 

however,  — +r,  =  0,   i.e,  if  the   points  M,  N  are   harmonically  related   to   91,  S,  then  the 

inclination  is  in  general  of  the  order  ds",  and  the  point  7  will  be  at  a  finite  distance 
from  M ;  moreover  7*  is  in  this  case  a  stationary  tangent  (i.e.  a  tangent  at  a  point 
of  inflexion)  of  the  curve  @.  Now  reverting  to  the  general  ease  of  91,  B  being  any 
two  curves,  then  if  there  be  a  common  tangent  touching  these  curves  in  the  points 
a,  0,  and  meeting  the  curve  @  in  the  points  M,  N,  the  like  reasonings  apply  to  this 
case.     Hence 

First  Lemma.  If  a  common  tangent  to  the  curves  9(,  33  touch  these  curves  in 
a,  /3  and  meet  the  conic  ®  in  the  points  M,  N ;  the  point  N  gives  rise  to  a  branch 
of  the  curve  E  which  (except  in  the  case  after  mentioned)  touches  the  conic  S  at 
the  point  M.  If  however  M,  N  are  harmonically  related  with  respect  to  a,  ft  then 
the  branch  of  the  curve  IS  does  not  pass  through  M,  but  it  has  for  a  stationary 
tangent  the  tangent  M  to  the  conic  ®. 

Suppose  again  that  the  curve  ^l  (lig.  2)  is  a  point,  and  let  the  curve  SB  intersect 
the  conic  S  at  the  point  M,  and  let  the  tangent  to  S  at  3/  meet  (£  in  a  point  R, 
and  Ji9(  meet  ©  in  a  point  Q.  Then  taking  the  point  R  for  the  angle  C  of  the 
triangle,  we  shall  have  A,  B  coinciding  with  M,  Q  respectively,  and  thence  MQ  a 
tangent  to  the  curve  6.  To  find  the  point  of  contact,  take  C  in  the  neighbourhood 
of  ii  at  a  distance  from  it  ds.  B  will  be  a  point  in  the  neighbourhood  of  Q  and 
distant  from  it  by  an  infinitesimal  of  the  order  d^,  A  vnl\  be  in  the  neighbourhood 
of  M  and  distant  from  it  by  an  infinitesimal  of  the  order  ds\  Hence  AB  will 
intereect  MQ  at  the  point  if,  or  the  curve  @  will  pass  through  M.  Reverting  to  the 
general  case  where  91  is  a  curve,  we  have  only  to  consider  MQ  as  a  tangent  to  the 
curve  91  at  a  point  a,  and  the  like  reasoning  will  apply  to  this  case :   hence 
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Second  Lemma,  If  the  curve  93  intersect  the  conic  ©  at  a  point  M,  and  the 
tangent  to  S  at  i/  intersect  ©  in  R,  if  moreover  a  tangent  through  R  to  the 
curve  31  intersect  S  in  Q;  then  to  each  of  the  points  Q  there  corresponds  a  branch 
through  M  of  the  curve  6,  viz.  a  branch  touching  MQ  at  the  point  M. 

before    (fig.  3)  that   21   is   a   point,  and   let   the   curve   S   intersect   the 


conic  @  at  the  point  M,  and  the  tangent  to  ^  at  M  meet  ©  in  the  point  R.  And  let 
J/a  meet  ©  in  the  point  N.  Then  taking  the  point  M  for  the  angle  G  of  the 
triangle  we  shall  have  A,  B  coinciding  with  R,  JV  respectively,  and  thence  NR  a  tangent 
to  the  curve  (S.  To  find  the  point  of  contact,  take  A  in  the  neighbourhood  of  R 
at  a  distance  from  it  ds,  then  0  will  be  in  the  neighbourhood  of  M  and  distant 
from  it  by  an  infinitesimal  of  the  order  ds",  and  B  will  bo  in  the  neighbourhood 
of  N  and  distant  from  it  by  an  infinitesimal  of  the  same  order  d^,  and  consequently 
AB  will  intersect  NR  at  the  point  N,  or  the  curve  S  passes  through  N.  Reverting 
to  the  general  case  where  9t  is  a  curve,  we  have  only  to  consider  MN  as  a  tangent 
to  the  curve  21  at  a  point  a  and  the  like  reasoning  applies:   hence. 

Third    Lemma.      If    the    curve    S    intersect    the   conic   21   at  a  point   M,    and   the 
tangent   to   ©   at   M  intersect   ©   in  R,  if  moreover  a  tangent  through  M  to  the  curve 
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2[   meet    ©   in   JV";    then   to   each   of  the   points   R   there   corresponds  a  branch   through 
JV"  of  the  curve  (5,  viz.  a  branch  touching  NM  at  N. 

Suppose   again   (fig.   4)    that   the   curve   21   is   a   point,   and   let   the    curve    $    touch 
©   at   the   point  M.      And   let   M^   meet   @   in   the   point  N.      Then   taking   the   point 


M  for  the  angle  C  of  the  triangle,  the  angle  A  will  coincide  with  M  and  the  angle 
B  will  coincide  with  N,  and  consequently  we  shall  have  MIf  a  tangent  to  the  curve 
S.  And  M^  is  in  fact  a  double  tangent,  for  proceeding  to  find  the  point  of  contact, 
take  G  in  the  neighbourhood  of  Jlf  at  a  distance  ds;  then  from  0  we  may  draw  to 
the  curve  58  two  tangents  each  of  them  meeting  ©  in  a  poiat  21  in  the  neighbour- 
hood of  M  and  distant  from  it  by  an  infinitesimal  of  the  order  ds;  t^ain  CA  meets 
©  in  a  point  B  in  the  neighbourhood  of  JV  and  distant  from  it  by  an  infinitesimal 
of  the  same  order  ds ;  hence  AB  will  meet  MN  at  a  point  which  will  be  in  general 
at  a  finite  distance  from  M,  or  rather  (since  there  are  two  positions  of  the  point  A) 
the  lines  AB  will  meet  MN  in  two  pouits,  each  of  them  in  general  at  a  finite 
distance  from  M.  Reverting  to  the  case  of  %  being  a  curve,  we  must  as  before 
consider  MN  as  a  tangent  to  the  curve  21  at  the  point  a,  and  the  same  reasoning 
applies :   hence 

Fourth  Lemma.  If  the  curve  33  touch  the  conic  <B  at  the  point  M,  and  if  a 
tangent  through  M  to  the  curve  21  meet  @  in  N,  then  MN  is  a  double  tangent  of 
the  curve  (S,  viz.  the  line  MIf  has  two  distinct  points  of  contact  with  the  curve  6. 

Suppose  (fig.  5)  that  the  curves  21  and  S  meet  the  conic  @  in  one  and  the 
same  point  M,  and  let  the  tangent  at  M  to  the  curve  21  meet  ®  in  the  point  P, 
and  the  tangent  at  M  to  the  curve  ffl  meet  @  in  the  point  N;  then  if  we  take 
the  point  M  for  the  angle  C  of  the  triangle,  the  angles  A  and  B  of  the  triangle 
will  coincide  ivith  N,  P  respectively,  and  NP  will  be  a  tangent  of  the  curve  (J. 
But  NP  will  be  a  double  tangent,  for  proceeding  to  find  the  point  of  contact,  take 
0  in  the  neighbourhood  of  M,  and  distant  from  it  by  an  infinitesimal  of  the  second 
order  d^ ;    then   since   from   the   point    G  there   may   be   drawn    two    tangents    touching 
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21  in  the  neighbourhood  of  M,  and  two  tangents  touching  S  in  the  neighbourhood  of 
j1/,  there  will  be  two  points  A  in  the  neighbourhood  of  N  and  distant  from  it  by 
infinitesimals  of  the  order  ds,  and  in  like  manner  two  points  B  in  the  neighbourhood 
of  P  and   distant   fi?ora   it   by   infinitesimals   of  the   order  ds.     Call  these  points  A,  A'; 


B,  B';  then  AB',  A'B'  will  meet  NP  in  one  and  the  same  point,  and  AB',  A'B' 
will  in  like  manner  meet  NP  in  one  and  the  same  point;  these  two  points,  which 
will  be  in  general  at  finite  distances  from  N,  P,  will  be  points  of  contact  of  NP 
with  the  curve  (S :   hence, 

Fifth  Lemma.  If  the  curves  3[,  SS  meet  the  conic  S  in  one  and  the  same 
point  M,  and  if  the  tangents  at  ilf  to  the  curves  S  and  31  respectively  meet  ©  in 
the  points  JV"  and  P,  then,  joining  these  points,  the  line  NP  will  be  a  double 
tangent  to  the  curve  S,  viz.  there  will  be  two  distinct  points  of  contact  of  the  line 
NP  with  the  curve  S. 

The  double  tangents  of  the  fourth  and  fifth  lemmas  exist  by  vii-tue  of  the  par- 
ticular relations  assumed  between  the  curves  31,  S  and  the  conic  ©,  viz.  from  one 
or  both  of  the  curves  31,  58  touching  the  conic  ©,  or  from  the  two  curves  having 
a  common  point  of  intersection  or  common  points  of  intersection  with  ©;  there  are 
besides  double  tangents  which  esist  independently  of  any  such  relations,  and  the  theory 
of  which  will  be  presently  investigated,  but  it  will  be  convenient  in  the  first  instance 
to  find  the  class  of  S. 
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The  ch ->  oi  (F  i&  it  nee  leteimm^ble  from  the  cKses  (which  I  represent  by 
m,  n)  of  the  cuives  ^  9}  In  fi,ct  take  any  point  M  n  the  conic  ©  for  the 
angle  A  of  the  tmngle  Thr  ugh  the  f  itt  M  we  maj  diiw  iV  tangents  to  S, 
each  of  which  will  intersect  the  conic  S  m  a  5ingl  foint  or  there  will  be  JV 
positions  ot  the  point  C  anl  since  from  each  t  these  we  maj  iiaw  M  tangents  to 
the  curve  '*l  each  tangent  inteisecting  ©ma  single  p  mt  or  we  have  mn  positions 
of  the  angk  B  i  e  this  same  numbei  of  tangents  through  M  t  the  curve  (&.  But  if 
the  same  point  M  hid  been  tiken  ■is  the  angle  B  ot  the  triangle,  there  would  have 
been  in  like  mannei  nn  positions  of  the  an^lc  J.  i  e  this  same  number  of  tangents 
through  M  to  the  eui\e  S  Hei  ce  theie  are  m  all  2mi  tangei  ts  through  M  to  the 
curve   (£,  or  the   curve   S  is  of  the   class  2mn. 

Considering  now  the  double  tangents  of  the  curve  S ;  imagine  a  (;[uadri lateral 
inscribed  in  the  conic  @  of  which  two  opposite  sides  touch  the  curve  %  and  the 
other  two  opposite  sides  touch  the  curve  33 :  suppose  MNPQ,  of  which  the  sides  i/iV 
and  PQ  touch  9E  and  the  sides  NP  and  QM  touch  S.  If  we  take  M  for  the  angle 
C  of  the  triangle,  then  the  angles  A,  B  will  coincide  with  Q,  N,  i.e.  NQ  is  a  tangent 
to  the  curve  S,  and  the  point  of  contact  may  be  determined  as  before  by  considering 
a  point  G  in  the  neighbourhood  of  M;  but  in  like  manner  if  we  take  P  for  the 
angle  G  of  the  triangle,  then  the  angles  A,  B  will  coincide  with  N,  Q,  i.e.  QN  is 
again  a  tangent  to  the  curve  (J,  and  the  point  of  contact  may  be  determined  by 
considering  a  point  G  in  the  neighbourhood  of  P;  QN  is  therefore  a  double  tangent 
of  the  curve  S.  But  in  like  manner  MP  is  a  double  tangent  of  the  curve  (£,  i.e. 
the  diagonals  of  the  quadrilateral  are  each  of  them  double  tangents  of  the  curve  S, 
and  the  number  of  double  tangents  is  consequently  double  the  number  of  quadrilaterals. 
Imagine  a  pentilateral  inscribed  in  the  conic  @,  the  first  and  third  sides  of  which 
touch  the  curve  9[  and  the  second  and  fourth  sides  of  which  touch  the  curve  S, 
the  fifth  or  closing  side  will  envelope  a  curve  S',  and  in  the  cases  in  which  the 
curve  Q,'  and  the  conic  ©  have  a  common  tangent,  the  fifth  side  will  vanish,  and 
the  pentilateral  becomes  a  quadrilateral  of  the  kind  before  referred  to.  Now  as  (* 
was  shown  to  be  of  the  class  2mn,  so  it  may  be  shown  that  S'  is  of  the  class 
27ttV,  hence  S'  and  ©  have  im^v?  common  tangents.  The  quadrilateral  may  reduce 
itself  to  a  common  tangent  of  the  curves  91  and  S  :  this  gives  rise  to  2mti  points 
of  contact  of  6'  and  @,  and  the  common  tangent  at  a  point  of  contact  reckons  as 
two  common  tangents ;  the  number  of  the  remaining  common  tangents  is  therefore 
4)jiV  —  imn.  And  these  are  in  fact  tangents  at  points  of  contact  of  S'  and  ©, 
i.e.  S'  and  ©  touch  in  2mV  — 2«iJi  points.  And  since  each  angle  of  the  quadrilateral 
may  be  taken  as  the  first  angle,  the  number  of  quadrilaterals  is  one  fourth  of  this, 
or  ^  (m'w'  —  ntn),  and  the  number  of  double  tangents  of  the  curve  (§.  from  the  before- 
mentioned  cause  is  therefore  m/'n'  —  mn. 

But  there  is  another  way  in  which  double  tangents  arise ;  we  may  have  a  quad- 
rilateral MNPQ  inscribed  in  the  conic  @,  such  that  two  adjacent  sides  MN,  NP 
touch  the  curve  91,  and  the  other  two  adjacent  sides  PQ,  QM  touch  the  curve  58. 
In  fact  in  this  case  one  of  the  diagonals,  viz.  NQ,  is  a  double  tangent  of  the  curve 
K;    the   number  of  double   tangents   is  therefore  equal  to  the  number  of  quadrilaterals. 
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Consider  a  penti lateral  inscribed  in  the  conic,  and  such  that  the  first  and  second 
sides  touch  the  curve  21  and  the  third  and  fourth  sides  touch  the  curve  S,  the  fifth 
or  closing  side  will  envelope  a  curve  S",  and  in  the  cases  in  which  the  curve  E'' 
and  the  conic  ©  have  a  common  tangent,  the  fifth  side  will  vanish,  and  the  penti- 
lateral  will  become  a  quadrilateral  of  the  kind  last  referred  to.  The  curve  @"  is  of 
the  class  2mti  (m  —  1)  (n  —  1),  hence  S"  and  ®  have  4mn  (m  —  1)  (n  —  1)  common  tangents ; 
but  these  ai-e  tangents  at  points  of  contact,  or  the  curves  touch  in  27n,n  {m  ~  1)  (n  ~  1} 
points,  and  the  number  of  quadrilaterals  is  mn  (m  ~  1)  (n  —  1).  The  number  of  double 
tangents  of  the  curve  G  from  the  cause  last  referred  to  is  therefore  mn(m  —  l)(n  —  l), 
which  is  equal  to  Tun  {mn  —  m  —  n  + 1).  The  total  number  of  double  tangents  of  the 
curve  (S  is  consequently  mn  {2mn  —  m  —  n)  And  the  cui\e  6  has  not  in  general  any 
stationaiy  tangents  oi  what  is  the  s^me  thing  auj  inflexions  It  has  been  shown  that 
fe  IS  of  the  ciasfa  2mn  it  is  therefore  of  the  Jider  2mn  {2mn  - 1)  —  2mii  (2mn  —  m  —  n), 
which  IS  equal  to  2mn  (m  +  n  —  l)     Hence 

Theorem  If  a  tiiangle  ABC  be  inscribed  m  a  conic  i£  and  the  sides  BG,  AC 
touch  cuives  91  B  of  the  clisses  m  ii  lespectively  the  side  AB  will  envelope  a 
curve  (5  of  the  dass  2mn  with  m  geneial  mn(2m7i  —  m  —  n)  d  uble  tangents,  but  no 
btationxrj  tangent(>  and  thuefoie  of  the  ordei  2mn  (m  +  n  —  1)  If  the  cuive  S  touch 
the  conic  ©  t,ach  point  of  eontxct  will  give  n^^e  to  n  double  tangents  of  the  curve 
(i  md  so  if  the  em\e  ©  touch  the  conic  ©  each  point  of  contact  will  give  rise  to 
m  double  tangent's  jf  the  curve  d  And  if  2t  and  S  uiteraect  jn  the  conic  @,  each 
such  intetiectim  will  gne  use  to  a  double  tmgcut  of  tht  cur\e  6  The  curve  (5 
in  geneial  touches  the  cjnic  @  m  the  pomts  in  which  it  is  intersected  by  any 
common  tangent  of  the  cuives  *>{  and  SS  but  if  the  point-i  of  contact  be  harmonically 
situated  ivith  respect  to  the  conic  ©  then  S  d>es  not  pass  through  the  points  of 
interseeti  n  but  the  tangents  to  ©  at  the  prints  of  intersection  aie  stationary  tangents 
uf  (J  Thtie  15  of  coursL  in  the  abo%e  ment  oned  spLCul  l.^s  s  i  c  lusponding  re- 
duction m  tht,  Jidei  of  (S 

It  sometimes  happens  that  the  number  of  double  tangents  of  S  becomes  infinite, 
i.e.  in  fact  that  ®  is  made  up  of  two  coincident  curves ;  instances  of  this  will  be 
presently  mentioned. 

Suppose  that  the  curves  SI,  ©  are  points ;  S  is  in  general  a  conic  having  double 
contact  with  the  conic  ©  ia  the  points  in  which  it  is  intersected  by  the  line  joiaing 
2(,  S.  But  if  the  points  31,  SS  are  harmonically  situated  with  respect  to  the  conic  ©, 
then  IS  does  not  pass  through  the  points  of  intersection,  but  the  tangents  to  @  at 
the  points  of  intersection  are  stationary  tangents  of  (J.  This  implies  that  the  curve 
g  is  made  up  of  two  coincident  points  at  the  point  of  intersection  of  the  two 
tangents  of  ©:  call  this  the  point  S,  then  31,  ^,  S  are  conjugate  points  of  the 
conic  <B,  and  we  have  the  well-known  theorem  that  in  a  conic  ©  there  may  be 
inscribed  an  infinity  of  triangles  the  sides  of  which  pass  through  three  conjugate 
points  of  the  conic.  It  should  be  remarked  that  for  each  position  of  the  side  AB, 
there  are  two  positions  of  the  angle  6,  i.e.  each  side  AB  is  properly  a  double  tan- 
gent of  the  curve  (point)  (5. 

c.  III.  10 
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Let  9(  be  a  point  and  58  be  a  conic,  tbe  curve  6  is  in  general  of  the  class  4, 
with  two  double  tangents,  and  therefore  of  the  order  8.  It  is  proper  to  remark  that 
the  double  tangents  originate  in  a  quadrilateral  of  the  kind  first  considered,  viz.  a 
quadrilateral  of  which  two  opposite  sides  pass  through  the  point  21  and  the  other 
two  opposite  sides  touch  the  conic  39.  It  is  easy  in  the  present  case  to  construct 
the  quadrilateral :  consider  the  point  2i  as  a  x>ole,  and  take  its  polar  with  respect  to 
the  conic  ©,  take  the  pole  of  this  polar  with  respect  to  the  conic  ©.  Join  the  two 
poles,  and  from  the  point  in  which  the  joining  line  meets  the  polar  draw  tangents 
to  the  conic  ©,  these  tangents  will  meet  the  conic  @  in  four  points,  lying  two  and 
two  in  lines  passing  through  the  point  SI:  we  have  thus  the  quadrilateral,  and  the 
diagonals  of  the  quadrilateral  (or  the  other  two  lines  passing  through  the  four  points) 
ai-e  the  double  tangents  of  the  curve  @. 

There  are  two  particular  cases  to  be  considered.  Fii-st,  where  the  conic  S  has 
double  contact  with  the  conic  <£.  Here  the  lines  joining  the  point  2t  with  the  points 
of  contact  are  double  tangents  of  the  curve  S,  which  has  therefore  in  all  four  double 
tangents,  and  being  a  curve  of  the  fourth  class  it  must  break  up  into  two  curves 
of  the  second  class,  i.e.  into  two  conies.  And  these  are  curves  having  double  contact 
with  the  conic  © ;  for  the  curve  6  touches  the  conic  ©  in  the  four  points  in  which 
©  is  intersected  by  the  tangents  through  21  to  the  conic  SB,  Secondly,  where  21  is 
one  of  the  conjugate  points  of  the  conies  S,  ©,  The  general  construction  for  the 
quadrilateral  shows  that  if  irom  any  point  of  the  common  polar  of  21  with  respect  to 
S  and  with  respect  to  ®,  we  draw  tangents  to  58,  these  will  meet  ®  in  four  points, 
lying  two  and  two  in  lines  passing  through  91,  i.e.  that  the  number  of  the  double 
tangents  of  the  curve  S  ie  indefinite;  (S  is  therefore  made  up  of  two  coincident 
curves  of  the  second  class,  i.e.  of  two  coincident  conies.  Moreover,  S  passes  through 
the  points  of  intersection  of  SS,  © ;  hence,  disregarding  one  of  the  two  coincident  conies, 
we  may  say  that  the  curve  6  is  a  conic  passing  through  the  points  of  intersection  of 
the  conies  SS,  ©. 

Next,  let  the  curves  91,  S  be  each  of  them  a  conic.  The  curve  i£  is  of  the 
class  8,  with  in  general  16  double  tangents,  and  therefore  of  the  order  24.  But 
there  arg  two  particular  cases  to  be  considered :  first,  where  the  conies  21,  58  have 
each  of  them  double  contact  with  the  conic  ©.  Here  the  tangents  drawn  from  the 
points  of  contact  of  either  of  the  conies  2E  or  ©  with  ©  to  the  other  of  the  conies, 
33  or  21,  is  a  double  tangent  of  the  curve  (5,  ie.  there  are  8  new  double  tangents, 
or  in  all  24  double  tangents  of  the  curve  S,  which  is  therefore  of  the  order  8 ; 
and  being  of  the  class  8  with  24  double  tangents,  it  must  break  up  into  four  curves 
of  the  second  class,  i.e.  into  four  conies.  And  the  curve  6  touches  the  conic  ©  in 
the  points  in  which  ©  is  intersected  by  any  one  of  the  four  common  tangents  of 
the  conies  91,  ©,  viz.  8  points  in  all;  hence  each  of  tbe  four  conies  has  double 
contact  with  the  conic  ©.  Attending  only  to  one  of  the  four  conies  of  which  E  is 
made  up,  we  have  thus  what  (in  a  restricted  sense  of  the  expression,  the  porism  of 
the  in-and -circumscribed  triangle)  I  call  the  porism  (homographic)  of  the  in -and - 
circumscribed  triangle,  viz. 
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If  a  triangle  be  inscribed  in  a  conic,  and  two  of  the  sides  touch  conies  having 
double  contact  with  the  circumscribed  conic,  then  will  the  third  side  touch  a  conic 
having  double  contact  with  the  circumscribed  conic. 

Secondly,  the  conies  2[  and  S  may  cut  the  conic  <B  in  the  same  four  points. 
Here  it  may  be  seen  that  there  are  an  infinity  of  inscribed  quadrilaterals  of  the 
kind  first  considered,  viz.  of  which  two  opposite  sides  touch  the  conic  91,  and  the 
other  two  opposite  sides  touch  the  conic  S.  Hence,  the  curve  (S  is  made  up  of 
two  coincident  curves  of  the  class  4.  But  the  curve  of  the  class  4  has  in  fact  4 
double  tangents,  viz.  considering  each  of  the  points  of  intersection  of  21,  S,  ©,  and 
drawing  tangents  to  2i  and  S  meeting  @  in  two  new  points,  the  line  joining  these 
points  is  a  double  tangent  of  the  curve  in  question,  which  is  therefore  of  the  4th 
oi-der,  and  being  of  the  class  4  with  4  double  tangents,  it  must  break  up  into  two 
curves  of  the  second  class,  i.e.  into  two  conies.  Each  of  these  conies  passes  through 
the  points  of  intersection  of  91,  S,  ©,  and  touches  the  four  lines  last  referred  to, 
the  conies  would'  of  course  be  completely  determined  by  the  condition  of  passing 
through  the  four  points  and  touching  one  of  the  four  lines.  Attending  only  to  one 
of  the  two  conies,  we  have  thus  what  I  call  the  porism  (allographic)  of  the  in-and- 
eireumseribed  triangle,  viz. 

If  a  triangle  be  inscribed  in  a  conic,  and  two  of  the  sides  touch  conies  meeting 
the  cii'cum scribed  conic  in  the  same  four  points,  the  remaining  side  will  touch  a 
conic  meeting  the  circumscribed  conic  in  the  four  points. 

The  A  posteriori  demonstration  of  these  theorems  will  form  the  subject  of  an- 
other paper,  [178], 
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NOTE    ON    JACOBI'S    CANONICAL    FORMULA    FOR    DISTURBED 
MOTION   IN    AN   ELLIPTIC   ORBIT. 

[From  the  Quarterly  Mathematical  Journal,  vol.  I.  (1857),  pp,  355 — 356.] 

Consider  a  body  (afterwards  called  the  disturbed  body)  revolving  about  a  central 
body  under  the  influence  of  their  mutual  attraction  and  of  any  disturbing  forces. 
Then  referring  the  disturbed  body  to  axes  through  the  central  body  and  parallel  to 
fixed  lines  in  space,  write 

X,  y,  z,  the  coordinates  of  the  disturbed  body, 

r,  ,  the  radius  vector,  —  'yJQc'  -Vy^-\-  z^), 

M  ,  the  mass  of  the  disturbed  body, 

M"  ,  the  mass  of  the  central  body. 
Write  also 

R,  the  disturbing  function,  taken  negatively,  i.e.  the  sign  of  R  is  taken  as  in 
the  Mecanique  Celeste. 


The  equations  of  motion  then  are 

dp  r'  dx  '- 

^  =  _  iE±  ¥Dj.  _  ^ 

dp  y^  '  fly' 

d^ ^  _(M+_MJj _ dR 
dt^  r"        '      dz' 

and  the  motion  may  be  represented  by  supposing  that  the  body  moves  in  an  ellipse 
with  variable  elements,  and  such  that  the  direction  and  velocity  of  motion  are  always 
the  same  as  in  the  actual  orbit. 
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We  may,  to  fix  the  ideas,  take  the  plane  of  xy  to  be  the  plane  of  the  ecliptic 
and  the  axis  of  x  to  be  the  line  through  the  first  point  of  Aries,  or  oiigin  of 
longitude. 

Jacobi'a  canonical  elements  may  be  taken  to  be, 

First,  the  constant  of  vis  viva  or  invariable  part  of  the  half-square  of  the 
velocity,  which  is  equal  to  the  sum  of  the  masses  divided  by  twice  the  mean  distance 
and  with  the  sign  minus. 

Secondly,  the  constant  of  areas,  which  is  equal  to  the  square  root  of  the  sum 
of  the  masses  into  the  half  of  the  latus  rectum. 

Thirdly,  the  constant  of  the  reduced  area  (i.e.  of  the  area  described  on  the  plane 
of  the  ecliptic),  which  is  equal  to  the  square  root  of  the  sum  of  the  masses  into  the 
half  of  the  latus  rectum  into  the  cosine  of  the  inclination. 

Fourthly,  the  constant  attached  by  addition  to  the  time  (,  or  what  is  the  same 
thing,  the  epoch  or  time  of  pericentric  passage,  taken  with  the  sign  minus. 

Fifthly,  the  angular  distance  fi'om  node  (or  argument  of  latitude)  of  the  perieentre. 

Sixthly,  the  longitude  of  the  node. 

(The  first  and  fourth  elements  are  taken  by  Jacobi  with  the  conti'aiy  sign,  but 
this  difference  is  not  material.) 

Representing  the  preceding  system  of  canonical  elements  by  31,  S,  ^,  %  @,  .§, 
and  observing  that  Jacobi's  disturbing  function  Xi  is  the  same  as  the  disturbing 
function  R  of  the  M^canique  Celeste,  except  that  the  sign  is  revereed  (i.e.  Q,  —  —  R), 
the  expressions  for  the  variations  of  the  canonical  elements  are 

m^_dR     ^^_dR     d(E^_dR 
dt         d%  '    dt         d®'    di         d^ ' 

d%  _     dR     d®_     dR     d§  _     dR 
dt~'^d'il'    d(  ~  +  dS9'    di~'^d^: 

In  the  oixiinaiy  case  in  which  the  disturbing  force  is  the  attraction  of  a  third 
body,  write 

x',  y'.  z\  the  coordinates  of  the  disturbing  body, 

r'  ,  the  radius  vector,  =  V(a'''  +  y'^  +  r"'), 

M'         ,  the  mass  of  the  disturbing  body. 
Then  the  expression  for  the  disturbing  function  is 

The  preceding  fonnulEe  form  a  convenient  standard  of  reference  for  the  vaiious 
systems  of  elements  which  have  been  made  use  of  by  writers  upon  Physical  Astronomy; 
any  such  system  may  be  without  difficulty  derived  from  the  canonical  system  by 
expressing  the  elements  adopted  in  tenns  of  the  above-mentioned  canonical  elements. 
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SOLUTION   OF   A   MECHANICAL   PROBLEM. 

[From  tho  Quarterly  Mathematical  Journal,  vol.  i.  (1857),  pp.  405 — 406.] 

A    HEA\  ■i     pla  e     s    supported    by    parallel    elastic    strings   of    small   extensibility ; 
1    th      'itr    ^s    a  e    ot    the    same    length   and   extensibility :    required   the   position   of 
q    lib   u 

I  nag  e  th  i-li  horizontal,  and  let  n  be  the  number  of  strings,  {a,  b),  (a',  b'), 
Lc  tl  e  c  0  -d  na  es  f  the  points  of  attachment ;  f,  t)  the  cooi-dinates  of  the  centre 
ot  grav  >  of  tl  e  J  lane  W  the  weight ;  let  the  equation  of  the  hoi-izontal  line  about 
vl  cl    the  J  la  e  tu  ns  be 

w  cos  ci  +  ysma—p  =  0; 

and  let  Bd  be  the  inclination  of  the  plane  in  its  position  of  equilibrium  to  the  hori- 
zontal plane,  and  loSl  the  force  generated  by  an  increase  SI  in  the  length  of  one  of 
the  strings. 

We  have  for  the  conditions  of  eiiuilibrium 

2  (a  cos  a  +  6  sin  a  —  p)    a>S8  —  W  =  0, 

2 (« cos  a  +  6  sin a-p) awSe  -W^  =  0, 

l(a cos a  +  bsirLa-p)bwS6~  Tfjj^O; 

or  putting  Sa  =  A  ^h  =  M,  Xa''  =  A,  Xab^H,  tb^^B,  we  have 

W 

L cos a+  M sin  a  —  np gg  =  0, 


if  cos  2  +  B  sin  a  -  Mp  — 
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Combining  vdth  these  the  equations 

X  cos  a  +  rjsma  —  p^O, 
and  eliminating  lineai'ly  cos  a,  sin  n,  p  and  W,  we  have 

=  0 


.       «;, 

y. 

1 

t,    A, 

H. 

L 

1.    H, 

B, 

M 

1,     L, 

M, 

u 

for  the  equation  of  the  required  line  a;cosa  +  ysin  a— ^  =  0.     Replacing  L,  M,  A,  H,  j 
by  their  values,  the  eqiiation  is  readily  transformed  into 


!/. 

1 

X 

6, 

1 

i'. 

1 

b,   1 

b',    l\ 

where   the   summation   extends   to   each   pair   of  points   (a,   6)  and  {«',   b').     This   is,   in 
fact,  an  extension  of  the  harmonic  relation  of  a  point  and  line  with  respect  to  a  tnangle. 
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ON   THE   A   POSTEEIORI   DEMONSTRATION   OF   THE   PORISM    OF 
THE    IN-AND-CIBCUMSCRIBED    TRIANGLE. 


[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  31 — 3S.] 

In  my  former  paper  "  On  the  Porism  of  the  In-and-circumscribed  Triangle "  (Journal, 
t.  I.  p.  344  [175])  the  two  poriams  (the  homographic  and  the  allographic)  were  established 
d,  priori,  i.e,  by  means  of  an  investigation  of  the  order  of  the  curve  enveloped  by  the  third 
side  of  the  triangle.  I  propose  in  the  present  paper  to  give  the  d  posteriori  demonstration 
of  these  two  porisms ;  first  according  to  Poncelet,  and  then  in  a  form  not  involving  (as 
do  his  demonstrations)  the  principle  of  projections.  My  objection  to  the  employment 
of  the  principle  may  be  stated  as  follows:  viz.  that  in  a  systematic  development  of 
the  subject,  the  theorems  relating  to  a  particular  case  and  which  are  by  the  principle 
in  question  extended  to  the  general  case,  are  not  in  anywise  more  simple  or  easier 
to  demonstrate  than  are  the  theorems  for  the  general  case ;  and,  consequently  that  the 
circuity  of  the  method  can  and  ought  to  be  avoided. 

The  porism  (homographic)  of  the  in-and-circumscribed  triangle,  viz. 

If  a  triangle  be  inscribed  in  a  conic,  and  two  of  the  sides  envelope  conies  having 
double  contact  with  the  circumscribed  conic,  then  will  the  third  side  envelope  a  conic 
having  double  contact  with  the  circumscribed  conic. 

The  following  is  Poncelet's  demonstration,  the  Nos.  are  those  of  the  Traite  des 
Propriet^s  Projectives  [Paris,  1822] : 

No.  431.  If  a  triangle  be  inscribed  in  a  circle  and  two  of  the  sides  are  parallel 
to  given  lines,  then  the  thu-d  side  envelopes  a  concentric  circle. 

This  is  evident,  for,  the  angle  in  the  segment  subtended  by  the  third  side  being 
constant,  the  length  of  the  third  side  is  constant ;  hence,  the  length  of  the  perpen- 
dicular from  the  centre  upon  the  third  side  is  also  constant,  and  the  third  side  envelopes 
a  concentric  circle. 
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Hence,  by  the  principle  of  projections: 

If  a  triangle  be  inscribed  in  a  conic  and  two  of  the  sides  pass  through  given 
points,  the  remaining  side  envelopes  a  conic  having  double  contact  with  the  circum- 
scribed conic,  the  line  through  the  two  points  being  the  chord  of  contact. 

No.  iSi,  Conversely,  if  there  be  a  triangle  inscribed  in  a  conic  and  the  first  side 
envelope  a  conic  having  double  contact  with  the  circumscribed  conic,  and  the  second 
side  pass  through  a  fixed  point  in  the  chord  of  contact,  then  will  the  third  side  also 
pass  through  a  fixed  point  in  the  chord  of  contact. 

No.  437.  In  particular,  if  there  be  a  triangle  inscribed  in  a  conic  and  two  of 
the  sides  pass  through  fixed  points,  then  will  the  third  side  pass  through  a  fixed 
point,  viz.  the  point  forming  with  the  other  two  points  a  conjugate  system. 

No.  439.     It  follows  that : 

If  there  be  a  triangle  inscribed  in  a  conic  and  the  first  side  passes  through  a 
fixed  point,  and  the  second  side  envelopes  a  conic  having  double  contact  with  the 
circumscribed  conic,  then  will  the  third  side  envelope  a  conic  having  double  contact 
with  the  cireumsciibed  conic. 

For  the  chord  of  contact  meets  the  polar  of  the  fixed  point  with  respect  to  the 
circumscribed  conic  in  a  point;  the  line  joining  this  point  with  the  third  angle  (i.e. 
the  angle  opposite  the  third  side)  of  the  triangle  meets  the  conic  in  a  variable  point ; 
and  joining  this  variable  point  with  the  first  and  second  angles  of  the  triangle  we  have 
a  new  triangle ;  two  of  the  sides  of  this  new  triangle  (by  Nos.  434  and  437)  pass 
through  fixed  points;  hence  the  remaining  side,  i.e.  the  third  side  of  the  original 
triangle,  touches  a  conic  having  double  contact  with  the  circumscribed  conic. 

We  have  thus  passed  from  the  ease  of  the  two  sides  passing  through  fixed  points 
to  tiiat  of  one  of  the  two  sides  enveloping  a  conic  having  double  contact  with  the 
given  conic  and  the  other  of  them  passing  through  a  fixed  point ;  and,  by  a  repetition 
of  the  reasoning,  Poncelet  passes  to  the  general  case,  viz. 

If  thei'e  be  a  triangle  inscribed  in  a  conic,  and  two  of  the  sides  envelope  conies 
having  double  contact  with  the  circumscribed  conic,  then  will  the  third  side  envelope 
a  conic  having  double  contact  with  the  circumscribed  conic. 

But  it  is  somewhat  more  simple  to  omit  the  intermediate  case  of  a  conic  and 
point,  and  pass  directly,  by  the  reasoning  of  No.  439,  from  the  case  of  two  points 
to  that  of  two  conies. 

In  fact,  considering  the  point  of  intersection  of  the  two  chords  of  contact,  the 
line  joining  this  point  with  the  third  angle  of  the  triangle  meets  the  conic  in  a 
variable  point,  and  joining  this  variable  point  with  the  first  and  second  angles  of  the 
triangle  we  have  a  new  triangle ;  two  of  the  sides  of  this  new  triangle  (by  No.  434) 
pass  through  fixed  points ;  hence  the  remaining  aide,  i.e,  the  third  side  of  the  original 
triangle,  envelopes  a  conic  having  double  contact  with  the  circumscribed  conic ;  and  the 
general  case  is  thus  established. 

C.    III.  11 
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The  porism  (allographic)  of  the  in-and-circumscribed  triangle,  viz. 

If  a  triangle  be  inscribed  in  a  conic  and  two  of  the  sides  envelope  conies  meeting 
the  circumscribed  conic  in  the  same  four  points,  then  the  third  side  will  touch  a  conic 
meeting  the  circumscribed  conic  in  the  four  points. 

The  following  is  Poncelet's  demonstration : 

No.  433.  In  the  particular  case  of  the  homographic  porism,  viz. — that  in  which 
two  of  the  sides  of  the  triangle  pass  through  fixed  points  and  tho  remaining  side 
envelopes  a  conic  having  double  contact  with  the  circumscribed  conic — it  is  easy  to 
see  that  the  lines  joining  the  angles  of  the  triangle  with  the  two  fixed  points  and 
with  the  point  of  contact  on  the  third  side,  meet  in  a  point ;  this  follows  at  once 
by  the  principle  of  projection  from  the  case  in  No.  431,  viz.  the  case  of  a  triangle 
inscribed  in  a  circle  when  two  of  the  sides  are  parallel  to  given  lines  and  the  third 
side  touches  a  concentric  circle.     Hence, 

No.  531.  If  there  be  a  triangle  inscribed  in  a  conic,  and  two  of  the  sides  envelope 
fixed  curves,  and  the  third  side  envelopes  a  certain  curve ;  the  lines  joining  the  angles 
of  the  triangle  with  the  points  of  contact  meet  in  a  point. 

In  fact,  attending  only  to  the  infinitesimal  variation  of  the  position  of  the  triangle, 
the  curves  enveloped  by  the  first  and  second  sides  may  be  replaced  by  the  points  of 
contact  on  these  sides,  and  the  curve  enveloped  by  the  third  side  may  be  replaced 
by  a  conic  having  double  contact  with  the  circumscribed  conic,  and  the  general  case 
thus  follows  at  once  from  the  particidar  one. 

Nos.  162  and  163.  Lemma(^).  If,  on  the  sidea  of  a  triangle  ABC,  there  are  taken 
any  three  points  L,  M,  N  in  the  same  line,  and  the  harmonics  A',  B,  C  of  these 
points  (i.e.  the  harmonic  of  each  point  with  respect  to  the  two  vortices  on  the  same 
side  of  the  triangle),  then  the  lines  AA',  BB',  GC  will  meet  in  a  point;  and,  moreover, 
if  A'L,  B'M,  G'N  are  bisected  in  F,  6,  H  (or,  what  is  the  same  thing,  if  'FA"'  =  FB.  FG, 
GF^^GG.GA,  HG'-'^HA.HB),  then  will  the  three  points  F,  0,  S  lie  in  a  line. 
This  is,  in  fact,  the  theorem  No.  164, — In  any  complete  quadrilateral  the  middle  points 
of  the  three  diagonals  lie  in  a  line. 

It  is  now  easy  to  prove  a  particular  case  of  the  allogiaphic  poiism,  viz. 

No.  531.  If  there  be  a  triangle  inscribed  in  a  circle,  such  that  two  of  the  sides 
envelope  circles  having  a  common  secant  (i-eal  or  idea?)  with  the  circumscribed  cu-cle  ; 
then  will  the  third  side  envelope  a  circle  having  the  same  common  secant  with  the 
circumscribed   circle. 

For  if  the  tiiangle  be  ABC,  and  the  points  of  contact  of  the  sides  CB,  CA  with 
the  enveloped  cii'cles  and  the  point  of  contact  of  the  side  AB  with  the  enveloped 
curve,  be  A',  B',  C ;  if  moreover  the  points  of  intersection  of  the  circumscribed  circle 
and  the   two   enveloped   circles   be   M,  N,   and   the   common   secant  MF  meet   the   sides 

1  I  have  not  thought  it  necessary  to  give  the  flgiqrea ;   they  can  be  supplied  without  difficulty. 
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of  the  tiiangle  in  F,  0,  H;  then  F,  G,  H  and  A',  B',  C  are  points  on  the  sides  of 
the  triangle  ABC,  such  that  F,  0,  If  lie  in  a  line,  and  AA',  BB',  CO'  meet  in  a 
point.     And  by  a  property  of  the  circle 

FA'"  =  FM .  FN  -  FB .  FC, 

GB"=  GM.GN=  GG.GA; 

whence  by  the  lemma  (or  rather  its  converse)  HG'^  =  HA  .  MB  and  by  a  property  of 
the  circle  HA  .HB^HM .HN;  and  therefore,  HG'^^HM .HN,  a  property  which  can 
only  belong  to  a  circle  having,  with  the  other  circles,  the  common  secant  MN:  the 
particular  case  is  thus  demonstrated.  And  the  principle  of  projections  leads  at  once  to 
the  general  ease  of  the  allographic  porism. 

To  exhibit  the  demonstrations  in  a  form  independent  of  the  principle  of  projections, 
it  will  be  convenient  to  enunciate  the  following  three  lemmas :  the  first  of  them  bemg, 
in  iact,  the  theorem  contained  in  No.  434,  as  generalised  by  No.  531 ;  the  second  of 
them  a  theorem  connected  with  and  including  the  properties  of  the  circle  assumed  in 
Poncelet's  demonstration  of  the  allographic  porism ;  and  the  third  of  them  a  theorem 
derivable  by  the  principle  of  projections  from  the  theorem  in  Nos.  162  and  163. 

Lemma  I.  If  there  he  a  triangle  inscribed  in  a  conic,  such  that  two  of  the  sides 
envelope  given  curves  and  the  third  side  envelopes  a  cui've ;  then  the  lines  joining 
the  angles  of  the  triangle  with  the  points  of  contact  of  the  opposite  sides  meet  in  a 
point. 

Lemma  II.  If  there  be  three  conies  meeting  in  the  same  four  points,  then  any 
line  meets  the  conic  in  six  points  forming  a  system  in  involution. 

COROLL.  1.  If  the  line  be  a  tangent  to  one  of  the  conies,  then  the  point  of 
contact  is  the  double  or  sibi-conjugate  point  of  the  involution  formed  by  the  points 
of  intersection  with  the  other  two  conies.  And  conversely  if  the  curve  enveloped  by 
the  line  is  not  given,  but  the  preceding  property  holds  for  all  positions  of  the  tangent 
line;  then  the  curve  enveloped  by  such  line  is  a  conic  passing  through  the  points  of 
intersection  of  the  two  given  conies. 

COEOLL.  2.  If  one  of  the  conies  he  a  pair  of  coincident  lines,  then  the  other  two 
conies  are  conies  having  double  contact,  with  the  line  in  question  for  their  chord  of 
contact ;  any  line  meets  the  chord  of  contact  in  a  point  which  is  a  double  or  sibi- 
conjugate  point  of  the  involution  formed  by  the  points  of  intersection  with  the  other 
two  conies ;  and  if  the  line  be  a  tangent  to  one  of  the  conies,  then  the  point  of 
contact  and  the  point  of  intersection  with  the  chord  of  contact  are  harmonies  with 
respect  to  the  points  of  intersection  with  the  other  conic.  And  conversely  if  every 
tangent  of  a  euiTe  intersect  a  line  and  conic  in  such  manner  that  the  point  of  contact 
and  the  point  of  intersection  with  the  line  are  harmonics  with  respect  to  the  points 
of  intersection  with  the  conic ;  then  the  curve  is  a  conic  having  double  contact  with 
the  given  conie,  and  the  hne  in  question  is  the  chord  of  contact. 

11—2 
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The  third  lemma  is  a  theorem  (iirst  explicitly  stated,  so  far  as  I  am  aware,  by 
Steiner,  Lehrsatze  24  and  25,  Crelie,  t.  iii.  [1828],  p.  212,  and  demonstrated  by  Bauer, 
t.  XIX.  [1839],  p.  227)  which,  in  a  note  in  the  Phil.  Mag.,  Augt.  1853  [118],  I  have 
called  the  Theorem  of  the  harmonic  relation  of  two  lines  ivith  respect  to  a  quadrilateral. 

Lemma  III.  If  on  each  of  the  diagonals  of  a  quadrDateral  there  be  taken  two 
points  harmonically  related  with  respect  to  the  angles  upon  this  diagonal ;  then  if 
three  of  the  points  lie  in  a  line,  the  other  three  points  will  also  lie  in  a  line;  the 
two  lines  are  said  to  be  harmonically  related  with  respect  to  the  quadrilateral. 

The  relation  may  be  exhibited  under  a  different  form.  The  three  diagonals  of  the 
quadrilatei'al  form  a  triangle,  the  sides  of  which  contain  the  sis  angles  of  the  quadri- 
lateral ;  and  considering  only  three  of  the  sis  angles  (one  angle  on  each  diagonal) 
these  three  angles  are  points  which  either  lie  in  a  line,  or  else  are  such  that  the 
lines  joining  them  with  the  opposite  angles  of  the  triangle  meet  in  a  point.  Each 
of  the  three  points  is,  with  respect  to  the  involution  formed  by  the  two  angles  of 
the  triangle  and  the  two  points  harmonically  related  thereto,  a  double  or  sibi-conjugate 
point,  and  we  have  thus  a  theorem  of  the  harmonic  relation  of  two  lines  to  a  triangle 
and  line,  or  else  to  a  triangle  and  point,  viz.  Theorem,  If  on  the  sides  of  a  triangle 
there  be  taken  three  points  which  either  lie  in  a  line  or  else  are  such  that  the 
lines  joining  them  with  the  opposite  angles  of  the  triangle  meet  in  a  point;  and  if 
on  each  side  of  the  tiiangle  there  be  taken  two  points  forming  with  the  two  angles 
on  the  same  aide  an  involution  having  the  first -mentioned  point  on  the  same  side 
for  a  double  or  sibi-conjugate  point ;  then  if  three  of  the  sis  points  lie  in  a  line,  the 
other  three  of  the  six  points  will  also  lie  in  a  line ;  the  two  lines  are  said  to  be 
harmonically  related  to  the  triangle  and  line,  or  (as  the  case  may  be)  to  the  triangle 
and  point. 

The  proof  of  the  two  porisms  is  by  the  preceding  lemmas  rendered  very  simple. 

Demonstration  of  the  homographic  porism. 

First,  the  particular  ease,  where  two  of  the  sides  pass  through  fixed  points. 
Lemma  I.  gives  the  construction  of  the  point  of  contact  on  the  third  side,  and  the 
figure  shows  that  the  point  of  contact  and  the  point  in  which  the  third  side  is 
intersected  by  the  line  through  the  two  given  points  are  harmonics  with  i-espeet  to 
the  points  of  intersection  of  the  third  side  with  the  circumscribed  conic.  Hence, 
{Lemma  II.  CoroU.  2)  the  curve  touched  by  the  third  side  is  a  conic  having  double 
contact  with  the  circumscribed  conic,  and  the  chord  of  contact  is  the  line  joining  the 
two  given  points;  and  conversely  if  one  of  the  sides  touch  a  conic  having  double 
contact  with  the  circumscribed  conic  and  another  of  the  sides  passes  through  a  fixed 
point  on  the  chord  of  contact,  then  the  third  side  will  also  pass  through  a  fixed  point 
on  the  chord  of  contact.  The  general  case  is  deduced  fi'om  the  particular  one  precisely 
as  before,  viz.  where  two  of  the  sides  touch  conies  having  double  contact  with  the 
circumscribed  conic,  then  considering  the  point  of  intersection  of  the  two  chords  of 
contact,  the  line  joining  this  point  with  the  thud  angle  of  the  triangle  meets  the 
circumscribed   conic   in   a   variable   point,   and  joining   this   variable   point   with   the  first 
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and  second  angles  of  the  triangle,  we  have  a  new  triangle,  two  of  the  aides  of  which 
(by  the  converse  of  the  particular  case)  pasa  through  fixed  points:  hence  the  remaining 
^ide,  i.e.  the  third  side  of  the  original  triangle,  touches  a  conic  having  double  contact 
vfith  the  circuniacribed  conic. 

Demonstration  of  the  allographic  porism. 

Let  ABG  be  the  triangle,  A',  B',  C  the  points  of  contact  on  the  three  aides, 
then  by  Lemma  I.  the  lin^  AA',  SB",  GC  meet  in  a  point.  Take  a  pair  of  lines 
passing  through  the  points  of  intersection  of  the  circumscribed  conic  with  the  two 
given  conies  enveloped  by  the  sides  CA,  CB,  and  let  one  of  theae  lines  meet  the 
sides  of  the  triangle  in  the  points  F,  G,  H,  and  the  other  of  them  meet  the  sides 
of  the  triangle  in  the  points  F,  G',  H'.  Then  conaidering  the  following  three  conies, 
viz.  the  last-mentioned  pair  of  lines,  the  circumscribed  conic,  and  the  conic  enveloped 
by  the  side  GA ;  these  are  conies  passing  through  the  same  four  points,  and  the  side 
GA  is  a  tangent  to  one  of  them :  hence  by  Lemma  II.  CoroH.  1,  G,  G',  G,  A  will 
be  an  involution  having  the  point  B'  for  a  double  or  sibi- conjugate  point,  and 
similarly  F,  F,  G,  B  ai-e  an  involution  having  the  point  A'  for  a  double  or  sibi- 
conjugate  point.  It  follows  from  Lemma  III.  that  H,  H',  A,  B  ivill  be  an  involution 
having  C  for  a  double  or  sibi-conjugate  point.  Hence  by  Lemma  II.  CoroU.  1  (the 
two  given  conies  being  the  before-mentioned  pair  of  lines  and  the  circumscribed  conic) 
the  curve  enveloped  by  the  side  AB  viiW  be  a  conic  passing  through  the  points  of 
intersection  of  the  pair  of  lines  and  the  circumscribed  conic,  or,  what  is  the  same 
thing,  the  points  of  intersection  of  the  circumscribed  conic  and  the  conies  enveloped  by 
the  other  two  aides. 

2,  Stom  Buildings,  Oct.  2,  1856, 
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ON   CERTAIN   FORMS   OF   THE   EQUATION   OF   A   CONIC. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (18-58),  pp.  44 — 48.] 

To   find    the   general   equation   of    a   conic    which   passes   through   two   given   points 
and  touches  a  given  line. 

Let  the   coordinates   of  the   given   points   be  (a,  ^,  y),  (a.',  ^',  y'),  and   the   equation 
of  the  given  line  be  \a:  +  fi,y  +  vs  =  0.     Then  wiiting 


v  =  s    X,    y ,     z    \  i    w  = 


.   (£,      b,      c 


a,     b ,     c 


where    a,   b,   c,   s    are    arbitrary   coefiicients,    the    general    equation    of 
through  the  two  given  points  will  be 

uw  —  iF  =  0. 
We  have  identically 

S|  \a:  +ixy   +  vz  ,     x,     y,     z      =0; 
i  Xa  +  /i/3  +  :'7  ,     a ,     jS ,    7 
'  Xa'  +  /iy3'  +  vy,     a',     ^',    7' 
\a  ■]-  fjh  +  vc  ,     a,     b  ,     c 
and  hence  putting 

V=     «,     (3,     y    I, 
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A  =     (\a'  +  /j.^-\-  py-)  s, 

B  =-(\a  +iJ.h  +VC  )s, 

C  =-(Xa  +iMi3+vy)s, 

wo  have 

(Kx  +  fi.y  +  vz)  sV  +  Au  +  Bv  +  Cw  =  0, 

and  consequently  the  equation  Xic  +  ^t/  +  ws  =  0  is  equivalent  to 

;md  we  have  only  to  express  that  the  line  represented  by  this  equation  touches  the 
conic  mil  —  v^  —  0. 

Combining  the  two  equations,  wc  find  Au  +  Gw  +  B  •J{uw)  =  0,  that   is 

{Au+Owf-B>uw  =  (i, 

an  equation  which  must  have  equal  roots;  and  the  condition  for  this  is  obviously 
4^C-ff  =  0,  Or  putting  the  condition  under  the  form  -  B-\-'2,^/{AU)  =  0  and  sub- 
stituting for  A,  B,  G  their  values,  the  condition  becomes  |i=\/(— 1)  as  usual} 

\a  +  /j.h  +  vc  +  2is  v'l('\.^  +  Mj^  +  vy)  (>.«'  +  fi'0'  +  vy')]  =  0. 

We  have  consequently 

j_      (Xg  +  /j,b  +  vcY 

1  (\a  +  1^^  +  "7)  (>>.a'  +  [i,^'  +  vy')  ' 

and  the  equation  of  the  conic  is 


i{Xa+iM0+vr/)(Xci.'-i-n0'  +  i^')    X,    y,    z 


+  (X.a+/i6+i'e)^    X,     y ,    s 
i  «,     ^,     7 


But   the   equation   of    the    conic   may   be   obtained   in   a   different   form    as    follows:    we 
may  first  write  B'\?'  =  ^AGwm,  and  then  substituting  for  —Bii  the  value 

(yjc  +  fiy  +  vz)  sV  +  Au  +  Cw, 
the  equation  becomes 

\Au  ■k-Gw  +  Chx-Viiy-v  vz)  sVj-'  =  iAOuw, 
or,  extincting  the  root  of  each  side  and  transposing, 

IVC^m)  +  \/iGw)Y  +  (X«  +  fiy  +  vz)sV  =  0, 
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',  and   omitting   the 


or   sul:«tituting   the  values   of  A,  G,  V, 
equation  becomes 


VCJ^a'  +  z^^+j/yOVC    ^~    y.    2  .')  +  iV'(>*.a  +  /iy3  +  r7)v'(!  a;,     y,    z    j) 


factor   \/(s)  the 


i v'C'tiK  + /iy  +  ys)  V( ,  a, 


a  form  symmetrically  related  to  the  three  lines 


=  0, 


X,     y,     5   1  =  0,     j  a:,     y,     z 
a,     /3,     7  I  d,    (3',     7 


Let    it    be    required    to    find    the    conic    passing    through    the    two     points    (a,    ^,    7), 
(a',  ^\  7'),  and  touching  the  three  lines 

X^x  +  /ii^  +  v^z  =  0,     X^a;  +  ^s.V  +  jij^  =  0,     X^a:  +  /ijy  +  cjS  =  0. 

The  constants  a,  b,  c  have  to  be  determined  in  such  manner  that  the  equations 
obtained  fi-om  the  preceding,  by  \vriting  successively  (X,,  /j^,  Vi),  (K,,  fi^,  v^,  (X3,  fi.^.  j-j) 
for  (X,  /t,  v)  may  represent  one  and  the  same  equation ;  the  three  equations  so  obtained 
will  therefore  subsist  simultaneously,  and  we  may  from  the  equations  in  question 
eliminate  a,  b,  c;   the  resulting  equation 

^/(\,x+fi,y  +v,z),     V(XjB  +fi,jy  +v^},     VCX^a;  +ftsy  +v^)     =0 

V{Xia  +  fi,0  +  i',7  ),     V(X2a  +  fj^  +  vfi  ),     ^(X^ct  +  ij.^^  +  ^37  ) 

V'(X.a'  +  M,/3'  +  v,i),     ^/{X,a'  +fi^'  +  v^'),     ^J{\^a.'  +  fj^' +  v,y') 

is  the  equation  of  the  conic  in  question ;  this  is  in  fact]  evident  from  other  considerations. 

To  find  the  condition  in  order  that  a  conic  passing  through  the  points  (a,  0,  7), 
(«',  /3',  7')  may  touch  the  four  lines 

XiK  +  niy  +  ViZ  =  0,     X.JK  +  fi^y  +  v^  =  0,     \sX  +  fi^y  +  v^fi  =  0,     X^ic  +  fi^  +  v^s  =  0. 
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The    relation    first    obtained    between    a,   b,   c,   s    gives   four    equations    from    which 
these  quantities  may  be  eliminated,  the  resulting  equation 


VK>^«  +  /*i^  +  "17)  C^s'  +  M.;8'  +  ".7')} 
VKM  +  ft;8 +  !-//)  (M'  +  wS'  +  co^)) 
Vlt^sOt  +  /is/S  +  v^ri)  {\ct'  +  ^,/3'  +  vfy')} 


Ai,      Pi. 
\,.     fJ^, 

is  the  required  relation. 

The   preceding  investigations   apply  directly  to   the   circle,  which   is   a   conic  passing 
through  two  given  points.     Thus  the  equation  of  a  circle  touching  the  three  lines 

Ax   +By   +C  =0, 
A'a:  +  B'y  +  C"  =  0, 

is 

V(^a^  +  %  +  0),  ^(A'x  +  Ey-vC),  ^{A"x  +  B"y  +  C") 

V(A    +Si),  ^l{A'   +Bi),  ^/{A"   +B"i) 

-^/iA    -Bi),  a/{A'   -B'i\  ^/(A"    +B"i) 

Hence  also  the  equation  of  a  ciicle  touching  the  three  lines 
ic  cos  a  +  ^  sin  «  —p  =  0, 
xcosB+y&infi  -q^O, 
X  cos  7  +  y  sin  7  —  r  =  0, 
is 

sin  ^  (/3  -  7)  '^{x  cos  a  +  y  sin  a  —p)  +  sin  ^{'i  —  o)  v'(«  cos  /9  +  ^  sin  /3  ~  5) 

+  sin|(a-/3)V(«cos7  +  7/sin7-r)  =  0. 

To    rationalise    the    equation,    I    remark    that    an    equation    ■J{A)  + '^{B)  +  \J{C)  —  {} 
gives  in  general 

(1,  1,  1,  T,  T,  T)  {A,  B,  C)''  =  (}, 
and  that 

(1,  1,  1,    1,    1,   Tlj:2psin^H^-7),     25sin^H7-«),  2r  sin^ (a -  ^)=) 
or  as  it  may  also  he  written 

(1,  1,  1,  T,  T,   1  5p  Jl  -  cos  (/3  -  7)},  q  {I  -  cos  (7  -  a)l  r  {1  -  cos  (a  -  0}})', 
is  identically  equal  to 

[p{sin|S  —  siri7)+ y(sin  7  — sin  a) +r  (sin  a  — sin/9)}^ 
+  {p  (cos  /3  -  cos  7)  +  g  (cos  7  -  cos  a)  +  r  (cos  a  ~  cos  ^)\' 
-{^sin(^-       7)  +  ^  sin(7  ~       a)+rsin(a-       ;i3)j'. 
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Hence  if  we  replace  p,  q,  r  by 


[179 


tlie    last-meotioned 
and  we  obtain 


x  cos  a  +  y  sin  «  —p,     x  cos  0  +  ysin^  —  q,    x  cos  7  +  ?/  sin  ^  —  ^, 

to    zero    will    give    the   equation    of    the   circle. 


|Vic+p(Bin  /3  — sin  7)  + (^  (sin  7  -  sin  a)  +  r  (sin  a-sin;3)p 
+  SVy— j)(cos  ^  — C0S7)  — 5(cos  7  —  cos  a)  —  r  (cos  a  — eos;S)}^ 
-I  p  sin(^-        7)  +  5  sin(7-        a)+r    sin(a-        ^)f  =  0, 

where 

V  =  sin  (^  -  7) -t- sin  (7  -  a)  +  sin  («  - /3), 

and   we   have   thus   the   equation   of  the   circle   in   the   usual   form   with  the   coordinates 
of  the  centre  and  the  radius  put  in  evidence. 

The  condition  that  there  may  be  a  circle  touching  the  four  lines 

Ax  +By  +(7  =0, 
A-O!  ^-Fy  +C'  =0, 
A"x+B"y  +C"  =0, 
A"'x  +  B"'y  +  0"'  =  ^, 
is  by  the  general  formula  sho^vn  to  be 

.     B   ,     G   ,     ^(A'    +^   )    =0, 
,     B-  ,     C  ,     ^(A'''   +B''  ) 
,     S",     C",     v'(^"=  +B"') 
A-",     B"\     C",     ^J{A"''-vB"'^) 
which  is  in  feet  obvious  from  other  considerations. 
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FIXED   PLANE. 


[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  49 — 54.] 

The  principal  object  of  the  present  Note  is  to  obtain  an  expression  for  the  quantity 
eo  which  I  call  the  modified  mean  longitude  at  epoch,  viz.  taking  as  the  elements 
the  longitude  of  the  node,  inclination  and  any  four  elements  which  determine  the 
motion  in  the  plane  of  the  orbit,  then  the  longitude  measured  in  the  fixed  plane  (or 
reduced  longitude)  will  be  a  function  of  the  form 

nt  +  €„  +  periodic  terms, 

where  e,,  is  a  determinate  function  of  the  elements,  and  it  is  proposed  to  find  the 
expression  of  this  function.  But  as  the  corresponding  formulae  relating  to  the  eccentricity 
and  longitude  of  the  pei'icentre  are  not  in  genera!  given  as  pai-t  of  the  theory  of 
elliptic  motion,  but  occur  only,  so  far  as  I  am  aware,  in  works  on  the  lunar  theory, 
I  have  thought  it  desirable  to  include  these  formula  and  take  as  the  subject  of  this 
Note  the  reduction  of  an  elliptic  orbit  to  a  fixed  plane.     Write 

a,  ,  the  semiaxis-major, 

fii  ,  the  eccentricity  (=  sin  k^, 

w,,  the  longitude  of  pericentre  in  orbit, 

e,  ,  the  mean  longitude  in  orbit  at  epoch, 

6  ,  the  longitude  of  node, 

<f)  ,  the  inclination  (=tan~'7), 


,  the  mean  motion 


V(S}' 
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where  by  longitude  in  orbit  is  to  be  understood  as  usual  a  longitude  measured  in 
the  fixed  plane  aa  far  as  the  node  and  from  the  node  in  the  plane  of  the  orbit : 
the  meaning  of  Ci  is  perhaps  more  clearly  fixed  by  saying  that  ei  —  to-,  denotes  the 
mean  anomaly  at  epoch. 

The   elements   most   nearly   corresponding    to   the    above,   in    the    orbit    reduced    to 
the  fixed  plane,  are 

«o ,  the  modified  semiaxis-major, 
Bt,  ,  the  modified  eccentricity, 
zTo,  the  modified  longitude  of  pericentre, 
60  ,  the  modified  mean  longitude  at  epoch, 
8  ,  the  longitude  of  node, 
^  ,  the  inclination  (=  taii~^  7), 
and  moreover 

n  ,  the  mean  motion  jnot  equal  to  \/\—^)\, 

where  6,  if),  n  are  the  same  aa  in  the  actual  orbit,  but  «,,  e^,  oto,  e„  ai-e  defined  as 
follows:   viz.  60,  5T„  are  functions  of  e,,  sti,  6,  ^  given  by  the  equations 

tan  (t!7„  -  ^)  =  sec  0  tan  (w,  -  6), 

_  Bi  cos  (iff 


COS  (ot„  —  0) ' 
aa  is  determined  by  the  condition 

a,  (!-€,■')  =  a,  {l-e,% 
and  Co  i*^  determined  so  that  the  reduced  longitude  may  be  equal  to 

nt  +  ef,  +  periodic  terms, 

It  is  easy  to  see  that  considering  the  orbit  and  the  fixed  plane  as  great  circles  of 
the  sphere,  and  projecting  the  pericentre  upon  the  fixed  plane  by  an  arc  perpendicular 
to  the  orbit,  then  oto  denotes  the  longitude  of  such  projection  of  the  pericentre ;  and 
Co  is  equal  to  e,  into  the  secant  of  the  projecting  arc.  In  feet  we  have  a  right- 
angled  spherical  triangle,  of  which  the  projecting  arc  in  question  is  the  perpendicular, 
and  the  hypothenuse  and  base  are  Wo  —  S  and  th^  —  O  respectively,  and  the  base  angle 
is  the  inclination  0.  It  is  to  be  remarked  that  ^o  is  not  the  reduced  longitude 
of  the  pericentre,  an  expression  that  would  signify  the  longitude  of  the  projection 
of  the  pericentre  by  an  arc  perpendicular  to  the  fixed  plane ;  this  is  the  reason  why 
I  have  throughout  used  the  word  modified  instead  of  what  would  at  first  sight  have 
appeared  the  natural  one,  viz.  the  word  reduced.  The  modified  semiaxis-major  is  obviously 
a  semiaxis-major  calculated  from  the  latus  rectum  of  the  orbit  by  means  of  the  modified 
eccentiieity  e„. 
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The  relations  between  e^,  w,,  e„  ^,  may  be  written 

tan  (cr,  -6)  =  sec  </>  tan  (lir,  -  ^), 

e„  =  e,  sec  ^  Vfl  -  sin=  </i  sin^  (ra-i  -  ^)], 
again 

taii  (ra-i  -  ^)  =  COS  ^  taji  (to-„  -  ^), 

e,  =  e,  v'{l  -  sin=  0  sin^  (w,  -  ^)|. 


^1,  the  radius  vector, 

Vi,  the  longitude  in  orbit, 

X ,  the  latitude  (=  tan"'  s), 

fo,  the  reduced  radius  vector, 

1^0,  the  reduced  longitude, 

X,  the  latitude  (=tan~'s). 


and  in  like  manner 


Then   Vi  —  0  and   v,-0  are   the   hypothenuse   and   base   of   a  right-angled  spherical 
triangle,  the  perpendicular  being  X  and  the  angle  at  the  base  being  0.     We  have 

tan  \  =  tan  ^  sin  (v„  —  6), 

sin  X  =  sin  0  sin  {v-y  —  6), 

tan  {v^  —  $)  =  cos  <^  tan  (%  —  0), 

cos  {v„  —  6)  =  sec  X  cos  {i^  —  8). 

We  have  for  the  radius  vector 

1  1 


and   the   reduced   radius   vector   is   thence   found   as   follows :    viz.   we   have   r„  =  n   cos  X, 
that   is 


=  fii  sec  X  cos  {()),  ~0)- {oti  -  &)], 

-  e,  sec  X  cos  {v^  -  0)  cos  (sr,  —  &)  +  e,secX  sin  {v,  -  0)  sin  (wi  -  8), 
=  e,  sec  X  cos  {v,  -  8)  cos  (w,  -  (9)  [1+  tan  {%  -  8)  tan  (wi  -  0)], 

=  eo  cos  («„  -  8)  cos  (w„  -  ^)  (1  +  tan  (t)„  -  ^)  tan  (»„  -  8)\, 

-  e„  cos  (tPj,  -  f )  cos  (7i„  ~0)  +  e^  sin  (^n-„  -  i9)  sin  (o-„  -  ^), 
=  e„  cos  (v„  -  w„), 
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and  by  the  definition  of  a„  we  have  «» (1  —  e^^)  —  ai{l—  ei^).     Hence 

1  1         <  ,  „ 

n  "  (t,(l-V)  '^^"^  ° '^'^^ ^"^ ~ '^"*'' 

which,  combined  with  the  equation 

tan  X  =  tan  ^  sin  (Vt,  —  6), 

detennines  the  position  of  the  body  in  terms  of  the  modified  elements  and  of  the 
reduced  longitude  v^.  Introducing  into  the  two  equations  s  (=  tan  \)  and  7  (=  tan  0)  in 
the  place  of  \  and  0,  they  become 

n  "  aA\-  eoO  '''^*'^  +«')  +  e»cos  {v„  -  w„)j, 

s  =  7  sin  ()f„  —  6), 

which  is  the  form  in  which  the  equations  occur  in  the  lunar  theory. 

Proceeding  now  to  the  formula  which  involve  the  time,  it  ia  to  be  remarked  that 
the  true  anomaly  and  the  quotient  of  the  radius  vector  by  the  semi  axis-major  are 
given  functions  of  the  eccentricity  and  the  mean  anomaly,  and  calling  for  a  moment 
the  last- mentioned  quantities  e,  f,  I  represent  the  functions  in  question  by 

elta  (e,  ^),  clqr  (e,  ?), 

or  more  simply  when  the  mean  anomaly  only  is  attended  to  by 

elta  ^,  elqr  f. 

I  have  found  this  notation  very  convenient  as  a  means  of  dispensing  with  the  intro- 
duction of  the  eccentric  anomaly. 

The  reduced  longitude  is  found  in  terms  of  the  time  by  means  of  the  equations 

tan  {v„  —  6)  =  sec  ^  tan  {i\  —  6), 
ifj  -  w,  =  elta  {nt  +  e,  —  -m^), 
the  former  equation  gives,  as  is  well  known, 

i,,  _  (9  =  Ui  -  5  -  tan40  sin  (2%  -  2i9)  +  J  tan'  |  sin  (4iJ,  -  4(9)  -  &c,, 

(where  the  successive  coefficients  are  the  reciprocals  of  the  natural  numbers)  we  have 
therefore 

i'o  =  i!,  -  tan=  \4,  sin  ((2vi  -  2wi )  +  {2cr,  -  2(?)]  +  &c,, 

or,  as  it  may  be  written, 

v,=v^-    tan^  10  [sin  (tv^  -  2i3-,)  cos  (2oti  -  16)  +  cos  (tv,  -  2^,)  sin  (2ra,  -  W)] 

+  -i-  tan'  i0  [sin  {4j)i  -  4cti)  cos  (4nTi  -  4-6)  +  cos  {iv-,  -  '^th^)  sin  (4nT,  -  4:0)} 
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and   for   the    present    purpose    it   is    only   necessaiy   to   attend   to   the   uon -periodic   part 
<if  the  function  on  the  right-hand  side.     Now 


the  non-peiiodic  part  of  which  is  nt  +  e^  —  '^i.     And  the  non-periodic  part  of    .    /^(i'l- 

is  given  by  the  equation  (62)  of  Hansen's  Memoir  "  Entwickelung  dcs   Products  u.  s 
Ahhand.  der   K.  Sachs.  Gesellschaft  zu  Leipzig,  t.  ii.  (1853.).     In  fact, 

tan  ^Kj 


l+V(l-e,') 
and  the  formula  gives  for  the  non-periodic  parts 

cos  /J-  (Vi  —  cTi)  =  (—Y  tan"  ^«,  (1  +  /a  cos  Ki), 

sin  fi  (v,  —  in-J  —  0. 

Hence,     substituting     these    vahiea    and     putting    for    the     non-periodic    part    of    v„ 
;issumed  value  nt  +  Co,  we  find 

e„  =  e,  -  tan^  ^^  tan^  ^a^  (1  +  2  cos  «i)  sin  (2^71  -  2^) 
+  I-  tan*  40  tan'  i^ic,  (1  +  4  cos  «i)  sin  (im,  -  20) 
~&c. 

The  series  on  the  right-hand  side  may  be  summed  without  difficulty,  and  we  obtain 

_     _.     _,  f       tan^  10 tanH«i sip  (2gr,-2g)] 
e„  -  e,      tan     | ^  ^  ^^^^  ^^  ^^^,  ^^^  ^^^  ^^^^  _  ^^^j- 

tan^  ^0  tan^  ^a-,  sin  (2ot 


'1+2  tan^  14>  tan=  ^/Ci  cos  (2ts,  —  20)  +  tan'  ^0  tan*  ^k,  ' 
which  formula  the  values  of  tan  ^0,  tan  ^Ki  (in  terms  of  y,  ei)  ai'C 


l  +  V(l+70'       l-l-V(l-e,0' 

and  that  of  cosk,  is  \/(l—ei').  We  have  thus  the  requii'ed  expression  for  the  modified 
mean  longitude  at  epoch,  and  all  the  modified  elements  are  now  expressed  in  terms 
of  the  original  elements. 

The   following   investigation   leads   to   a  theorem   which   it   is,   I   think,   worth   while 
to  notice.     We  have 

dv 
'■"'  ^  ^  ViO-a<>{l  -  e„01  cos  0, 
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and  theiioc 


aS  (1  -  e„°)^  dv„ 


V(o-)  cos  4>  {sec  X  +  Ba  cos  (Vi,  —  nr,)l' 


V(o-)  V(l  +  7O  [^(1  +  7'  sin^  (v„  -  w„)|  +  So  cos  (v,  ~  -rs^jf ' 
or  as  it  may  be  wiitten 

But  it  is  easy  to  see  that  ii  the  mean  longitude  nt  +  e„  is  expanded  in  tenns 
of  Va,  the  relation  between  these  quantities  must  be  of  the  form  m(  +  e^  =  %  + periodic 
terms.  It  follows  that  in  the  preceding  equation  the  non-periodic  part  of  the  function 
which  multiplies  dvi,  (the  expansion  being  in  multiple  cosines  of  v^)  must  be  equal  to 
(1  -  ei')~=(l +7'f.     Hence,  putting  for  e,  its  value,  we  find  that  the  non-periodic  part  of 

1 


[Vjl  +  'f  sin=  (''u  -  ^)i  +  e„  cos  (v,  -  ot,)P  ' 
expanded  in  multiple  cosines  of  v„  is 

a  theorem  which  might,  it  is  probable,  be  verified  without  much  difficult}'. 
2,  Stone  Buildings,  October,  1856. 
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ON   SIR  W.    R.    HAMILTON'S   METHOD   FOR  THE   PROBLEM   OF 
THREE  OR  MORE  BODIES. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  66 — 73.] 

The  problem  of  three  or  more  bodies  is  considered  by  Sir  W,  R.  Hamilton  in 
his  two  well-known  memoirs  on  a  general  method  in  Dynamics,  Phil.  Trans.  1834 
and  1835,  and  the  differential  equations  for  the  relative  motion,  with  respect  to  the 
central  body,  of  all  the  other  bodies  are  obtained  in  a  form  containing  a  single 
disturbing  function  only.  Several  methods  of  integration  are  given  or  indicated,  among 
others,  one  which  is  in  fact  the  method  of  the  variation  of  the  elements  as  applied 
to  the  particular  form  of  the  equations  oi'  motion.  But  the  investigation  shows  (and 
Sir  W.  R.  Hamilton  notices  this  as  a  defect  in  his  theory,  as  compared  with  the 
ordinary  theory  of  the  variation  of  the  elements),  that  in  the  method  in  question,  the 
elements  are  not  osculating  elements,  i.e.  that  the  positions  only,  and  not  the  velocities 
of  the  bodies,  can  be  calculated  as  if  the  elements  remained  constant  during  an 
clement  of  time.  The  peculiar  advantage  of  the  method  is  of  course  the  having  a 
single  disturbing  function  only,  and  this  seems  so  important,  that  if  I  may  venture  to 
express  an  opinion,  I  cannot  but  think  that  the  method  will  ultimately  he  employed 
for  the  purposes  of  Physical  Astronomy.  But,  however  this  may  be,  it  has  appeared 
to  me  that  it  may  be  useful  to  present  the  method  in  a  separate  and  distinct  form, 
disengaged  from  the  general  theory  as  an  illustration  of  which  it  was  given  by  the 
author;  and  this  is  what  I  propose  now  to  do. 

Consider  a   central   body  M,  and   two   other  bodies   Mi,  Mn,  and   let  the  coordinates 

of  M  referred   to   a  fixed   origin   be   x,  y,  z,  and   the   coordinates   of  Jl/i,  M^  referred  to 

the   body   M  as   origin   be   Xi,  y^,   z^   and   x.^,    y^,   z^   respectively.     Then   the   cooi-dinates 

of  M,,  Mi   refen'ed   to   the   fixed   origin,  are  x  +  Xi,  y  +  yi,  s  +  z^  and  x+x.^,  y  +  y^,  z  +  z^ 

C.   III.  13 
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respectively,   and   if    as   usual    T  denotes   the   Vis-viva  or   half  sum    of    each   mass   into 
the  H(iaare  of  its  velocity,  and   U  denote  the  force  function,  then  we  have 

+  IM,  \{x'  +  x:y  +  iy'  +  y,J  +  (/  +  ^,7}, 
MM, 


U 


^(^1°  +  yi  +  sj") 


M,M, 


and  the  equations  of  motion  ; 


d  dT _dT_dV' 
dt  dx'     dx      dx ' 


If  we  assume  that  the  centre  of  gravity  of  the  bodies  is  at  rest,  then  we  have 

Mx'  +  M,  {x'  +  X,'}  +  M.,  (x'  +  x^)  =  0,  &C., 
and  consequently 

,  _  _  if;aii'  +  JV/^a'      /  _      M-ty-^  +  M^y^       . M^z-^  +  M^.! 

■"  ~     M+Mj  +  M.,'  ^  ~~'M+M^+M,'  M  +  M,  +  M,- 

Now  the  value  of  T  is 

T=       ^(M  +  M,  +  AL)  i^J^  +  y'^  +  2'0 

+  af  (M,Xi  +  M^^')  +  y  (M,y,'  +  M^y^')  +  z  (M,z,'  +  M^^') 

+    iM,(x/'  +  y,"  +  z,") 

+    ^M^  (x^'^  +  y,/^  +  2/3), 
or,  putting  for  a/,  y',  ^  their  values, 

-V\M^{xi-'-\-yi^-Vz;^) 

y  {(M,x(  +  if^;y  +  {M,y(  +  M^ylf  +  (j¥,^,'  +  U^.l'f\, 


^jy+ilf.  +  jif,' 

and  with  this  new  value  of  T  the  equations  of  motion  still  arc 

±dT_dT^dU    ^^ 
dt  dxi      dxi     dx-i ' 
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Suppose  now  that  the  differential  coefficients  of  T,  with  respect  to  a;/,  y/,  s/;  x^',  y/,  s/, 
ai'e  respectively  P,,  Qi,  -E,;  Pj,  Q^,  R^,  ie.  write 

f,=p„  te, 

and  imagine  T  expressed  as  a  function  of  Pi,  Qi,  P, ;  P^,  Qj,  P^,  and  when  this  is 
done  put  H=T-U  (so  that  H  stands  for  a  function  of  P,  Q„  P,;  P^,  Q^,  P,; 
i'^i.  J/j.  ^i',   ^3>  2/21  ^3)^  *li®ri  the  equations  of  motion  in  Sir  W.  R.  Hamilton's  fonn  are 

dt  ^dP,'     dt~     dx,  ' 
Now  from  the  last  given  value  of  T 

M 

M 


and  thence 

P.+P. 

and  consequently 

j¥,< 

Mji;. 

and  »-e  have 

M+M,  +  M., 
JI 


{M^x,'  +  M3X3'), 


or,  reducing, 


i  (Jf  +  Jf, +  *,)  [(P.  +  P,)' +  (ft +  «,)-  + (E,  +  «,)■], 


+  i   (P,P,  +  Q,Q,  +  R,R,). 
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and  consequently 


[m-, 

+  4)(^' 

"  +  W  +  -B,-) 

(i 

^a)^-- 

■■+Qf  +  Ef) 

+  ]j(p.p. 

+  Q,Q,  +  S,R,) 

- 

MM, 

VW  +  J."  +  «i') 

- 

Jfilf, 

Vfe" +  !/■•+«,■) 

.V,Jf, 

v(fe-^,y+to-j,)"+fe-^,)r 

and  if  having  this  value,  the  equations  of  motion  are  as  before  mentioned 

dx,     dH     dP,        dH 

dt  '' 
Instead  of  H  write  H +  t  where 


VW  +  y."  +  ».') 

MM, 

and 

■j{x,- +  !/;•  + s/)  ■ 

T=     ^(P,A 

+  Q,Q,  +  E,E,) 

M,M, 

V((a!.-«,)-  +  (!,,-J,)'  +  (2,-2,)-l  ■ 

and    the    function    T    is    to    be    treated 
motion  for  tlie  body  M,  become 

as    a    disturbing    function.     The    equations    of 

it  "   MM,      '* dP,' 

dP,               MM,,:,            dr 

dt         (a;.-  +  yi=  +  ^i=)*     die,' 

dy,     M+M          dT 
dt       MM,          dQ,' 

dQ,  _           MM,y,            dT 

dt          (a!,"  +  i/,"  +  2,")*     ^i' 

d^     M+M,^     dr 
dt       MM,      '    dR,' 

dB,_           MM,z,           drt 
dt         («),■  + s,'  +  ^,')'     di,- 

and  tliere  is  of  course  a  precisely  similar 

system  of  equations  of  motion  for  the  body  M,. 
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If    we    neglect    T,    the    left-hand    equations    show    that    P^    Qi,    iJ,    denote     the 

velocities    or    differential    un  fhcientfa     ^ ,     ,y ,   '  "^    multiplied    by   the    constant    factor 

MM, 

M+M,' 

ordinary  equations  for  the  elliptic  motion  of  the  bodj  il^ ,  and  similarly  for  the  body 
M^.  We  may,  if  we  please  complete  the  solution  by  the  method  of  the  variation  of 
the  arbitrary  constants.  J^iuppose  tor  this  purpose  that  a,,  b,,  d,  e„  fj,  g,  are  the 
elements  for  the  elliptic  motion  of  the  body  M,,  then  treating  these  elements  as 
variable  we  must  have 


and    substituting    these    values    in    the    iight-hand    equations,    we    obtain    the 


dX]  da,      da:,   db, 

da, 

*■ 

dt 

da,  di  *^  di" 

■•+* 

dt 

dP,' 

dP,  da,     dP,  dt. 

^«!P. 

dg. 

dT 

da,    dt  '^  db,    dt  ' 

■■  +  * 

dt 

ic,' 

and  it  appears  from  these  equations  that  as  already  noticed  the  disturbed  values  of 
the  velocities  are  not  {as  they  are  in  the  ordinary  theory)  identical  with  the  undisturbed 
values. 

The   disturbing   function   T   may  be   considered    as    a   function   of    the   elements   of 
the   two   orbits   and   of  the   time,   and   it   is   easy  to   obtain,  as   in   the   ordinary   theory, 

the  values  of  the  differential  coefficients  —7-' ,  &e.  in  the  form 
at 


da. 

,      ,,rfT     ,         ,(JT         ,         ,dr 

dt' 

=  (a.,6,)jj_  +  (<..,0.)^...+(<..,S.)^, 

where 

(a 

S(a,.   b,)     S(».,   b,)     S(a,.    b,} 
■  "■'     8(».,  P.)  '  S(j,„  ft)  '  S{z„  B,)' 

if  for  shortness 

S(a„   b,)     da,  db,      da,  db, 
l(t:„P,)     da:,dP,     W,  da,' 

It  will  be  remembered  that  in  the  ordinary  theory,  if  il  denote  La^ange's  dis- 
turbing function  (li  =  -  ii  if  R  is  the  disturbing  function  of  the  M^canique  Celeste) 
the  corresponding  formulie  are 

da  ,   dCl  rfn  do, 

^^=(a,h)^+{a.c)-^...+(a.g)-^. 


(«,  b) 


if  for  shortness 


h{a,  b)      B(a,  h)      B(a,  b) 
'' B(af,  x)'^  8(y',  y)  +  B(^,z)' 


S{a,  b)  _  da  db      da  db 
B  (x',  a:)     die'  dre     dx  dx' ' 
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or,  what  13  the  same  thing,  where 


[I8t 


ia,b)  =  - 


B(a,  b)      8  (a,  b)      B{a,  c) 
Hx.o^')     Siy,i/)     Siz,z-)- 


S{a,  b)  _da  db_d^db 
S  {x,  of)     dx  dtv'     daf  dx ' 

Now  the  values  of  the  coefficients  {a^,  b^),  &c.  depend  merely  on  the  form  of  the 
expressions  for  a„  &,,  &c.  in  terms  of  Pi,  Q„  R,,  a;.,  y„  z^  and  t\  hence  comparing 
the  two  systems  of  formulie  and  observing  P„  Q,,  -Si  (which  in  the  formula  for  the 
present  theory  correspond  with  x^,  j//,  s,'  in  the  other  system  of  formula)  are 
respectively  equal  to  x-^,  yi,  s/,  each  of  them  multiplied  by  the  constant  factor 
-  '  ,  it  is  easy  to  see  that  the  formula!  for  the  variations  of  any  given  system 
of  elements  in  the  present  theory  are  at  once  deduced  from-  the  formula  for  the 
variations  of  the  same  system  of  elements  in  the  ordinary  theory  by  writing  -T  in 
the  place  of  fl  and  multiplying  the  values  of  the  variations  by  the  constant  factor 
MM, 


Take  then  i 


elements  Jacobi's  canonical  system  {'),  viz.  if  we  put 
a,,    the  semiaxis  major, 
Ci,    the  eccentricity, 

■07i,  the  longitude  in  orbit  of  pericentre, 
e,,-    the  mean  longitude  in  orbit  at  epoch, 
$1,    the  longitude  of  node, 
1^,,   the  inclination, 


B, ,    the  mean  motion 

then  the  canonical  elements  are 

%   =  —  iV<ll^ 

93,   =       n,a^^/{\-e,% 


[V(^ 


M,\ 


}]■ 


ai\/(l  —  ei=)cos^i, 

(e.-^.). 

1-9,, 


'  I  ha-ve  for  umformitj  adopted  Jacobi's  cano 
lelUyt  SSI.  pp.  117—120  (1846);  b 
Memoirs  above  referred  to,  amploys  a  slightly  d 
and  that  the  discoietj  of  such  a  system  belongs  t 
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(the  signs  of  the  two  elements  %,  5,  have  been   changed,  but  this  makes   no   diifereiice 
in  the  formula!)  then  the  equations  for  the  variations  of  the  elements  are 


dSI, 

M  +  M 

dt 

-di 

MM, 

«■ 

dt 

M+M 
MM, 

dt 

dm,' 

«, 

M+M, 

dT 

w 

~       MM, 

V,- 

« 

M+M, 

dr 

dl 

+    MM, 

a,- 

It 

M  +  M, 
+    MM, 

dr 

dig. 

M+M, 

dr 

dt 

■•"    MM,' 

«. ' 

and    it    is    easy    thence    to    deduce    the    formulse    for    the    variations    of    any  system 

of  elements   which   it   may  be   thought  proper   to   make   use   of,  for  instance  the  system 

It   will   be  recollected   that   in   the   preceding   system   of  fonnulEe   the   value  of  the 
disturbing  function  T  is 


V[(a;i  -  a^T  +  {y,  -  y,f  +  (5,  -  2.)1 ' 


to   the   velocities 


and   that   as   a   iirst   approximation   Pi,   Q,,   R^   are  respectively 

^i'.    Vi'    ^I'l    each    multiplied    by    the     constant    factor     . .      „  ,    and    Pa,    Q„,    R, 


respectively  equal  to  the  velocities  x^,  yi 
2,  Stone  Buildings,  IStk  Oct,  1856. 


,  each  multiplied  by 


MM, 
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182. 

ON   LAGRANGE'S   SOLUTION   OF   THE   PROBLEM   OF   TWO 
FIXED   CENTRES. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  76—83.] 

The  following  variation  of  Lagrange's  Solution  of  the  Problem  of  Two  Fixed 
Centres('),  is,  I  think,  interesting,  as  showing  more  distinctly  the  connection  between  the 
differential  equations  and  the  integrals.  The  problem  referred  to  is  as  follows:  viz. 
to  determine  the  motion  of  a  particle  acted  upon  by  forces  tending  to  two  fixed 
centres,  such  that  r,  q  being  the  distances  of  the  particle  from  the  two  centres 
respectively,  and  a,  ^,  7  being  constants,  the  forces  are  —  +  2yr  and  ~  +  2yq. 

Take  the  first  centre  as  origin  and  the  line  joining  the  two  centres  as  axis  of  x; 
and  let  h  be  the  distance  between  the  two  centres,  then  writing  for  symmetry 

x  =  Xi  =  x^  +  h, 

(so  that  «i  is  the  coordinate  corresponding  to  the  first  centre  as  origin,  and  w,  the 
coordinate  corresponding  to  the  second  centre  as  origin)  the  distances  are  given  by 
the  equations 

r^  =  xi'  +  y''  +  2^         q^  =  Xs^  +  y^  +  ^^ 

and  the  equations  of  motion  are 

dP  r'       q^         '  ^  ' 

df  r'         q^        *^-^' 


d''z  _      0.Z        yz 
d¥  ~~  r^    ~'f 


.47^, 


1  Lagrange's   Solution   was   first    published,   in   the    Anciem    M4i»oires   de   Turin,   L.   iv.,   [1760— 69].   and  i 
reproduced  in  the  BMcamque  Analyiique. 
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and  we  obtain  at  once  the  integral  of  Vis-viva,  viz.  multiplying  the  three  equations 
^^  'di'  ~^'  di'  ^^^^'^S  and  integrating  f observing  that  ^  =  -J'  =  -^J ,  we  have 

and  with  equal  facility,  the  equation  of  areas  round  the  line  joining  the  two  centres, 
viz.  multiplying  the  second  and  third  equations  by  —s,  y,  adding  and  integrating,  we 
have 

dz        dy      -r,  ,        , 

So  fai-  Lagrange:   to  obtain  a  third  integral  I  form  the  equation 

dz  1      (d^s      m      8z       ,  ) 


(«.+..). j;-  2..."   x&;+^+^+i,. 


The  terms  independent  of  the  forces  i 


r 


,  ,     ,     .dx/d^'j       d^z\     „       rdv  d'li     dz  d^z\ 

+^"+''-^dt  ['df+'dfj-^'HI  d4+di  *)■ 

which  are  equal  to 

and  the  terms  depending  on  the  forces  are  readily  leduced  to  the  form 


L  fact,  considering  first  the  terms  multiplied  by  a,  these  are 
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which  is  equal  to 

i{(^.-.)(/+-)S..(..-..)(.|.4;)} 
--4'"'. 

and  similarly  the  term  multiplied  by  ^  is 

,  d  X, 
ar  g 

lastly,  the  term  multiplied  by  7  is 

The   preceding    combination    of    the    differential    equations    gives    therefore    an    equation 
integrable  per  se,  and  effecting  the  integration  we  have 


haxi      h0X2 


(3.  a) 


which  is  the  third  integral  equation.  It  may  be  .convenient  to  mention  here  (what 
appears  by  the  comparison  of  the  formula  obtained  in  the  sequel  with  the  corre- 
sponding formulje  of  Lagrange)  that  the  value  of  Lagrange's  constant  of  integration  G  is 

C=K-2Hk''-B^+iyh\ 
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Making  use  of  the  ordinary  transformation 


the  integral  ei^uations  may  be  written  under  the  forms 


dxY  1         /    dij        dsy     a     8        ,  .      ,„  B^ 


(2,  ») 


-('■+-)  (I)'+(-+-)(4-S)I-^(^I 


-  +  -^~-  +  ^V(2/  +«'')  = -ff+^T-M,        {3,  b) 

r  q  '  -^  '  ■f-^-:^  \  •     ^ 

and  observing  that  y'^  +  z^,  x,,  x^  are  in  fact  functions  of  r,  q,  it  is  clear  that  the 
determination  of  r,  q  in  terms  of  t  depends  upon  the  first  and  third  equations  alone. 
Moreover  the  form  of  the  equations  shows  that  we  can  at  once  eliminate  dt  and  thus 
obt^n  a  differential  equation  between  r,  q  alone.  It  would  be  difELcult  to  discover 
4  priori,  before  aictually  obtaining  the  differential  equation  in  question,  that  it  would 
be  possible  to  effect  the  separation  of  the  variables,  but  we  know  that  this  can  be 
done  by  taking  instead  of  r,  q  the  new  variables  u  =  r  +  q,  s  =  r~q.  In  order  to 
complete  the  solution  the  first  step  is  to  introduce  the  variables  r,  q  into  the  first 
and  third  equations :   for  this  purpose  we  have 

_h^  +  r^  —  q^  _k^  —  r'  +  q^  _f'  —  q- 


if  for  shortness 
and  consequently 


■f  2h-r^  +  2h^q^  - 


dee  _1  /    dr         dq^ 
dt~hVdt~^  di, 


Substituting  tlieBe  values  in  the  two  equations,  we  find  for  tlie  iirst  equation 
V  {rdr - qdqf  +  {{h^ ~^-\-q^) rdr  +  (h}  +  7^  -  q^) qdqY 

I-  2BV  -  2/i>B>l  de,  (1,  c) 

14—2 
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and  for  the  second  equation 

-  V'  {rd/r  -  iidqf 

+  2V(rdr-qdq){i'-<f){ih'-r'  +  q')rdr  +  {h-  +  t'-q')qdq\ 

+  (*•  -i,'-  qj]  {{k'  -r'  +  f)rdr  +  {If  + ,"  -  f)  qdqf 

-  **  [^^  {''■  +  r-  -  }•)  +  ?-^  (4'  -  r-  +  5')  -  ^V  +  iKV-  «■  If  ~  (r'  -  j-)')]  dl'.     (2,  c) 
The  first  equation  is  easily  reduced  to 

«■  rt"  (*>  +  dif)  +  Qf  -r'-  qi)  rq  dr  djl  -  24'  |?J  +  ^  -  7  (,•■  +  5')  V  +  2J?  V  -  2«-J?l  df, 
the  second  equation  gives 
h' l(h' - r"  +  s") rfr  +  (4"  +  r'-f) qi,jY - 4"  ({4' - r" - S}") rdr - (4" -37' +  f) qdq]' 
~li'^^  (k-  +  >'-q-)  +  ^  {h'-r'  +  q')-yV'  +  iKV  -  4B-  (4-  -  (r>  -  j-)')]  de, 
and  the  function  on  the  left-hand  side  is 

84'  {h'-r'-q')  fr-  (dr"  +  dg')  +  14'  ((4'  -  r-  -  }■)■  +  I5VI  rq  dr  dq. 
Hence  putting  for  a  moment 


2?-"5=  {dr^  +  dq'^)  +  (4=  -  r"  -  q^)  ^rq  dr  dq  =  Mdt\ 

2  (4"  -  r"  -  }•)  2i-¥  {dr'  +  lijr')  +  ((4"  -,'~q"f  +  iqV\  2rq  dr  dq  =  Ndf, 
and  thence  recollecting  that 

-  (4'  -r'-  qj  +  iqV  =  V, 
we  find 

V  .  2nj  dr  dq  =  [(4=  -  r"  -  5")  2j\/  -  y}  dt', 
V .  ir'q'  {dr'  +  dq')  =  [-  {(4"  -  r"  -  }")■  +  IjV)  Jf  +  (4"  -  r"  -  5")  N]  df, 

and   substituting  for   M,   N  their  values,   the   functions   on   the   right-hand   side   contain 
V  as  a  factor,  and  dividing  by  V,  we  obtain 


2rqdrdq-\'(Sr'  +  q'  -h')  +  ^{r'  +  Sq'-k') 
3(/+10sV-24V-24' 
+  iH{q'  +  r'-k')  +  3K-2B>\de',  {1,  d) 


1 
-  Jy  (Sr"  +  3(/  +  lOqV  -  24V  -  24¥  -  4') 
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Ir'q'-  (dr'  +  dcf)  =     [2ar  {r'  +  tiif  -  It^)  4-  ■2^q  (3)-^  +  5=  -  h') 

+  2H{r^  +  q'  +  6?^y=  -  2^^  (r"  +  q")  +  A'} 

+  2K  ()■=  +  q"--  k')  -  2  (r^  +  q')  5^]  dt\  (2,  d) 

by  comparing  the  first  of  these  formula  with  the  corresponding  formulEe  of 
;e,  we  find,  as  already  observed,  that  the  relation  between  the  constant  K  and 
Lagrange's  constant  C  is  K^  C+2ffh^  +  & -^yk'.  And  substituting  this  valne  of  K, 
the  two  equations  become  identical  with  those  of  Lagrange('). 

The   equation   V  ~ji~ ^  L^^'   (putting   1/ =  V(j/^  +  ^0 *^o*^ '^»   z  —  ^K^f -V z^)sva.  ^)   gives 

V 
at  once  (y- +  z^)  d(t  =  Bdt,  and  substituting  for  ^  +  s''  its  value  =  77-^,  we  find 

which  is  the  third  of  Lagrange's  equations. 

To  complete  the  solution,  the  combination  of  the  first  and  second  equations  gives 
rY  (dr  ±  dqr  =      [a   \{t  ±qr~k'{r±  q)]  ±^[{r±qy-  h'  (r  ±  q)\ 

-  h    Kr  ±  qf  -  h'  {r±qy-  h*  (r  +  §)=  +  h'^ 
+  H    Hr±qy-2kHr±qf  +  h^\ 

+  IK  [{r  ±qf-  Ji']  -2B'(r±  qY]  df, 
and  thence  putting  r+q  —  s,  r  —  q  =  u  and  writing  for  whortncss 

- 17  (5"  -  h?^  -  AV  +  h") 

and 

U=(a-^){u'-u''k) 

-  i7  (w»  -  AW  -  h*sf  +  h') 

'  The  formulte  referred  to  are  the  foimulie  (6),  (c),  M(c  Anal  t  n  page  112  of  the  eecond  editioa 
and  paje  97  of  the  thud  edition  but  there  is  an  macouraoy  m  the  formulse  (c),  B  ought  to  be  changed 
into  B  h^ ,  the  enoi  is  continued  in  the  subsequent  formulfe  and  moreoyer  the  constant  teim  -Ch  is  omitted 
on  the  right  hand  side  of  the  foimulffi  (t)  and  m  the  suhBequent  formula  le  in  the  funetions  of  s  u 
the  term      B^  should  be   -Bh'-Ch 
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we  have 

-{^{s'-uJd^^Sdf,  (I,  e) 

^  (s=  -  u^y  du^  =  Udf,  (2,  e) 


^^^^       ,Jt.  iB,e) 


(s-^-AO{«^-A=)^ 


and  thence  finally 


(1./) 


■JiS)    '■JiW 


BhMs  BiMii 


-{,'-h-)^(Sj    (»'-l')V(tO' 


(3./) 


SO   that   the  problem   is  reduced   to  quadratures,  the  functions  to  be  iotegrated  involving 
the  square  roots  of  two  rational  and  integral  functions  of  the  sixth  degree. 

2,  Stone  Buildings,  lOtk  Nov.,  1856. 
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NOTE   ON   CERTAIN   SYSTEMS   OF   CIRCLES. 

[From  the  Quarteiiy  Mathematical  Journal,  vol.  ri.  (1858),  pp.  83 — 88,] 

It  will  bo  convenient  to  remark  at  the  outset  that  two  concentric  circles,  the 
radii  of  which  are  in  the  ratio  of  I  :  i  (i  being  as  usual  the  imaginary  unit),  are 
orthotomic(^),  and  that  the  most  convenient  quasi  representation  of  a  circle,  the  centre 
of  which  is  real  and  the  radius  a  pure  imaginary  quantity,  is  by  moans  of  the  con- 
centric orthotomic  circle.  This  being  premised  consider  a  circle  and  a  point  G. 
The  points  of  contact  of  the  tangents  through  C  to  the  circle  may  be  termed  the 
taction  points;  the  points  where  the  chord  through  G  perpendicular  to  the  line  joining 
G  with  the  centre  meets  the  circle,  may  be  termed  the  section  points.  It  is  clear 
that,  for  an  exterior  point,  the  taction  points  are  real  and  the  section  points  imaginary, 
while,  for  an  interior  point,  the  section  points  are  real  and  the  taction  points 
imaginary.  A  circle  having  G  for  its  centre  and  passing  through  the  taction  points 
(in  fact  the  orthotomic  circle  having  G  for  its  centre)  is  said  to  be  the  taction  circle, 
A  circle  having  G  for  its  centre  and  passing  through  the  .section  points  is  said  to  be 
the  section  circle.  Of  course  for  an  exterior  point  the  taction  circle  is  real  and  the 
section  circle  imaginary;  while  for  an  interior  point  the  taction  circle  is  imaginary 
and  the  section  circle  is  real.  It  is  proper  also  to  remark  that  the  taction  circle 
and  the  section  circle  are  concentric  orthotomic  eirelea 

Passing  now  to  the  ease  of  two  systems  of  orthotomic  circles,  let  MM',  NJST  be 
lines  at  right  angles  to  each  other  intersecting  in  R,  and  let  M,  M'  be  real  or  pure 
imaginary  points   on   the   line   MM',  equidistant  from   R.     Imagine   a   system   of    circles, 


i  Two  eoacentrie  eirelea  are,  it  ia  well  known,  oonics  having  a  double  oontaot  at  infinity,  aJid  it  appears 
at  first  sight  diffitmlt  to  reconcile  with  this,  the  idea  of  two  particular  concentric  circles  being  orthotomic. 
The  esplanation  is  that  any  two  lines  through  a  circular  point  at  infinity  may  be  eonaidered  as  being  at 
right  angles  to  each  other,  and  therefore  any  line  tlirough  a  circular  point  at  infinity  may  be  oonEidored 
as  being  at  right  angles  to  itself.  The  two  oonoectrio  oirolcB  in  qneation  have,  in  fact,  at  ea,oh  circular 
point  at  infinity  a  common  tangent,  but  this  common  tangent  must  be  oonaidered  as  being  at  right  angles 
to  itself.  The  paradox  disappears  entirely  upon  a  homographio  deformation  of  the  figure ;  two  lines  KL, 
KM  are  then  defined  to  be  at  right  angles  when  joining  K  v'lib.  the  fixed  points  /,  J,  the  four  lines  KL, 
KM,  KI,  KJ  are  a  harmonic  pencil ;  bat  when  K  coincides  with  I,  then  KI  \s  indeteirainate  and  may  be 
taken  to  be  the  fourth  harmonic  of  the  pencil,  i.e.  any  two  lines  IL,  IM  through  the  point  I  may  bo 
considered  as  being  at  right  angles. 
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each  of  them  having  its  centre  on  the  line  NN'  and  passing  through  the  points 
M,  M'  (so  that  MM'  is  the  radical  axis  of  these  circles).  There  ai-e  always  on  the 
line  NN'  two  pure  imaginary  or  real  points  N,  N'  equidistant  from  R,  such  that  the 
circles,  each  of  them  having  its  centre  on  MM'  and  passing  through  the  points 
N,  N'  {NN'  teing  therefore  the  radical  axis  of  these  circles),  are  orthotomic  to  the 
first-mentioned  system  of  circles,  [the  four  points  M,  M',  N,  N'  heing  thus  as  I 
have  since  termed  them,  two  pairs  of  antipoints].  Moreover  if  R  be  made  the  centre 
of  a  circle  passing  through  M,  M',  then  the  concentric  orthotomic  circle  passes  through 
N,  N' ;   this  is  in  fact  only  a  particular  ease  of  the  general  property. 

Suppose  now  that  M,  M'  being  given  as  the  points  of  intersection  of  two  circles 
having  their  centres  on  NN\  it  is  required  to  find  a  circle  having  for  its  centre  a 
given  point  C  on  NN'  and  passing  through  the  points  M,  M'.  In  the  case  of  M,  M' 
being  real,  the  required  circle  is  obviously  given  and  is  always  real  But  if  If,  M' 
are  imaginary ;  then  if  about  any  point  of  MW  as  centre  a  circle  be  described 
orthotomic  to  one  of  the  circles,  it  will  he  orthotomic  to  the  other  circle,  and  will 
meet  NN'  in  the  real  points  N,  N'.  Now  if  /a  be  the  radius  of  the  required  circle 
(i.e.  of  the  circle  having  G  for  its  centre  and  passing  through  the  points  M,  M"), 
then  f,-'  =  (RCy  +  (EM)'  =  (RCy-(RN)'.  Hence  if  RG  >  RN  or  if  0  lies  outside  the 
space  NN',  p^  is  positive  or  the  required  circle  is  real,  and  the  radius  is  at  once 
constructed  from  the  preceding  expression 

f^  =  RG=-RN'. 

But  if  RG  <  RN  or  G  lies  within  the  space  NN",  then  the  required  circle  is  imaginary, 
but  the  concentric  orthotomic  circle  is  at  once  constructed  from  the  formula 

p'  =  RN'-RGK 

Suppose  now  the  point  C  is  a  centre  of  similitude  of  the  two  circles.  The  circle 
having  G  for  its  centre  and  passing  through  the  points  M,  M'  is  a  taction  circle  of 
all  the  taction  circles  of  the  two  circles,  it  may  be  termed  the  tactaction  circle.  The 
concentric  orthotomic  of  the  circle  having  0  for  its  centre  and  passing  through  the 
points  M,  M'  is  a.  section  circle  of  all  the  taction  circles  of  the  two  circles,  it  may 
be  termed  the  sectaction  circle.  Consider  first  the  case  where  the  circles  intersect  in 
a  pair  of  real  points ;  here  the  two  centres  of  similitude  are  on  opposite  sides  of  R ; 
the  tactaction  circles  are  both  real,  the  sectaction  circles  both  imaginary.  Secondly, 
the  ease  where  the  two  circles  are  wholly  exterior  each  to  the  other,  the  two  centi-es 
of  similitude  lie  on  the  same  side  of  R,  viz.  the  centre  of  inverse  similitude  between 
R  and  N,  the  centre  of  direct  similitude  beyond  N.  Hence  the  tactaction  cu-cle 
corresponding  to  the  centre  of  direct  similitude  and  the  sectaction  circle  corresponding 
to  the  centre  of  inverse  similitude  are  real,  the  other  tactaction  circle  and  sectaction 
circle  are  imaginary.  Thirdly,  the  case  where  one  of  the  circles  is  wholly  interior  to  the 
other ;  here  the  two  centres  of  similitude  are  still  on  the  same  side  of  R,  but  the 
centre  of  direct  similitude  lies  between  R  and  jV",  and  the  centre  of  inverse  similitude 
lies  beyond  N.  Hence  the  sectaction  circle  corresponding  to  the  centre  of  direct 
similitude  and  the  tactaction  circle  corresponding  to  the  centre  of  inverse  similitude 
are  real,  the  other  sectaction  cirele  and  tactaction  circle  are  imaginary. 
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To  obtain  a  distinct  idea  of  the  methods  made  use  of  in  Gaultier's  "  Memoire 
8ur  les  inoyens  gen^raux  de  construire  graphiquement  un  corcle  determine  par  trois  con- 
ditions," {Jour,  ^cole  Polyt.  t.  IS.  [1813],  p.  124),  and  in  Steiner's  "Geometrische  Betrach- 
tungen,"  Crelle,  t.  i.  [1826],  p.  161 ;  it  should  be  remarked  that  both  of  these  geometers, 
confining  as  they  do  their  attention  to  real  circles,  do  not  consider  the  section  circle 
of  an  exterior  point,  or  the  taction  circle  of  an  interior  point.  The  taction  circle  of 
an  exterior  point,  or  the  section  circle  of  an  interior  point,  is  Gaultier's  "Cercle  radical," 
and  Steiner's  "Potenzkreis,"  and  Steiner  also  speaks  of  the  radius  of  this  circle  as  the 
"Potenz"  of  its  centre  in  relation  to  the  given  circle.  The  nature  of  the  Cercle 
radical,  or  Potenzkreis,  (i.e.  whether  it  is  a  taction  circle  or  a  section  circle)  is  of 
course  determined  as  soon  as  it  is  known  whether  the  centre  is  an  exterior  or  an 
interior  point,  and  Gaultiei-  distinguishes  the  two  cases  as  the  "radical  r^ciproque"  and 
the  "radical  simple,"  and  in  like  manner  Steiner  speaks  of  the  Potenz  as  being 
"auszerlich"  or  "innerlich."  Again,  for  two  circles  and  for  a  given  centre  of  similitude 
Gaultier  and  Steiner  employ  the  tactaction  circle  or  the  sectaction  circle,  whichever 
of  them  is  real,  Gaultier  without  giving  any  distinctive  appellation  to  the  circle  in 
question,  Steiner  calling  it  the  Potenzkreis  of  the  two  circles,  and  in  particular  the 
"auszere  Potenzkreis"  or  the  "innere  Potenzkreis,"  according  as  it  has  for  centre  the 
centre   of  direct   similitude  or   the   centre   of  inverse   similitude. 

The  preceding  properties  of  circles  are  of  course  at  once  extended  to  conies 
passing  each  of  thom  through  the  same  two  points ;  it  is  I  think  worth  while  to 
notice  what  the  analogue  is  of  a  pair  of  concentric  orthotomic  circles.  If  the  fixed 
points  are  /,  /  and  if  the  point  corresponding  to  the  centre  is  K,  then  the  conies 
are  of  course  conies  touching  the  lines  KI,  KJ  in  the  points  /,  J,  and,  one  of  the 
conies  being  given,  the  other  is  to  be  determined.  It  is  easily  seen  that  if  an  arbitrary 
line  through  /  meets  the  conies  in  P,  F  and  the  line  KJ  in  M,  then  the  points 
/,  M,  P,  P'  are  a  harmonic  range,  and  this  condition  gives  the  construction  of 
the  second  conic;  it  of  course  follows  that  an  arbitrary  line  through  J  meets  the 
conies  in  points  Q,  Q'  and  the  line  KI  in  a  point  N  such  that  the  points  J,  iV",  Q,  Q' 
are  also  a  harmonic  range.  The  two  conies  in  question  may  be  termed  "inscribed 
harmonics'*  each  of  the  other. 

Addition.     The    equation    of   the    tactaction   circle,   corresponding   to    the   centre    of 
direct  (or  inverse)  similitude,  of  two  given  circles,  may  be  found  as  follows : 
Let  the  equations  of  the  given  circles  be 

(«-.).  +  (,- /J)'  =  c-, 
(«:-.')-  +  (y-«-  =  c', 
then  the  cooidiuates  of  the  centre  of  direct  similitude  are 


which   are   therefore    the    coordinates    of   the   centre   of   the   tactaction   circle ; 
equation  of  this  circle  is  of  the  form 
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or,  expamiing  and  reducing, 

(^  +  f}-2[a\  +  ci'(l-\)]x~2[$X  +  l3'(l~-K)]i/  +  X(a'  +  ^'-c')  +  (l-X)(<x'^  +  0'-'-c'')  =  O. 
We  must  therefore  have 

,    ,     w.      ,\      ac'  —  a'c 
a\  +  a'  (1  -  X,)  =  —, , 

which  are  consistent  with  each  other  and  give 


and  the  equation  of  the  tactaction  circle  is 

which  may  also  he  written 

We  have  thus  the  equation  of  the  tactaction  circle  corresponding  to  the  centre  of 
direct  similitude,  and  that  of  the  tactaction  circle  corresponding  to  the  centre  of 
inverse  similitude  is  at  once  obtained  from  it  by  changing  the  sign  of  one  of  the 
two  radii  e,  c'. 

Consider  any  three  circles  and  combining  them  in  pairs,  by  what  has  preceded 
the  equations  of  the  tactaction  circles  corresponding  to  the  centres  of  dii'ect  similitude 
will  be 

ic" -c-)iaf  +  f)-2 (a-c-' - cl"c') x - 2  (^'c" - y3"c') y 

+  c" (a'=  +  (3'0  - c' (a"2  +  ji"')  +  c'c" (c" - c)  =  0, 

+  c  {a'  +  ff")-c"{a^  +^')  +c"c  {c  -c")  =  0, 
(c    -c)(^  +  /)-2K  -a'c   )a:-2(0c'   -ffc')y 

+  c  (a=  4-^0  -0  (a'^  +  &'^)  +  cc'  (c'  ~g)  =0, 
and  representing  these  equations  by    [T  =  0,   IT  =  0,   U"  ~  0,  we  have  identically 
cU  +  c-U'+o"U"  =  0, 

hence  the  three  tactaction  circles  pass  through  the  same  two  points,  or  what  is  the 
same  thing,  have  a  common  radical  axia 
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A  THEOREM  RELATING  TO  SURFACES  OF  THE  SECOND  ORDER. 

[From  tho  Quarterly/  Mathematical  Journal,  vol.  ri.  (1858),  pp.  140 — 142.] 

Given  a  surface  of  the  second  order 

{a.  b,  c,  d,  /,  g,  h,  I,  m,  n)  (w,  y,  z,  wf  =  0. 
and  a  fixed  plane 

CLX  +  0j/  +  y2  +  Bw  =  0, 
imagine  a  variable  plane 

^x  +  ijy  +  ^z  +  (ovj  =  0, 

subjected    to    the    condition    that    it    always    touches    a    surface    of    the    second    order,    or 
what  is  the  same  thing  such  that  the  parameters  f,  t],  ^,  co  satisfy  a  condition 

(a,  b,  c,  d,  f,  g,  h,  1,  m,  n)  (^,  i],  f,  «)^  =  0. 

The  given  surface  of  the  second  order,  and  the  variable  plane  meet  in  a  conic, 
and  the  fixed  plane  and  the  variable  plane  meet  in  a  line,  it  is  required  to  find  the 
locus  of  the  pole  of  the  line  with  respect  to  the  conic. 

The  pole  in  question  is  the  point  in  which  the  variable  plane  is  intersected  by 
the  polar  of  the  line  with  respect  to  the  surface  of  the  second  order;  this  polar  is 
the  line  joining  the  pole  of  the  fixe<l  plane  with  respect  to  the  surface  of  the  second 
order,  and  the  pole  of  the  variable  plane  with  respect  to  the  surface  of  the  second 
order.  Let  «i,  /3,,  y^,  S,,  be  given  linear  functions  of  a,  /3,  7,  S,  and  ^,  ij,  if,  a,  be 
given  linear  functions  of  J,  tj,  ^,  la,  viz.,  if 

(SI,  %  (>,  3),  s,  @,  ^,  8,  n,  9tX 
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are  the  inverse  system  to  (a,  h,  c,  d,  f,  g,  h,  I,  m),  then  let 
%  =  81«  +  .{l^  +  @V  +    U, 

7,  =®a+  gj3  +  %  +S8, 

8,  -  ia  +  me+^Xj+  ts. 

and  in  hkc  manner, 

f.  =  ?lf +  §,  +  ©?+    ?«, 

»,=  8f +  «l,  +  «f+  Dm, 
then  the  coordinates  of  the  polo  of  the  iixed  plane  are  as 

«■  :  A   :  7,   :   S„ 
and  the  coordinates  of  the  pole  of  the  variable  plane  axe  as 

i,  ;  %  ;  f,  :  S„ 

whence  the  equations  of  the  polar  are 

=  0, 


f,,     V,,     ^„     <". 
a  system  of  equations  which  may  be  thus  represented 
f  1  =  KXx  -f  /j.a, , 
7]-,  =KXy  +  ti0„ 

where  K  is  the  discriminant  of  the  system 

(a,  h,  c,  d,  e,  f,  g,  h,  I.  m,  n). 


Write 


X  —  00!  +  hy  +  gz  +  Iw, 
y  —hx  +  by  +fz  +  inw, 
z  ^gsc  -\-fy  +02  +  nw, 
w  =  lie  +  my  +  nz  +  dm, 
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the  last  preceding  system  of  equations  may  be  written 

f  =  Xx  +  /ia, 

^  ^Xy  +  ^^, 

CO  =  \w  +  /iS, 

equations  in  which  X,  ^n  are  indeterminate,  and  where  x,  y,  z,  w  may  be  considered 
as  current  coordinates,  and  this  system  represents  the  polar  above  referred  to.  Com- 
bining the  equations  in  question  with  the  equation 

^x  +  t]y+^  +  (oio  =  0, 

of  the  variable  plane,  we  have 

X  (xK  +  ?/y  +  iiz  +  ww)  +  fi  {ax  +  ^y  +  yz  +  hji)  =  0, 
i.e. 

X{a,...)  {x,  y,  z,  wy^  +  fi  {ax +  ^y  +  y2  + Bw)  =  0, 

or  what  is  the  same  thing 

X  :  /J.  =  ax  +  01/ +  ryz  +  Bu)  :  {a,...)(x,  y,  z,  luf, 

and  substituting  these  values  in  the  expressions  for  |,  ij,  %,  w  we  have  f,  t\,  ^,  m  in 
terms  of  the  coordinates  x,  y,  s,  w  of  the  pole  above  referred  to,  i.e.,  if  for  shortness, 

U={a,  b,  c,  d,f,  g.  h,  I,  m,  n)  {x,  y,  s,  wf, 
P  =aa:  +  0y  +  jz  +  Bw, 
then 

^  ^^Pd^U-  aU, 

V==^PdyU-0IT, 
K^iPd,U~r^U, 
u>  =  lPd^U-  BU. 
and  combining  mth  these  equations  the  equation 

(a,,..)  (I,  ,,  f,  „)-.0, 
we  have 

(a...)  (SsPd^U-aU.  \PdyU~8U,  ^Pd,U-jU,  i^Pd^U  ~  BUf  =  {), 

for  the  required  locus  of  the  pole  of  the  line  of  intersection  of  the  variable  plane 
and  the  fixed  plane,  with  the  conic  of  intersection  of  the  given  surface  of  the  second 
order  and  the  variable  plana  The  locus  in  question  is  a  surface  of  the  fourth  order; 
and  it  may  be  remarked  that  this  surface  touches  the  given  surface  of  the  second 
order  along  the  conic  of  intersection  with  the  fixed  plane. 

1th  April.  1857. 
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NOTE  ON  THE  'CIRCULAR  RELATION'  OF  PROF.  MOBIUS. 

[From  tho  Quarterly  Mathematical  Joui-nal,  vol.  ii.  (1S58),  p.  162.] 

Theorem. 

Given  the  points 

A,   B,    0;   P, 
and  the  points 

A',  B',  C ; 

describe  the  circles  a,  ^,  y,  a>  as  follows :   viz, 

a  through  (B,  C,   P), 

^        .,         (0,  A,    P), 

J        „         (A,  B,    P), 

a,       „         (A.  B,    G), 

and  the  circles  a',  ^',  7',  o)'  as  follows:    viz,, 

a!  through  {B',  C)  cutting  ai'  at  the  angle  at  which  a.  cuts  «, 

^'       „        {G-.  A')      „         «'  „                       0      „     a>, 

7         ..         (A',  B')      „         »'  „                       y      „     a,  and 
o>'        „         (A',  B,  C) 

then   will   a',  ^',  7'   meet   in   a   point   P',   i.e.   we  shall   have   the   points   A\   B',  C;   P' 
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such  that  the  circles  a',  /3',  7',  w'  pass 

a'  through  {B\  C",   F'), 

0        „        (C,  ^',  P'), 

7'        „        (A',  B;  F), 

m'       „        (A',  B',    Cy 

We  may  construct  in  this  manner  two  figures,  such  that  to  three  points  of  the  first 
figure  there  correspond  in  the  second  figure  three  points  which  may  he  taken  at 
pleasure,  but  these  once  selected  to  every  other  point  of  the  first  figure  there  will 
correspond  in  the  second  figure  a  perfectly  determinate  point.  And  the  two  figures 
will  be  such  that  whenever  in  the  first  figure  four  or  more  points  lie  in  a  circle, 
then  in  the  second  figure  the  corresponding  points  will  also  lie  in  a  circle.  The 
relation  in  question  is  due  to  Prof.  Mobius,  who  has  termed  it  the  Kreis-verwandschaft 
(circular  relation)  of  two  plane  figures.  See  his  paper  Grelle,  t.  Lii.  [1856],  pp.  218 — 228, 
extracted  from  the  Berichte  of  the  Royal  Saxon  Society  of  Sciences  of  the  5th  Feb. 
1853,  [and  Werke,  t.  ir.  pp.  207—217]. 
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ON   THE   DETEEMINATION   OF  THE   VALUE   OF   A   CERTAIN 
DETERMINANT. 


[From  the  Quarterly  Alathematkal  Journal,  vol.  II.  (1858),  pp.  163—166.] 
Considering  the  determinant 

«,        1,  ... 

e,  2 

» - 1,        «,         3 

11  -  2,     e,     4 

let  the  successive  diagonal  minors  bo   U^,   U^   U.^,...U^...,  it  is  easy  to  find 
i7,  =  (9'-l)-(..-l), 

cr.  =  e  (9"  - 1)  -  3  {«  -  2)  0, 

e..(«'-l)(e--9)-6(»-3)(9--l)  +  3(.-3)(,,-l), 
wliich  in  fact  suggests  the  law,  viz. 

f/,  =  (»  +  »-l)(9+«!-3)(«  +  a.-o)...(8-ic  +  6)(9-a!  +  3)(«-i»+l) 

---^-^'(»-^+l)(«  +  a'-3)(e  +  »'-o)...(e-s,  +  6)(0-a.+  3) 


2.4 


(»-a!  +  l)(»-a;  +  3)(e  +  »-6)...(9-a,  +  5) 


:  +  l)(ii-a;  +  3)...(»-3!+2s-l) 
-l)(9  +  it- 2»- 3). ..(»-«  + 2s +  1) 


to  s  =  ^at  or  J(a;  — 1),  as  ^ 


r  odd. 
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And  of  course  if  x  denote  the  number  of  lines  or  columns  of  the  determinant,  then 
Ux  is  the  value  of  the  determinant.  This  theorem,  or  a  particular  case  of  tt,  is  due 
to  Prof.  Sylvester:  I  have  not  been  able  to  find  an  easier  demonstration  than  the 
following  one,  which,  it  must  be  admitted,  is  somewhat  compHcated.  I  obseiTe  that 
Ux  satisfies  the  equation 

U^ - SU^-,  +{ie-l)(n-x  +  2)  U^^,  =  0. 

Hence  writing  cc—1  and  ;c  —  2  for  x,  we  have  the  system 

(7^1  -  0 U^-,  +  (x-2)(i,-x  +  3)  Ux_,  =  0, 

or,  eliminating  Ux-^  and  Ux^^, 

+  (^_2)(^-3)(«-^  +  3)(»-^  +  *)i/,.,  =  0. 
Suppose,  for  shortness, 

{e  +  x-\){e+x-^){e  +  x-b)...{e-x  +  b)(0-x^^)i6-x  +  i)  =  H^, 

and  assume 

U^^A^,,  H^-A^,,  H :,_,...+ {-y A ^^,  H^^.... 

where  A^.s  is  independent  of  9,  then 

Ux      contains  the  term  (— )Mj^„      -^i-as. 

Pa,-.,  contains  the  term  (-fA^.^^,  -ffi^-s-a, 

which  is  to  be  multiplied  by 

{x~-\)(n-x  +  %)  +  {x-2){n-x  +  ^)-eK 

This  multiplier  may  be  written  under  the  form 

(^  -  1)  (k  -  a;  +  2)  +  (3^  -  2)  (n  -  ^  +  3)  -  (ic  -  2s  -  1)^  -  1^  -  (3^  -  2s  -  1)=J 

if,  for  shortness, 

Mx..  =  (x-\){n-x+'2:)  +  {x-i){n-x  +  ?,)-{x~2s-'iy. 
Now 

M^^,~[e'-{x-2s-Vf\ 
multiplied  into 

(-)M,_,.fl._,_, 
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gives  rise  to  the  terms 

(since  [&'~ip;  —  2s  —  \Y]  -^i-^s-a  =  ^a^a),  or,  what  is  the  same  thing, 
-  {-)■«..„  ^,_,,„  ff^.-  (-)M„.  J?^, 
-  -  (-)■  (»,,„  ^^,.„  +  4,_,,,1  -ff,^,, 
and  moreover 

Fi-4  contains  the  term  (— )Mt_j  s  //i_a_, , 
or,  what  is  the  same  thing,  (— )Mi_4s_i  /?5_o,. 
Hence  we  must  have 
A,.. - (^,-,..  +  J/.,.-,  ^„,„)  +  (it -  2) (»■  -  3)  (»  -  ^  +  3)  (n  - 1+  l)^.-.,._,  =  0, 

where 

J>4,-  =  («  -  1)  (»  -  «■  +  2)  +  (a:  -  2)  (»  -  «  +  3)  -  («  -  2«  +  ly. 

This  may  be  satisiied  by  assuming 

A,,,        .  JJ,,,  (i.-!r  +  l)(n-^'  +  S). ..(.!-:«  + 2s -1); 
for  then 

A,-„    =S„,.    (»-a:  +  3)...(»-iB  +  2»-l)(«-ii,+  2«  +  l), 

A._,.,_,  -  £„„(«  -  3!  +  3) . ..  (n  - «  +  2»  -  1), 

(B-!t  +  S)(B-a!  +  4)^^,,„.B._,, ._,(»-« +  ■!)(»-«  + 3). ■■(«-if  +  2<i-l). 

and  consequently 

-B,,.    (»-a;  +  l) 

--B-.,.(»-^'  +  2«  +  l) 

+  B,-.,,_  («  -  2)  («  -  3)  («  -  «  +  4) .  0  ; 

and  if  this  equation  be  satisfied  independently  of  n,  we  must  have 

S.,.-  -B.-!,.-  (23!-3)-B_,,„+     («- 2)  (»- 3)  £,_,,,_,  =  0, 

B,,,  -  (2s  +  1)  B„,  -  |5iB  -  8  -  (^>  -  2,  +  l)'i  -«„.,_,  + 1  (a;  -  2)  (^  -  3)  B,_,,,_,  -  0, 

and  these  are  both  satisfied  by 

_».»-!. ..»-2s  +  l 
2'.1.2.3...« 

in  fact,  substituting  this  value  and  omitting  the  fiictor 

(a;-2)(ir-3)...(»-2»  +  l) 
2M.2.3...S 
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the  fiiBt  equation  becomes 

«(ai-l)-  (a;-2s)(3!-2s-l)-  (2»>-3)2s+  fc(s-l)  =  l], 

and  the  second  equation  becomes 

«(«-l)-(2»  +  l)(a;-2s)(a;-2«-l)-l5a)-8-(a;-2.,  +  l)'|2«  +  16«(.-l).0, 
which  ai'e  each  of  them  an  identical  equation,  the  first  being 

-a'  +  (4s  +  l)js-2»(2s  +  l) 
—  4sa:  +  6s 

+  4»(»-l)  =  0, 
and  the  second  being 

-  (2s  +  1)  {ar-  -  (to  +  1)  a;  +   2s  (2s  +  l)} 
+  is{af-  (*s  +  3)  I  +  (2»  -  !)•  +  8| 
+  16s(s-l)-0, 
as  may  be  easily  verified. 

Hence  writing  for  if^s  its  value  and  recapitulating,  the  equation 
£7.  +  ((«  -  1)  («  -  «  +  2)  +  (a!  -  2)  (11  -  »  +  3)  -  O-}  U^ 

+  (a;  -  2)  («  -  3)  (ii  -  a!  +  ,3)  (»  -  a:  +  4)  (7„.=  0 
is  satisfied  by 

lI,-A,,H,-A,,H^,...+(-fA,,H,^...lo  s=i.r  or  K«-l),  as  ii  is  even  or  odd 
where 

H.   =(9  +  a-l)(fl  +  :t-3)(9  +  a;-5)...(«-«  +  5)(fl-^  +  3)(e-a;+l), 

^.,.=^^;\^|^^(»-  +  l)(..-+3)...(,.-.  +  2.-l,, 

and  since  for  k  =  0,  1,  2,  3  the  values  of  the  expression  U^  coincide  with  those  of  the 
first  four  diagonal  minors,  the  expression  gives  in  general  the  value  of  the  diagonal 
minor,  or  when  x  denotes  the  number  of  lines  or  columns  of  the  determinant,  then 
the  value  of  the  determinant, 

2,  Stone  Buildings,  1st  April,  1857. 
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ON   THE   SUMS   OF  CERTAIN   SERIES   ARISING  FROM 
THE   EQUATION   x^u  +  tfx. 

[From  the  Quarterly/  Mathematical  Jaarmd,  vol.  II.  (1858),  pp.  167 — 171.] 

Lagkange   has  giveo   the  followiog   formula   for   the   sum  of  the  inverse   ra'"  powers 
of  the  roots  of  the  equation  x  =  u  +  tfx, 

X  («-')  =  ,.-  +  (-  »,r"-/,0  \  +  (-  »,■--/■»)■  ]^  +  to.  (1) 

where  ji  is  a  positive  integer  and  tho  scries  on  the  second  side  of  the  equation  is 
to  be  continued  as  long  as  the  exponent  of  m  remains  negative  {Theorie  des  Equations 
Numdriques,  p.  225),     Applying  this  to  the  equation  x^l  +  tx',  we  have 

V  ,    „,      ,   .,     ".   -.   „j-^,      n(n~2s  +  l)^„  ,   „^,_, 


^  (_),  n{n^q.^.q-l)...{a-qs^)  ^^    ^_,^^^^_^  _  ^^_  ^^^ 


to  be  continued  while  the  exponent  of  1  remains  negative. 

Let  n=ns  +  p,  p  being  not  greater  than  s— 1,  the  series  may  always  be  continued 
up  to  5  =  /i,  and  no  further.  In  fact  writing  the  above  value  for  n  and  putting 
q  =  fi  +  dy  the  general  term  is 

JU.+  S 

<->'*'  i:i7.(irve)  (»»■  +  f)  (/>-"•  +  /'  +  «- 1)  -  (f  - ««  + 1)  I-"-"*--"'. 

Now   if    p  +  ii  —  dis  —  V)   is   uegative   or   zero,   the    tenii    is    to   be   rejected   on   accouut 
of    the   index   of    1    not    being    negative,   and   if    this   quantity   be   positive,   then   since 
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.p-0s  +  l  is  necessarily  negative  for  any  value  oi'  d  greater  than  zero,  the  factorial 
■{p-6s  +  ii+d~l)...(p---6s  +  l)  begins  with  a  positive  and  ends  with  a  negative  factor, 
and  since  the  successive  factors  diminish  by  unity,  one  of  them  is  necessarily  equal  to 
zero,  or  the  term  vanishes;   hence  the  series  is  always  to  be  continued  up  to  g  =  fi. 

Hence 

S  (s-^-p)  =  1  _  ^  +  P  ( +  (/^  +  p){(/i.-2)s  +  p  +  l]  ^^ 


f(-)^ 


(n^  +  p)HfL-q)s  +  p  +  q-l\...{{ti~q)s  +  p  +  l] 
1.2...q  ~"' 

(3) 


■continued  to  q  =  p» 

By  taking  the  terms  in  a  reverse  order,  it  is  easy  to  derive 

1-&C.  (1) 

continued  to  q  =  ti. 

Suppose    in   particular    s  =  -2,   and  i  = ^ ,   so   that   the   equation    in   a:   beco: 

— ~  =  —      g- ,  whence  ic  =  -a  or  ic=      .  i  ■  '""  substituting  in  (2),  we  find 

(^i).  ^ (-).  .  J  , »  ^1^  »J"_-J)  (<i±i)= ,  ^,  ,,) 

/a  +  1\^"        /a  +  l\i"'-" 
■  continued  to  the  term  involving  (  -  „— 1      or  I — ^-  J 


\--^l     04^1  _     b        «  + 1  _      ab 
°  "*"    ~     a '       2     ~  a  +  b'      a:-'     ~'(a  +  b)-' 
we  obtain 

..-+6-  .      «i         1.0.-3)  J5*L_4e 

(a+6)-  1  (a  +  S)-*      1.2      (0  +  6)'     ™- 


(6), 


(a +  !>)•- a' -b'  ;i-3 


+  i^ ^;^^ '(a  +  by-'aV-Sic.      (7), 

to  be  continued  as  long  as  the  exponent  of  (a  +  b)  on  the  second  side  is  negative. 
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This  formula,  which  is  easily  deducible  from  that  for  the  expansion  of  cosnO  in 
powers  of  cos  e,  i«  employed  by  M.  Stern,  Orelle,  t.  xx.  [1840],  in  proving  the 
following  theorem :    If 

,^,_»-S^,»^4)^_^^^  (8) 

continued   to   the   first   term   that   vanishes,  then   according   as   n   is   of  the  form  Qk  +  H. 
Gk  ±  1,  6k  or  6k  ±  2, 

;?  =  -,     S  =  0,    S  =  -^-,     S  =  -,  (9) 

which   is   in   fact   immediately  deduced   from   it   by  writing   b^oia,  <o    being   one   of  the 
impossible  cube  roots  of  unity.     Substituting  the  above  values  of  x  in  the  equation  (4), 


a+* +(!+.)-= .,      {U        1^.        <'^±M^\r:*i,--}. 


(l+«y"  +  (l  +  .)f.(2y+l)a{l+<-'?ii'-P     „-^j  +  ...} 

i.e 

A  i^r  (1  +  a).  =  (-)."  Uor{l  +  «)..  =  (-).  S  (-)f+.  U. 

where   A   and   1    refer  to  the  variable  p.     The  summation   is   readily  effected  by  n^eans 
of  the  formula; 

S(-)f«(2p  +  l)  (J) +  «+l)...<?-»)-(-)"(P  +  «  +  l)-. ■(?-»-!). 

X(-)i'+>(p  +  «)-(p-»)-2p-(-)'(y  +  5)...(p-»-i), 

and  we  thenco  find 

a  +  «i»-     1.1+      t>(p-i)        _'•    ,  (y  +  i)p(p-i)(y-2)     a-  1 

(,    (p  +  l)p(p-l)  ^^       1 

U  1.2.3  l  +  a^'J'  ^^•'' 
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a  tbniiula  of  Euler's  iJ^et.  Trans.  KSll)  demonstrated  likewise  by  M.  Catalan  {Liouville, 
t.  IX,  [1844],  pp.  161 — 174)  by  induction.  It  may  be  expressed  also  in  the  slightly 
different  f<inn 


(1+«)P  = 


(p  +  l)p         ^'      ,  (lo  +  2)(p  +  l)io(jj-l) 


1.2  1+a  1.2.3.4  (H-«)''     '"] 

(14) 


g       (p      (p  +  l)j,(^-l)     tt^  1 

1+all  "^  1.2.8  1+a         f 


The  two  series  (13),  (14)  are  each  of  them  supposed  to  contain  p  +  1  terms,  p  being 
an  integer;  but  since  the  terms  after  these  all  of  them  vanish,  the  series  may  be 
continued  indefinitely.  Suppose  the  two  sides  expanded  in  powers  of  p,  the  coefficients 
will  be  separately  equal,  and  thus  the  identity  of  the  two  sides  will  be  independent 
of  the  particular  values  of  p,  or  the  equations  (13),  (14),  and  similarly,  (10),  (11),  (12) 
are  true  for  any  values  of  p  whatever.  It  is  to  be  observed  that  the  series  for 
negative   values   of  p   do   not   differ  essentially  from  those   for  the  corresponding  positive 

values;   as  may  be  seen  immediately  by  writing  —p  for  p,  and    -    -    for  a. 


next   s  =  3,   or   that    the    equation    in   x  is   x  =  l-\-tx';    to    rationalise    the 
4  (R'  —  \y 
roots   of  this,  assume   (=   ,™-,  -q.,   .  t'lien  values  of  ic  are 
(p  +^> 

-    >^'  +  3         ^  _    ^  +  3  ^  ,S^3 

'*"2(04-l)'  "^         2(^-1)'  "^     ^'-l' 


-2.  {(^  +  1)»  +  (-)^(^-  l)»}  +  (^^-iy'  ^ 

where    ( =  "r^-"^rv  '   '^'^^    ^^^    series   is    to     be    contiimed    up    to    the    term    involving 
jl»   ll«"i  or  (•"-•. 

Again,  from  the  formula  (4)  we  deduce  the  three  following  forms, 


2^(/g5_l)5f 


(16) 
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(         (y  +  2)fr  +  l)y,. 


2»(,3«-l)'(,9'  +  3)- 

(3m  +  2)j-2 2"."3:4:F *    ■■•+(-)'  2.3...<35  +  2)  '    -{.(IS) 

all  of  them  continued  up  to  ^  =  ^. 

2,  S(one  Buildings,  1st  April,  1857, 
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ON    THE    SIMULTANEOUS    TRANSFORMATION    OF    TWO    HOMO- 
GENEOUS FUNCTIONS  OF  THE  SECOND  ORDER. 

[From  the  Quarterly  Matheinatical  Journal,  vol,  II.  (1858),  pp.   192 — 195.] 

In  a  fonner  paper  with  this  title,  Cambridge  and  Dublin  Math.  Journal,  t.  iv. 
[1849],  pp.  47—50  [74],  I  gave  (founded  on  the  methods  of  Jacobi  and  Prof  Boole) 
a  simple  solution  of  the  problem,  but  the  solution  may  I  think  be  presented  in  an 
improved  form  as  follows,  where  as  before  I  consider  for  greater  convenience  the  case 
of  three  variables  only. 

Suppose  that  by  the  linear  transfonnation(') 


we  have  identically 

{a,   b,  c,  f,  g,h\x,y,  zf  =  (a,  ,  b,  ,  c,  . /,,  g,  ,  k,  In;,  y,.  z,)\ 
(A,  B,  0,  F,  G,  H^x,  y,  zy^{A„  B„  C„  F„  G„  H.'^x,,  y„  z,f: 

and  write  also 

(f.,  1..  «  =  (  ".   "'.    '"  5f  "J,  t). 


[■  the  Bystem  of  equatioi 


I  represent  ir 

1  thi 

.0  in  all  like  , 

;ases 

C.    III. 
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Comparing  these  with  the  relations  between  (x,  y,  z)  and  {x^,  i/,,  Si)>  we  see  that 

(f,  ,,  tix.y.z) -((„,„  f.5«;„y„.,), 

and  multiplying  the  tirat  of  the  relations  between  two  quadrics  by  an  indeterminate 
i.|uantity  \  and  adding  it  to  the  second,  we  have 

(Xa  +  A.-.J^x,  y,  2)=  =  (?wti  + Ai,  ...JaJi,  y,,  z^f. 

We  have  thus  a  linear  function  and  a  quadric  transformed  into  functions  of  the  same 
form  by  means  of  the  linear  substitutions,  and  any  invariant  of  the  system  will  remain 
unaltered  to  a  factor  pres,  such  factor  being  a  power  of  the  determinant  of  sub- 
stitution. The  invariants  are,  1°  the  discriminant  of  the  quadrie ;  2°  the  reciprocant, 
considered  not  as  a  contravariant  of  the  quadrie,  but  as  an  invariant  of  the  system. 
And  if  we  write 

^=Dise.  (\ci,  +  A,...\x,  y,  zf, 
(31,  33,  6,  g,  @,  ^5?,  %  0'  =  Recip.  (^a  +  A,...\x,  y,  zf, 

then  £"1,  &a  being  the  analogous  expressions  for  the  transformed  functions,  and  the 
determinant  of  substitution  being  represented  by  II,  we  have 

and  substituting  for  f,,  r},,  ^,  their  values  in  terms  of  f,  r/,  ^,  the  last  equation  breaks 
up  into  six  equations,  and  we  have 

(a„...$/3, /S',  ^")  {7,  y\j")  =u% 

which  is  the  system  obtained  in  a  somewhat  different  manner  in  ray  former  paper. 
Putting /j  =  jr,  =  A,  =  -F,  =  6=1  =  ^^1  =  0,  and  writing  also  (which  is  no  additional  loss  of 
generality)  a,  =  b,  =  c,  =  l,  the  formulfe  become 

(«,    b,   c,  /,  g.     h^x,  y,  zY^a,     1,     1  5^A  y,\  z,% 

(A,  B,  C,  F,  G,  H'^x,  y,  zf  =  iA„  B„  (?,$V,  yi\  V), 

viz.  there  are  two  given  quadrics  which  are  to  be  by  the  same  linear  substitution 
transformed,  one  of  them  into  the  form  x,'' +  yi' +  z,"  and  the  other  into  the  form 
AiXi^  +  B^yi^  +  CjZ^^  where  j1i,  B,,  Ci  have  to  be  determined.  The  solution  is  contained 
in  the  following  system  of  formula,  viz. 

(A,  +  \)  (B,  +  X)  {C\  +X}^n'  Disc.  (\a  +  A,...), 
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which  gives  A,,  B„  Cj  as  the  roots  of  a  cubic  equation,  and  gives  also 

1  =  n^Disc.  (tt, ,,.)  =  ll'/c,  or  II^  =  -  suppose, 

and  we  have  then,  writing  for  shortness,  {*'^X,  Y,  Z)  for 

((if,+X)(C;  +  X),  iC,  +  X)iA,  +  X),  {A,  +  \){B^  +  X)\X,   Y,  Z), 

( *  57'.  t"*.  i'")  =  -  e, 
(•$^7,  /3Y,  ^'Y)=\% 
( *  \'y°'>  7'«'.   7"^")  =  -  ®, 

where  (31,  SB,  S,  g,  @,  .&)  are  the  coefficients  of  the  reciprocant  of  (Xa  +  A,  ...\a;,  y,  zf. 
Writing  X  =  — A,,  -Bi,  or  —  (?i  the  quadric  functions  on  the  left-hand  side  become 
'  mere  monomials,  and  we  have  the  actual  values  of  the  squares  and  products  a?,  0y, 
&c.  of  the  coefficients  of  the  linear  substitutions :  thus  oi',  0^,  rf,  0y,  ja,  a/3  are 
respectively  equal  to  %,  ©„,  ^,  %,  @„,  Jq„  each  into   the  common  factor 

l{B,-A,)iC,-A,), 

the  suffix  denoting  that  we  are  to  write  in  the  expressions  for  21,  53,  (5,  %,  @,  .§  the 
value  —^1  for  X;    and  similarly  for  the  sets  (a',  ^,  7')  and  (a",  ^",  7"). 

2,  Stone  Buildings,  27t}t  March,  1857. 
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NOTE   ON   A   FORMULA   IN  FINITE   DIFFERENCES. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  198 — 201,] 

In  Jacobi's  Memoir  "De  uau  legitimo  formulEe  summatoriae  Maclauriaiana;,"  Crelle, 
t.  XII.  [1834],  pp.  263—273  (1834),  expressions  are  given  for  the  sums  of  the  odd 
powers  of  the  natural  numbers  1,  2,  3. ..a;  in  terms  of  the  quantity. 

viz.  putting  for  shortness 

S!V'  =  V  +  '2^-+...  +i>f, 

the  expressions  in  question  are 

,Sa?  =  K  ("*-!«    +1). 

S^=-^u'iu'>-^v!'    +3((      -f), 

Sa?' =  fjwH"' -  ■*"'   +¥"'   -^^^    +5), 

Sx»  =  ^u'  (u"  -  ^u*  +  aft'-M'  -  ^v?  +  ^u-  e/fi), 

&c., 

which,   especially   as    regards    the    lower    powers,    are    more    simple    than    the    ordinary 
I  terms  of  «. 


The  expressions  are  continued  by  means  of  a  recurring  formula, 
1 
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then 

2p(2p-l)a,  =(2p-2)(2p-3)6,  -          p(p-l), 

2p{2p-l)a,  ^{2p-i)(^p~~o)b,  -{p~l)(p-2)br, 

2pi2p~l)a,  -={2p-Q)(2p^7)b,  ^(p-2)(p~S)k, 

2p(2p-l)«p_,=  5    .    fi  b^,-       3    .    4  bp_„ 

0  =         3.4  6p_,-       2   .    3  b^,, 

Idv   means   of  which   the   coefficients   b   can    be    determined   when   the   coefficients   a   are 
known. 

Jacobi   remarks   also   that   the    expressions   for   the   sums   of    the   even   powers   may 
be  obtained  from  those  for  the  odd  powers  by  means  of  the  formula 


which  shows  that  any  such  sum  will  be  of  the  form  (2x  +  l)u  into  a  rational  and 
integral  function  of  u :   thus  in  particular 

8^  =  l(2a:  +  l)u. 

To  show  d  priori  that  Sx^^"^'  can  be  expressed  as  a  rational  and  integral  function 
of  it,  it  may  be  remarked  that  Sa^+'  =  tj>,cc  where  01^:  denotes  the  summatory  integral 
X(x  + 1)^+^  taken  so  as  to  vanish  for  x  =  0:  <p^a)  is  a  rational  and  integral  function 
of  ic  of  the  degree  2p  +  2,  and  which,  as  is  well  known,  contains  of  as  a  fej^tor. 
Suppose  that  y  is  any  positive  or  negative  integer  less  than  x,  we  have 

(l>,X  -^^y  =  {y  +  \  )«'+i  +  {y  +  2)*+' . . .  +  a?P+\ 

anil  in  particular  putting  y  =  —  \—x, 

<i>,x  -  0,  (-  1  -  *■)  =  (-  xfi'+'  +  (1  -  xy^P+K ..+  a^+\  =  0, 

.since  the  terms  destroy  each  other  in  pairs ;  we  have  therefore  <{),!e  =  0i  {—  1  -  w). 
Now  u  =  .v'  +  a;,  or  writing  this  equation  under  the  form  a^^  —  x  +  u.  v/e  see  that  any 
rational  and  integral  function  of  x  may  be  reduced  to  the  form  Px  +  Q,  where 
P  and  Q  are  rational  and  integral  functions  of  u.  Write  therefore  <fi,ic  ^2^x  +  Q:  the 
substitution  of  - 1  -  a;  in  the  place  of  x  leaves  it  unaltered,  and  the  equation 
t}i,x  =  01  (—  1  —  ar)  thus  shows  that  P  =  0 ;  we  have  therefore  ij)ix  —  Q,  a.  rational  and 
integral  function  of  u.  Moreover  tfiiX  as  containing  the  factor  afl,  must  clearly  contain 
the  factor  if,  and  the  expressions  for  Safp+^  are  thus  shown  to  be  of  the  form  given 
by  Jacobi. 

We  may  obtain  a  finite  expression  for  Sx'^  in  terms  of  the  differences  of  0"  as 
follows :    we  have 

Sa;"=l"  +  2"...+x"=[(l  +  A)  +  (l  +  i)^..H 
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and   putting   (1  + A)^  =  e*''«<i+^>  and   observing  that  the  term  independent  of  ; 
and  that  the  terms  containing  powers  higher  than  of*'  also  vanish,  we  have 


&"-S.{i±-^log'(H-A)|o".^ 


where  the  summation  with  respect  to  k,  extends  from  fe  =  l  to  k=n  +  l,  or  what  is 
the  same  thing  (since  the  term  corresponding  to  ^  =  1  in  fact  vanishes)  from  k=2  to 
k^n  +  1. 

The  equation  .x^  —  —  x  +  u  gives 
and  it  is  easy  to  see  that  writing  for  shortness 


M.-- 


,  k-3      ,  k-4^.k-5 


1         ^        1.2         "■  ^  1.2.3 


where   the   series   is   to   be   continued    to    the    term   mS*-s(    or   «**-*)   according  as   k   is 
even  or  odd,  we  have 

we  have  consequently 

If  ft  is  odd,  =2^  +  1,  then  (by  what  precedes)  the  first  term  vanishes,  or  we  have 

S^  I'-ii"  log*  (1  +  A)J  0^+' .  *•  -^-jjp+'  =  0,  (&  =  1  to  k  =  2p  +  2), 
and  the  formula  becomes 

^VP+'  =  S,  j^  log*  (1  +  A)l  0=^+^ .  ^^* ,  {k=l  to  /.■  =  -Ip  +  2), 

which  it  may  be  noticed  puts  in  evidence  the  factor  u  but  not  the  factor  li'. 

If  n   is   even,  =  2p,  then  (by  what  preeedes)  the   coefficient   of  /c   is  to  the  constant 
term  in  the  ratio  2  :  1,  or  we  have 


and  the  formula  becomes 

S^  =  (2a;  +  l)Ssj?^^log*(l  +  A)lo=^.*-^^^*,  (k^l  to  k^2p  +  \). 
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The  values  of  the  functions  M  are  as  follows : 

M,  =  0, 
M,  =  l, 
M,-l, 
M,-l  +  u, 
M,-l  +  2u, 
j¥„  =  1  +  Su  +  u\ 
if7=l+4«  +  3MS 
&c. 

As  a  simple  example  of  the  formulaj,  we  have 

s^.=   |i±^iog-(i+a)}o".J« 

+  |l.±^l„g.(l  +  A)|o-.-J.. 

+ !'-+- log- (1+ a)|  0- .  ,v  (» + »■). 

aud  the  coefficients  are 

(A-TVA=)0=  =  1-V,6  =  i, 

(A=-  iA»)0=  =  6-  46  =  3, 
A'  (F=  6, 

and  therefore 

which   is   right;   the   example  shows   however  that   the   calculation  for  the  higher  powers 
would  be  effected  more  readily  by  means  of  Jacobi'a  recurring  formula. 

%  Stone  Buildings,  27th  Oct.,  1857. 
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ON   THE   SYSTEM   OF   CONICS   WHICH   PASS   THROUGH   THE 
SAME   FOUR  POINTS. 

[From  the  Quarterly  Mathematical  Journal,  vol,  ii.  (1858),  pp.  206—207.] 


I  CONSIDER  the  system  of  conies  passing  through  the  same  four  points ;  these 
points  may  be  real  or  imaginary,  but  it  is  assumed  that  there  is  a  real  system  of 
conies,  this  will  in  fact  be  the  case  if  two  eonics  of  the  system  are  real.  The  four 
points  are  therefore  given  as  the  points  of  intersection  of  two  real  conies,  and  it  will 
be  proper  to  assume  in  the  first  instance  that  the  conies  intersect  in  four  separate 
and  distinct  points,  none  of  them  at  infinity.  The  four  points  may  be  all  real,  or 
two  real  and  two  imaginary,  or  all  ima^nary. 

First,  if  the  points  are  all  real,  we  have  here  two  cases,  viz.  each  of  the  points 
may  lie  outside  of  the  triangle  formed  by  the  other  three,  or  as  this  may  be  I'xpressed, 
the  points  may  form  a  convex  quadrangle ;  or  else  one  of  the  points  maj  be  inside 
the  triangle  formed  by  the  other  three,  or  as  this  may  be  expressed,  the  points  ma\ 
form  a  triangle  and  interior  point.  In  each  case  the  pairs  of  lines  joining  the  points 
two  and  two  together,  will  be  conies  (degenerate  hyperbolas)  forming  part  of  the  ^jstcni 
of  conies.     Consider  the  two  cases  separately. 
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Fig.  A.  Four  real  points  forming  a  convex  quadrangle.  The  system  contains  two 
,  and  the  pairs  of  lines  and  the  parabolas  divide  the  plane  of  the  ilgure  into 
five  distinct  regions,  one  of  which  contains  only  ellipses,  and  the  other  four  contain 
each  of  them  hyperbolas. 

Fig.  A'.  Four  real  points  forming  a  triangle  and  interior  point.  The  system  does 
not  contain  any  parabolas,  the  three  paire  of  lines  divide  the  plane  of  the  figiu-e  into 
three  distinct  regions,  each  of  which  contains  only  hyperbolas. 


Next,  if  the  points  are  two  of  them  rea!  and  two  of  them  imaginary.  The  line 
joining  the  two  imaginary  points  will  be  real  and  this  line  may  meet  the  line  joining 
the  two  real  points,  in  a  point  outside  the  two  real  points,  or  included  between  them, 
i.e.  the  real  centre  of  the  quadrangle  may  lie  outside  the  real  points,  oi'  may  be 
included  between  them ;   I  consider  the  two  cases  separately. 

Fig.  B.  Two  real  and  two  imaginary  points,  the  real  centre  of  the  quadrangle 
lying  outside  the  real  points.  The  system  contains  two  parabolas,  and  these  with  the 
line  joining  the  two  real  points  and  the  line  joining  the  two  imaginary  points  divide 
the  plane  of  the  figure  into  three  regions,  one  of  which  contains  ellipses  and  the 
othei'  two  contain  each  of  them  hj-perbolas. 
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Fig.  B'.  Two  real  and  two  imaginary  points,  the  real  centre  of  the  quadrangle 
lying  between  the  real  points.  There  are  no  parabolas,  and  the  system  contains  only 
hyperbolas. 

B' 


Lastly,  when  the  four  points  ai'e  imaginaiy.     We  have  here  only  a  single  case. 

Fig.  0.  Four  imaginary  points.  The  points  lie  on  two  real  lines,  there  are  (besides 
the  point  of  intersection  of  these  lines)  two  other  real  centres  of  the  quadi-angle,  which 
lie  harmonically  with  respect  to  the  two  lines.  The  system  contains  two  pai-abolas 
and  these  and  the  two  lines  divide  the  plane  of  the  figure  into  four  regions,  two  of 
which  contain  each  of  them  ellipses,  and  the  other  two  contain  each  of  them  hypei'holas. 
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NOTE   ON   THE   EXPANSION   OF   THE   TRUE   ANOMALY. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  229 — 232.] 

If    the   true   anomaly   and   the   mean    anomaly   are    respectively   denoted   by   u, 
and   if  e   be   the   eccentncity,  then  as  usual  u  —  e  sin  u  —  m;  and  if  we  write 

e 

and  take  c  to  denote  the  base  of  the  hyperbolic  system  of  logarithms,  wo  have 

^.-^   ,   sinrm 
u^m+-21^  A,. -. 

and 

where,  after   expanding   the   exponentials,   the   negative   powers   of  X   are  to  be   ; 

and   the   term   independent   of  X   is   to   be   multiplied   by   J  (see   Camb.  Math.   Jownal, 

t.  I.  [1839]  p.  228  and  t.  in.  [184-3]  p.  165,  [4]). 

It  is  easily  seen  that  e'  is  the  lowest  power  of  e  which  enters  into  the  value 
of  Ar  and  the  question  arises  to  find  the  numerical  coefficient  of  the  term  in 
question ;  this  is  readily  obtained  from  the  formula ;  in  fact  considering  iirst  a  term 
of  the  form 

X-^e*(X-A.-')*. 

since  X  is  itself  of  the  order  e,  when  the  negative  powers  of  X  are  rejected  this  is  at 
least  of  the  order  ^  and  it  is  consequently  to  be  neglected  if  s>r.  But  if  s <r  all 
the   powei-s   of  X   are   negative   and   the   term   is   to   be   rejected.     The   only  case   to  be 

18—2 
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considered   ia   therefore  that   of  s  =  r,  in    which   ease  there  is  a  term  containing  e"*.     We 
thus  obtain  from  x-'-ci'-e  (*-*-')  the  term 


2'-.1.2.3...r" 

In  the  next  place  a  term  of  the  form  X'e'  (X  —  X~')*  is  at  least  of  the  order  e° 
if  8>r,  or  the  terms  to  be  considered  are  those  for  which  s=  or  <  )-.  But  in  such 
term  the  only  part  of  the  order  e""  is 

{-yv-v. 

or,  since  neglecting  higher  powers  of  e  we  have  X  =  \e,  this  is 
(_).2-«,,_ 

and  the  set  of  terms  arising  from 


the   last   term   being    divided    by   2    because    aiising    from    a    term    independent    of    \. 
Hence  the  first  term  of  A^  is 


a    result   which    it    may   be    remarked    is    contained   in   the    general    formula    given    in 
Hansen's  Memoir  " Entwickelung  des  Products  u.s.w.,"  Leipzig  Trans.,  t.  II.  p.  277  (1853). 

The  preceding  expression  is 
and  to  find  its  value  when  r  is  large,  we  have 

=  r^'c~''  I     c    ^''  '"''        d^ 
..'»-' J"  (l  +  i  +  ...)/''<iy 
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or  neglecting  all  the  terms  except  the  first,  this  is 


I? 


1  1 

have,  by  a  well-known  formula, 

r(r  +  l)  =  v'2^r'-c-'-, 
we  obtain  finally  the  result  that  when  r  is  large  the  first  term  of  A,,  is  approximately 


-ilJ- 


1   take    the   opportunity   of    mentioning    the    following   somewhat   singular    theorem, 
which  seems  to  belong  to  a  more  general  theory;   viz.  if  u  —  e  sin  u  =  m,  then  we  have 

Iog(l  —  ecosit)=  -log(l  -aecoH0), 
where 

ip  —  tan  0  =  m, 

provided  that  the  negative  powci-s  of  a  are  rejected,  and  a  is  then  put  equal  to  unity. 
To  show  this,  wc  have  by  Lagrange's  theorem,  observing  that 

dm 
F{1  —ecosu)  =  F(l  —  ecos»w)+  -sin^m.f"(l  —  ecosm) 

and  the  coefficient  of  e'  in  F{1  —ecosii)  is 


1.2...(i--l)  V 


-  Fr-i  cos'"^  m  sin-  n. 


(r-lHr-  2)  , 
1.2 


where  ^,  =  ^(1). 
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Hence     in     particulai'     when    Fx  =  log  x,    F^  =  (—)''"'  1 . 2 . . .  (r  —  1 )    and     thence     the 
coefficient  of  e""  in  log  {1  —  e  cos  m)  is 


sin^m  — i^ — 7.  T— (cob'^  'msin^m)  —  &c.K 
1 . 2  dm  ^  '  ] 


continued   as   long  as   the   exponent   of    cos  m   is   not   negative.     Now   in   the   expansion 

of  -  log  (1  —  ae  cos  <p),  where  0 tan  <fi  —  m,   the  coef&eient   of  e'  is a.''~'  cos''  0,   and 

this  (by  Lagrange's  theorem)  is  eqnal  to 

^     r-,i       r  1  ,_,  ■  ,  1  "^    /  r-i  -  ^       =       ^        V      ) 

—  cv   ^  ■^cos'^TO  —  ,- —  j-cos"^  'msin  Ki  tanm  —  , — ^ — r  -,-  (r  cos"^' m sm  jii  tan=  ml  —  &c.y 
J-  I  1 . a  l.z.a^  a-nt^  J 

=  —  i-  a"^  '  cos'^  m  —  Y  a'^  cos"^^  m  sin^  m  —  = — ^a'^~'cos'~'?Jisin^m  — &c.^ , 

where  the  series  is  continued  indefinitely ;  but  if  we  reject  the  negative  powers  of  a 
and  then  put  a  equal  to  unity  this  is  precisely  equal  to  the  former  expression  for  the 
coefficient  of  e',  and  the  formula  is  thus  shown  to  be  true. 

2,  Stone  Buildings.   W.G.,  VJth  Nov.,  1857. 
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ON  THE  AREA  OF  THE  CONIC  SECTION  KEPRESENTED  BY 
THE  GENERAL  TRILINEAR  EQUATION  OF  THE  SECOND 
DEGREE. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ii.  (1858),  pp.  248—253.] 

[The  original  title  was  "Direct  Investigation  of  the  Question  discussed  in  the 
Foregoing  Paper,"  viz.  a  Paper  with  the  present  title  by  N.  M.  Ferrei-a  (now 
Dr  Ferrers),  pp.  24-7 — 248.  The  area  S  of  the  conic  section  represented  by  the 
general  equation  {A,  B,  C,  A',  E',  G%x,  y,  zf  =  1,  where  the  coordinates  ai'e  con- 
nected by  the  equation  a;  + ;/  +  s  =  1,  was  by  considerations  founded  on  the  form  of 
the  function  found  to  be 

27r  (AA"'  +  BB-'  +  0C'=  -  ABG  -  2A'£'C')  A 

~  {A''  -  BG  +  B''  -GA  +  G'-'-AB  +  2  (B'C  -  A  A')  +  2  (G'A'  ~  BB')  +  2  {A'B'  -  G0')\^ ' 

where  A  is  the  area  of  the  fundamental  triangle:  and  it  was  remarked  that  a 
similar  method  might  be  applied  to  determine  the  area  of  the  conic  section  when 
it  is  defined  by  the  distances  of  its  several  tangents  from  three  given  points.] 

The  position  of  a  point  P  being  determined  as  in  the  foregoing  paper,  let 
a,  /?,  7  denote  in  like  manner  the  coordinates  of  a  point  0,  we  have 

a  +  (S  +  7  =  l, 

and  consequently  if  f,  t?,  f  are  the  relative  cooi'dinates  x  —  a,  y  —  /3,  3  —  7,  we  have 

1+1  +  ^=0. 
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The    expression   for   the   distance    of    the    two   points   0,   P  is    readily   obtained   in 
tci'ms  of  the  relative  coordinates,  viz.  calling  this  distance  r,  we  have 

r=  =  i^  J-  Mti^  +  N^, 

where,  if  I,  m,  n  ai-e  the  sides  of  the  triangle  ABG,  we  have 

i-JK  +  x'+P). 

2r_J(i.   +rf-.,>); 
and  it  is  to  be  remarked  that  these  values  give 

MN  +  NL^-LM=\  {2m?n^  +  2nH'  +  iPm^  -  I' --  m'  -  n'),  -  4A=, 
if  A  denote  the  area  of  the  triangle  ABC. 

Consider  now  a  conic 

(a.  b,  c.  f,  g.  i  J«,  y.  zj. 

and  suppose  as  usual  that  91,  35,  (5,  3.  @.  •&  *'"6  the  inverse  coefficients  and  that  K 
is  the  discriminant,  suppose  also  for  shortness 

P  =  (2I,  SB,  g,  %  @,  ^$1,  1,  1^ 

The  coordinates  of  the  centre  being  a,  /3,  7,  we  have 

a=p(SI.  |>,  ©51,  1,1), 
^-y(&  9,  SJl,  1.  1). 

7-p(®,8,<551.  1,  1), 

and  writing  as  before  ^,  t;,  i^  for  a:  —  oi,y  —  ^,z  —  7,  so  that  f,  tj,  ^  are  the  coordinates 
of  a  point  P  of  the  conic,  in  relation  to  the  centre,  we  have  a;,  y,  z  respectively 
equal  to  ^  +  a,  t;  +  /3,  ir+7,  and  the  equation  of  the  conic  gives 


which  may  be  written 


(a,  ...Jf  +  «,  ,  +  /3,  f+7)-  =  0, 

(»,  ...5f,  ,,  f)' 
+  2(o,  ...Ja,  A  7)(f,  ri.  f) 
+     («,  ...Ja,  A7>'  =  0. 
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Now  observing  the  equations 

(a,  4,  jj«,  ft  t)  =  ^', 

(*,  6,/$.,  ft  ,).Jf, 

(S,  /  «  $".  A  7)  =  p- , 

(a,  ...J.,  ft  ,).  .|(,  +  ft  +  7)  =  J, 

and  the  equation  of  the  conic  gives  therefore 

{a,  ...Jf,  n,  O'  +  ^-O, 
and  we  have  as  before 

{  +  1  +  f-0. 
To  find  the  axes  we  have  only  to  make 

a  maximum  or  minimum,  ^,  ij,  f  varying   subject  to  tlie  preceding   two    conditions;   this 
gives 

(ii,  ;.,  gfi  n.  0  +  ^i{  +  ^  =  o, 

(1,  i.m  1,  f)+iJf,+^=o, 

and  multiplying  by  f,  t],  f,  adding  and  reducing,  we  have 
which  gives 


Substituting  this  value,  and  joining  to  the  resulting  three  equations  the  equatioi 
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we  may  eliminate  f,  i?,  ^,  /m,  and  the  result  is 


4     , 

S        , 

1 

A      , 

,      KM 

f       . 

1 

3      . 
1      , 

/     , 
1      , 

KN 
1 

1 

which  may  also  be  written 

(K,  W,  S',  g',  0',  &fl,  1,  ly-O, 
where  (31',  ...)  are  what  (2[,  ...)  become  when  a,  b,  c  are  changed  into 


[192 


^  P,'' 


Pr" 


KN 


we  in  fact  have 


W  =  n  +  jr^{bN  +  oM)  +  - 


«■=«- 


..i/. 


and  (observing  the  value  of  P)  the  result  couBequently  is 

-P     +     -^^{(h  +  c-2/)L  +  (c  +  a-2g)M+(a  +  b-  2h)  N]  +  ^  {MN  +  NL  +  LM)  =  0, 

which  may  also  be  written 

Fb->  +  PKi^  {{h  +  c-  2/)  i  +  (c  +  M  -  2</)  .1/  +  (a  +  &  -  2^)  N]  +  4A^i:=  =  0. 
Hence  if  r-^,  r.^  arc  the  two  semiaxes,  we  have 

anil  the  area  is  irr^r^  which  is  equal  to 

2wKA 

7m' 

which  agrees  iivith  Mr  Ferrers'  result. 

The  formula  r^  =  if  °  -!-  Mtf'  +  iVf^  which  is   assumed   in   the   preceding   investigation 
may  be  proved  as  follows : 
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Writing  a,  b,  c   {instead   of  I,  m,  n)  for   the   sides  of  the   fundamental   triangle  and 
A,  B,  C  foi'  the  angles,  the  equation  in  question  is 

r^  =  he  cos  A  ^^  +  ca  cos  B7r'  +  ah  cos  G  i^^. 

Now  writing  a,  ^,  y  for   the   inclinations  of  the  line  r  to   the   sides   of  the    triangle,  we 
have 

B^j  -  a, 

Moreover   taking   for   a   moment   \,  /j.,   v   to   denote   the   perpendicirkrs   from   the   angles 
on  the  opposite  sides,  wc  have 

A.  =  c  sin  iJ  =  6  sin  G, 

fi  —  a  sin  C  =  e  sin  A, 

V  =  6  sin  j1  =  cr  sin  B, 


the  values  of  ^\  jj^  ^^  consequently  are 


r^  sin^  a  i^  sin-  0  r^  sin^  fy 

be  sin  if  sin  C     ca  sin  (7  sin  A  '     ab  sin  j1  sin  B  ' 

and  the  equation  to  be  proved  becomes 

_  cos  A  sin^  a     cos  B  sin'  0     cos  C  sin''  7 
sin  B  sin  G     sin  G  sin  A      sin  ^  sin  B  ' 

or,  what  is  the  same  thing, 

sin  A  sin  B&iuG=  sin  A  cos  A  sin'  a  +  sin  iJ  cos  B  sin^  ,3  +  sin  C  ciis  (7  sin'  7, 
or  again 

4  sin  A  sin  £  sin  C  =  sin  tA  (1  -  cos  22)  +  sin  2B  (1  -  cos  2^)  +  sin  2(7  (1  -  cos  27), 
or  putting  for  A,  B,  G  their  values  in  terms  of  a,  0,  7  this  is 

-  4  sin  (0  -  7)  sin  (7  -  a)  sin  (a  -  ^)  =    sin  (2^  -  27 )  (1  -  cos  2a ) 
+  sin  (27  -  2a )  (1  -  cos  2/3) 

-l-sin(2a-2^)(l-cos27), 

19—2 
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which    is    an    identical    equation ;    it    is    most    readily   proved    by   writing    x,   y,    z    for 
lao  a,  tan  yS,  tan  7 ;   the  equation  thus  becomes 


or  multiplying  out 

that  is 

-{y-z){z-x)(x~xj)  =  l.x'{y-z)  ^^}{y-z)^t{z-m)^z^{x-y), 

which  is  an  identity. 


[A  different   investigation  of  the   formula  r=  =  i^- +  j¥?j'' +  iVf-,  by   Dr  Ferrera,  was 
appended  to  the  original  Paper.] 
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ON  RODRIGUES'  METHOD  FOR  THE  ATTRACTION  OF 
ELLIPSOIDS. 

[From  the  Quarterly  Mathematical  Journal,  vol.  ir.  (1858),  pp.  333 — 337.] 

The  following  is  in  substance  the  method  given  in  the  "Mi^moii'e  sur  I'attraction 
lies  Spheroides,"  par  M.  Rodrigues,  Oorresp.  sur  VEcole  Polyt.,  t.  in.  pp.  361 — 385 
(1815).  It  will  be  seen  that  the  method  is  very  similar  to  that  given  two  years  before 
by  Gauss,  see  my  paper  "On  Gauss'  Method  for  the  Attraction  of  Ellipsoids,"  Journal, 
t.  I.  pp.  162 — 166  [164];  the  solution  in  fact  depends  upon  the  geometiical  theorem 
thei-ein  quoted,  viz.  if  M  be  any  point,  P  a  point  of  a  closed  surface,  PQ  the  normal 
(lying  outside  the  surface)  at  the  point  P,  dS  the  element  of  the  surface  at  that 
point,  and  if  MQ  denotes  the  angle  MPQ  and  MP  the  distance  of  the  points  M  and  P, 
then,  theorem,  the  integral 

{{dSc^MQ 
JJ      MF' 
has  for  its  value 

0,  -27r  or  -47r 

accoi-ding  as  ilf  is  exterior  to,  upon,  or  interior  to  the  surface. 

Suppose  that  M  is  the  attracted  point  and  taking  A,  B,  G  for  the  semiaxes  of 
the  surface  of  the  attracting  ellipsoid,  or,  if  we  please,  for  any  semiases  of  an  arbitrary 
ellipsoidal  surface  confocal  with  the  surface  of  the  attracting  ellipsoid,  let  P  be  a 
point  on  the  surface  of  the  interior  similar  ellipsoid  whose  semiaxes  are  rA,  rB,  rO. 
The  coordinates  of  M  are  taken  to  be  a,  b,  c,  and  those  of  P  are  taken  to  be  x,  y,  z, 
and  the  value  of  the  potential  is 

/■  Am 


i  dm  is  the  element  of  massi. 
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We  may  write 


and  then  ^,  ij,  f  will  be  the  coordinates  of  a  point  P'  on  the  surface  of  a  sphere, 
radius  unity,  cori'esponding  in  a  definite  manner  to  the  point  P  on  the  surface  of  the 
internal  similar  ellipsoid.  And  if  da  be  the  element  of  the  spherical  surface,  then  we 
have 

dm^ABOr^drdiT, 
and  therefore 


fr^drdiT 
J    MP    ' 


ABC     ]    MP 

where,  in  order  to  obtain  the  value  of  the  potential  V  for  the  ellipsoid  whose  semi- 
axes  are  A,  B,  C,  the  integrations  must  be  extended  ovei'  the  spherical  surface  and 
from  r  =  0  to  r  =  1. 

Suppose   that   dS  is   the   clement   of  the   internal   similar   siu'face   at   P,  and   let  p 
be  the  pei'pendicular  from  the  centre  upon  the  tangent  plane  at  P,  we  have 


Let  P„  be  the  point  on  the  ellipsoid  (A,  B,  C)  similarly  situated  to  the  point 
P  on  the  ellipsoid  {rA,  rB,  rC);  the  coordinates  of  P„  are  A^,  Br/,  (7f;  and  if  po 
be  the  pei-pendicular  from  the  centre  upon  the  tangent  plane  at  P„,  then  jj  —  rp,,, 
and  the  preceding  equation  becomes 

db  = da: 

p. 

Imagine  now  an  ellipsoidal  surface  confocal  with  the  surface  {A,  B,  0)  and  having 
for  its  semiaxes 

A  +  BA.     B  +  BB,     0  +  8(7, 

and   let   P,,'   be  the   point  on   this   surface   which   corresponds  with   the  point   P„  on  the 
surface  {A,  B,  C) ;   that  is,  let  P„'  be  the  point  whose  coordinates  are 

{A+BA}^,    {B  +  BB)v,    (C  +  BC)^; 

and  let  P'  be  in  like  manner  the  point  whose  coordinates  are 

r(A  +  BA)^,    r{B  +  BB)v.     r(C  +  BC)^, 


y  Google 


193]  ON   RODRIGUES'    METHOD    FOR   THE   ATTRACTION    OF   ELLIPSOIDS.  151 

the  points  P,  P'  will  be  in  like  manner  corresponding  points  on  the  surface 
{rA,  tB,  rC)  and  on  the  confocal  surface  {r(A  +  SA),  r{B  +  BB),  r(C  +  B(J)];  and  if  the 
normal  distance  at  the  point  Po  of  the  first  two  surfaces  is  BIf,  then  the  normal 
distance  at  the  point  P  of  the  second  two  surfaces  will  be  rBN.  The  decrement  of 
MP  will  be  equal  to  the  normal  distance  rSN  of  the  two  surfaces  at  the  point  P 
multiplied  into  the  cosine  of  the  angle  MQ,  and  we  have,  by  a  property  of  confocal 
sui'facpp, 

.4  S^  -  BBB  =  C8C  =  pM  -  (suppose)  Ud, 
we  have  thei-efoi'C 


Hence  irom  the  equation 

__  fr^drdf 
ABC 
We  deduce 


V    __  fr^drdrr 

^  -r-.^7i  =    r'^drdi  "-^fr—  — ^z^ . 
ABC     J  P„      MP-' 


But  we  have 

t^'da-  ^    dS_ 
p„    ^  ABC 
anil  the  equation  thus  becomes 

'^  ABC~  ABC}™"^      MP^      ■ 

It  may  be  proper  to  remark  here  by  way  of  recapitulation  that  the  course  of  the 
investigation   has  been  as  follows :   viz.  that,  with   a  view   to  obtaining  the   potential  V 

V 

of  an  attracting   ellipsoid,  we  have   found   the  increment   of  -pnp  in   passing   from   the 

ellipsoidal  surface  {A,  B,  C)  to  the  ellipsoidal  surface  {A  +  SA,  B  +  SB,  C  +  BO),  each  of 
them  confocal  with  the  surface  of  the  attracting  ellipsoid ;  and  that  for  finding  such 
increment  we  have  had  to  consider  the  two  surfaces  {rA,  rB,  rG)  and  [r(A+SA) 
r  (B  +  BB),  r  (G  +  SO)]  confocal  to  each  other  and  respectively  similar  to  the  first- 
mentioned  two  surfaces. 

Resuming  the  formula  just  obtained,  the  integral  with  respect  to  dS  is  taken 
over  the  entire  surface  of  the  internal  similar  ellipsoid  (rA,  rB,  rG),  and  if  the 
attracted  point  M  is  external  to  the  ellipsoid  {A,  B,  G)  it  will  be  external  to  the 
interior  similar  ellipsoid  (rA,  rB,  rG):  hence  in  this  case  the  double  integral  vanishes 
for  all  values  of  r,  or  we  have 
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that  is  the  function  V-^ABC,  which  represents  the  ratio  of  the  potential  to  the  mass^ 
is  not  altered  in  passing  from  the  ellipsoid  (A,  B,  (7)  to  the  confoeal  ellipsoid 

(A  +  SA,    B  +  BB.    O  +  BC), 

or,  what  is  the  same  thing,  the  potentials  (and  therefore  the  attractions)  of  confoeal 
ellipsoids  upon  the  same  external  point  are  proportional  to  their  masses ;  this  is  in 
fact  Maclaurin's  theorem  for  the  attraction  of  ellipsoids  upon  an  external  point. 

But  if  the  attracted  point  M  is  interior  to  the  ellipsoid  (A,  B,  C),  then  writing 


where    r'   is   less   than    unity,   the   double    integral    is   =0   from   )-  =  0   to 
=  -  47r  from  )■  =  ?■'  to  r  =  l,  and  we  have 


ABO\A-^  B'-"(?       )' 

that   js,  the   right-hand   side   of  the   equation   is   the   increment  (or   taken   ivith  its  sign 
reversed   so   as   to  be  positive,  it  is   the  decrement)  of  the  function   V  —  ABC  i 
from  the  ellipsoid  {A,  B,  G)  to  the  confoeal  ellipsoid 

{A+M.     B  +  BB,     C  +  BC), 
where 

^Se  ^  ASA  ^  BBB  =  CBC. 

The   preceding   formula  gives   at   once   the   potential   for   an   interior   point 
taking  a,  /9,  y  for  the  semiaxes  of  the  ellipsoid  and  writing 

A^-^a'  +  e.  B'=0'+e,  (p^f^+e, 

and  using  the  ordinary  symbol  d  instead  of  B,  we  have 


dt)  VS(«^  +  0)  i^'  +  0)  ii^  +  8)1     VKa'  +  0)  0'  +  0)  ly'  +  C))  V'  +  ^ 
and  integrating  from  ^  =  0  to  8  —  <k,  we  have 


^{(a?  +  d)(i3-^  +  d){i'  +  8)\    \a'  +  e^  ti'  +  o     i'  +  o 
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where    V  is   now   the   potential   for  the   ellipsoid   whose   semiases  are   a,   0,   7 ;   and   we 
have  therefore 

.0    r  d0  {    a'  If  c"        ,) 


To  find  the  potential  for  an  external  point  it  is  only  necessary  to  remark  that 
by  the  theorem  above  demonstrated  V  -^  a^y  is  equal  to  the  corresponding  function 
for  the  confocal  ellipsoid  through  the  attracted  point,  that  is  for  the  ellipsoid  whose 
semiases  are  VC^"  +  0,),  V(^  +  ^1).  '^{'f  +  ^1).  where  0^  is  a  positive  quantity  such  that 

hence  in  the  value  of  V-i-a0y  we  have  only  to  write  the  above  values  in  the  place 
of  a,  0,  j;  and  if  we  then  write  0  —  6,  in  the  place  of  0  the  limits  will  be  <x> ,  0,, 
and  the  expression  for  the  potential  is 


™*/,": 


dO  \    a'      _      b^       _      c^  ) 


.,  V{(a=  +  0){0'  +  0)i'f  +  0)}  h'  +  0^ ^  +  0'^  'rf  +  0 
this  completes  the  investigation. 
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194. 

NOTE   ON   THE   THEORY   OF   ATTRACTION. 

[From  the  Quarterly  Mathematical  Journal,  vol  n.  (lSo8),  pp.  338 — 339.] 

Imagine   a   closed  surface,   the  equation  of  which  contains  the  two  parameters  m,  h. 

Call   this   the   surface   (m,  k),  and   suppose   also   that   for   shortness   the  shell   of  uniform 

density   included    between    the    surfaces   (m,    A),   (n,    h)    is    called    the  shell   (m,   n,   h). 
!  now  that  the  surface  is  such : 


1".  That  the  infinitesimal  shell  (m,  m  +  dm,  h)  exerts  no  attraction  upon  an 
internal  point. 

2°,  That  the  equip oteutial  surfaces  of  the  shell  in  question  for  external  points 
ai-e  the  surfaces  (m,  k),  where  k  is  arbitrary. 

Then,  first,  the  attraction  of  the  shell  on  a  point  of  the  oquipotential  surface 
{m,  k)  is  proportional  to  the  normal  thickness  at  that  point  of  the  shell  (m,  'm,-\-Zm,  k); 
or  (more  precisely)  taking  the  density  of  the  attracting  shell  as  unity,  the  attraction  is 
=  4i7r  X  mass  of  shell  (m,  m  +  din,  h)  into  normal  thickness  of  shell  (m,  m  +  ^m,  k) 
divided  by  mass  of  the  last-mentioned  shell. 

In  fact  the  shell  (m,  m  +  Sm,  k)  exerts  no  attraction  on  an  internal  point, 
consequently  if  over  the  surface  (m,  k)  we  distribute  the  mass  of  the  original  shell 
(m,  m  +  dm,  h)  in  such  manner  that  the  density  at  any  point  is  proportional  to  the 
normal  thickness  of  the  shell  (m,  m  +  Sm,  k)  the  distribution  will  be  such  that  the 
attraction  on   an  internal   point   may  vanish;    but   in   order   that   this   may  be  the   ease, 

the   density   must    be    equal   to  into   the   attraction    upon    that   point    of    the   shell 

(m,  m  +  Zm,  k).  Hence  the  attraction  is  proportional  to  the  normal  thickness,  and  if 
the  whole  mass  distributed  over  the  surface  (m,  k)  is  precisely  equal  to  the  mass  of 
the   shell   (m,  m  +  dm,   h),   then   the   density   at   any  point   must  be   equal    to   the   mass 
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into  normal  thickness  divided  by  mass  of  (m,  in  +  Bm,  k),  and  uttraction  =  i-rr  into 
density,  =4nr  x  mass  of  shell  (m,  m  +  dm,  k)  into  normal  thickness  of  shell  (m,  «i  +  Sm,  k) 
divided  by  mass  of  the  last-mentioned  shell. 

And,  secondly,  the  attractions  of  the  solids  bounded  by  the  two  surfaces  (n,  h), 
(n,  fi,)  respectively  upon  the  same  exterior  point  are  proportional  to  their  masses. 

For  the  solid  (n,  h)  may  be  divided  into  shells  (m,  m  +  dm,  h)  and  for  this  shell 
the  equipotential  surfece  is  (m,  h)  and  the  attraction  of  tho  shell  varies  as  mass  of 
(m,  m  +  dm,  k)  into  normal  thickness  of  the  shell  (m,  m.  4-  Bm,  k).  Hut  in  like  manner 
the  solid  (n  h)  may  bo  divided  into  shells  (m,  m  +  dm,  k,)  and  the  attraction  of  the 
shell  vines  as  mass  of  (m,  m  +  dm.  A,)  into  normal  thickness  of  the  shell  (m,  m  +  8m,  k) 
and  the  attractions  are  in  each  case  in  the  direction  normal  to  the  shell  (m,  k),  and 
thereffie  m  the  same  direction;  that  is,  the  attraction  of  the  shell  (m,  m  +  dm,  h) 
IS  in  the  same  direction  as  that  of  the  shell  (m,  m  +  dm.  A,)  and  the  two  attractions 
lie  piopoitional  to  the  masses.  Hence  integrating  from  m  =  0  (if  for  this  value  the 
included  space  is  zero)  to  m  —  v,  the  attractions  of  the  solids  (n,  h),  (n,  h^)  are  composed 
of  dementi  proportional  and  parallel,  the  elements  of  the  attraction  of  {n,  h)  to  the 
elements  jf  the  attraction  of  (/(,  hi) ;  and  consequently  the  total  attractions  are  in  the 
same  diiection  and  proportional  to  the  masses. 

Thndly  the  attractions  of  the  two  suiiaces  (m,  k),  {n,  K)  upon  the  same  interior 
point  aiL  L^iid 

A.  surface  having  the  properties  in  question  is  of  course  the  ellipsoidal  surface 

a?  y-  ^^         _  1 

m  (ii^  +  K)  +  wTfi'TA)  ^  m(c^  +  A)  "  ^■' 

where  if  m  varies  (k  being  constant)  the  several  surfaces  are  similar  to  each  other, 
but  if  h  varies  (m  being  constant)  the  several  surfaces  are  confocal  to  each  other :  for 
it  is  in  fact  well  known  that  the  infinitesimal  shell  bounded  by  similar  ellipsoidal 
surfaces  has  the  properties  assumed  with  respect  to  the  shell  (m,  w,  +  dm,  K).  The 
first  theorem  in  effect  reduces  the  problem  of  the  determination  of  an  elUpsoid  upon 
an  exterior  point  to  a  single  integration,  and  constitutes  the  foundation  of  Poisson's 
method  for  the  attraction  of  ellipsoids.  The  second  theorem  (Maclaurin's  theorem  for 
the  attraction  of  ellipsoids  on  the  same  external  point)  shows  that  the  attraction  of 
an  ellipsoid  upon  an  external  point  can  be  found  by  means  of  the  attraction  of  the 
confocal  ellipsoid  through  the  attracted  point ;  and  by  the  thii-d  theorem  the  attraction 
of  an  ellipsoid  upon  an  interior  point  is  equal  to  that  of  the  similar  ellipsoid  through 
the  attracted  point ;  hence  the  second  and  third  theorems  reduce  the  determination 
of  the  attraction  of  an  ellipsoid  upon  an  external  or  internal  point  to  that  of  an 
ellipsoid  upon  a  point  on  the  surface. 

2,  Btone  Buildimjs,   W.G.,  7i/i  A'pril,  1S."»«. 
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EEPORT  ON  THE  RECENT  PROGRESS  OF  THEORETICAL 
DYNAMICS. 


[From  the  Report  of  the  British  Association  for  the  Advancement  of  Science,  1857, 
pp.  1—42.] 

The  object  of  the  M^canique  Analytique  of  Lagrange  is  described  by  the  author 
in  the  "  Avertissement "  to  the  first  edition  as  follows : — "  On  a  d^j^  plusicure  trait^s 
de  m^canique,  mais  le  plan  de  celui-ci  est  cntierement  neuf.  Je  me  suia  propose  de 
r^duire  ia  th^orie  de  cette  science  et  I'art  de  r^soudre  tous  les  probl^mes  qui  s'y 
rapportent  k  des  formules  g^n^rales  dont  le  simple  developpement  donne  toutes  les 
equations  n^eessaires  pour  la  solution  de  chaque  problSme."  Aud  the  intention  is 
carried  out ;  tho  principle  of  virtual  velocities  furnishes  the  general  formulte  for  the 
solution  of  statical  problems,  and  d'Alemhert's  principle  then  leads  to  the  general 
formulje  for  the  solution  of  dynamical  problems.  The  general  theory  of  statics  would 
seem  to  admit  of  less  ulterior  development;  but  as  regards  dynamics,  the  formula!  of 
the  first  edition  of  the  Mdcanique  Analytique  have  been  the  foundation  of  a  series  of 
profound  and  interesting  researches  constituting  the  science  of  analytical  dynamics.  The 
present  report  is  designed  to  give,  so  far  as  I  am  able,  a  survey  of  these  researches ; 
there  will  be  found  at  the  end  a  list,  in  chronological  order,  of  the  works  and  memoirs 
referred  to,  and  I  shall  in  the  course  of  the  report  preserve  as  far  as  possible  the 
like  chronological  order.  It  is  proper  to  remark  that  I  confine  myself  to  the  general 
theories  of  dynamics.  There  are  various  special  pr<Mems  of  great  generahty,  and 
susceptible  of  the  moat  varied  and  extensive  developments,  such  for  instance  as  the 
problem  of  tho  motion  of  a  single  particle  (which  includes  as  particular  cases  the 
problem  of  central  forces,  that  of  two  fixed  centres,  and  that  of  the  motion  of  a  conical 
pendulum,  either  with  or  without  regard  to  the  motion  of  the  earth  round  its  axis), 
the  problem  of  three  bodies,  and  the  problem  of  the  rotation  of  a  soUd  body  about 
a  fixed  point.  But  a  detailed  account  of  the  researches  of  geometers  in  relation  to 
these  special  problems  would  properly  form  the  subject  of  a  separate  report,  and  it 
is  not  my  intention  to  enter  upon  them  otherwise  than  incidentally,  so  far  as  it  may 
appear   desirable   to  do   so.     One   problem,  however,  included   in   the   first   of  the   above- 
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mentioned  special  problems,  I  shall  have  frequent  occasion  to  allude  to:  I  mean  the 
problem  of  the  variation  of  the  elements  of  a  planet's  orbit,  which  has  a  close  historical 
connexion  with  the  general  theories  which  form  the  subject  of  this  report.  The  so-called 
ideal  coordinates  of  Hansen,  and  the  principles  of  his  method  of  integration  in  the 
planetary  and  lunar  theories,  have  a  bearing  on  the  general  subject,  and  might  have 
been  considered  in  the  present  report;  but  on  the  whole  I  have  considered  it  better 
not  to  do  so. 

1.  Lagrange,  Mecanique  Analytique,  1788, — The  equations  of  motion  are  obtaineil, 
as  before  mentioned,  by  means  of  the  principle  of  virtual  velocities  and  d'Alembert's 
principle.  In  their  original  forms  they  involve  the  coordinates  x,  y,  z  of  the  different 
particles  m  or  dm,  of  the  system,  quantities  which  in  general  are  not  independent. 
But  Lagrange  introduces,  in  place  of  the  coordinates  x,  y,  s  of  the  different  particles, 
any  variables  or  (using  the  term  in  a  general  sense)  coordinates  ^,  ^p-,  0,.,.  whatever, 
determining  the  position  of  the  system  at  the  time  ( :  these  may  be  taken  to  be 
independent,  and  then  if  f,  i/r',  0',...  denote  as  usual  the  differential  coefficients  of 
^,  ■<^,  <p, ...  with  respect  to  the  time,  the  eqiiations  of  motion  assume  the  form 

±dl'_dT     „_ 
dt  d^'     rf?  "*""""' 

or  when  S>  ^,  O, ...  are  the  partial  differential  coefficients  with  respect  to  ^,  ^jr,  0,... 
of  one  and  the  same  function  V,  then  the  form 

±dT_dT     dV_ 
dt  d^     d^'  "*"  d^  ~ 

In  these  eijuations,  T,  or  the  vis  viva  function,  is  the  vis  viva  of  the  system,  or  sum 
of  all  the  elements  each  into  the  half  square  of  its  velocity,  expressed  by  means  of 
the  coordinates  f,  -i^,  (f>, ...  ;  and  (when  such  function  exists)  V,  or  the  force  funetion(^), 
is  a  function  depending  on  the  impressed  forces  and  expressed  in  like  manner  by 
means  of  the  coordinates  ^,  i/r,  tf>,...;  the  two  fanctions  T  and  Fare  given  functions, 
by  means  of  which  the  equations  of  motion  for  the  particular  problem  in  hand  are 
completely  expressed.  In  any  dynamical  problem  whatever,  the  vis  viva  function  T  is 
a  given  function  of  the  coordinates  ^,  i/r,  (f), ...  ,  of  their  differential  coefficients 
I',  yjr',  (f'' ■••  ^^d  of  the  time  t;  and  it  is  of  the  second  order  in  regard  to  the 
differential  coefficients  ^,  y',  0',...;  and  (when  such  function  exists)  the  ioree  function 
F  is  a  given  function  of  the  coordinates  ^,  i/f,  0, ...  and  of  the  time  (.  This  is  the 
most  general  form  of  the  functions  T,  V,  as  they  occur  in  dynamical  problems,  but 
in  an  extensive  class  of  such  problems  the  fonns  are  less  general,  viz.  T  and  V  are 
each  i)f  them  independent  of  the  time,  and  2"  is  a  homogeneous  function  of  the  second 
order   in   regard   to   the   diffiyential   coefiicients    ^',    -^Jr',    <}>',  ..•;  the   equations   of   motion 

I  The  ^gn  attributed  to  V  ia  that  of  the  Mecanlquf  AnaJytique,  but  it  would  be  better  to  write 
I'=  -  U.  uad  tu  call  TJ  (mbttiaci  of  V)  the  force  functinn. 
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have  in  this  case  an  integral  T+V=h,  which  is  the  equation  of  vis  viva,  and  the 
problems  are  distinguished  as  those  in  which  the  principle  of  vis  viva  holds  good.  It 
is  to  be  noticed  also  that  in  this  case  since  (  does  not  enter  into  the  differential 
equations,  the  integral  equations  will  contain  t  in  the  form  t  +  c,  that  is,  in  connexion 
with  an  ai'bitrary  constant  c  attached  to  it  by  addition. 

2.  The  above-mentioned  form  is  par  excellence  the  Ligiangnn  foim  of  the  equations 
of  motion,  and  the  one  which  has  given  rise  to  almost  all  the  ulterior  developments 
of  the  theory;  but  it  is  proper  just  to  refer  to  the  foim  in  which  the  equations  are 
in  the  first  instance  obtained,  and  which  may  be  called  the  unreduced  form,  viz.  the 
equations  for  the  motion  of  a  pai-ticle  whose  rectangular  cooidmates  aie  x,  y,  z,  are 

'^'■?  -  y  _i_  i  ^  J,     '^  4. 
di^  Bx         Bw       '" 

where  L  =  0,  jl/=0,...  are  the  equations  of  conilition  connecting  the  coordinates  of  the 
different  points  of  the  system,  and  X,  /.(,...  are  indeterminate  multipliers. 

i  The  idea  ot  a  force  tunttim  seems  tu  have  ongmated  m  the  picbJLms  of 
ph}sic'»l  astrcn  mj  Lagiange  ui  a  mcmou  On  the  becuUi  Equation  tt  tht,  M  on," 
crowned  bj  the  French  Academy  ot  Sciences  in  the  yevc  1774  expreased  the  attiai^tive 
foicfs  decomposed  m  the  dnections  of  the  axes  oi  cooidinites  bj  the  paitial  difieiential 
coeflicients  of  one  and  the  sime  function  with  lespect  to  these  cooidinates  And  it 
WIS  in  the^ie  prcblems  natural  ti  distinguish  the  firces  into  pnncipal  and  distuibing 
foices  Mid  thence  to  sepaiate  the  loice  function  into  two  palt^  a  pnntipal  force 
funttion  and  a  distuibmg  tunctun  The  problems  of  ph\sical  istr  nomv  led  ^Iso  to 
the  idea  of  the  vaiiatirn  tt  the  atbitrai>  constmts  of  a  mLchimcal  pr  blrm  For  as 
a  fact  of  obscMatiin  the  planets  move  in  ellipses  the  elements  of  which  are  slowly 
wyiiig  the  motion  in  a  hxed  elhpise  was  accounted  for  by  the  principal  force  the 
attiaction  of  the  sun  the  effect  of  the  disturbing  foice  is  to  pioduce  a  ontinual 
^'Illation  of  the  elements  of  such  elliptic  oibit  Euler  m  a  memoir  published  in  174!) 
m  the  Memmis  of  the  Academy  cf  Berlin  foi  that  ^eai  obtained  diffeiential  equations 
ot  the  iust  oidei  foi  two  of  the  elements  \iz  the  inclination  and  the  longitude  of 
the  node  bj  making  the  aibitraiy  constants  which  express  these  elements  m  the  hxed 
oibit  ti  \ai\  this  seems  to  be  the  first  attempt  at  the  method  of  the  vanatim  of 
the  aibiti  \iy  constants  Eulei  afteiwards  treated  the  aubject  m  a  more  complete 
manner  and  the  method  is  also  made  use  ot  b>  Ligrmge  in  his  Memoir  on  the 
Peiturbatioiis  of  the  Planets  in  the  Berlin  Memius  fi  17S1  17S2  1783  and  by 
Laplace  m  the  Micamque  CUeste,  t.  i.  1799.  I  he  method  in  its  ouginal  form 
seeks  for  the  expressions  of  the  variations  of  the  elements  in  terms  of  the  differential 
coefficients  of  the  disturbing  function  with  respect  to  the  coordinates.  As  regards  one 
element,  the  longitude  of  the  epoch,  such  expression  (at  least  in  a  finite  form)  was 
first  obtained  by  Poiason  in  his  memoir  of  1808,  to  be  spoken  of  presently;  but  1 
am  not  able  to  refer  to  any  place  where  such  expressions  in  their  best  form  are  even 
now  to  be  found ;  the  question  seems  to  have  been  unduly  passed  over  in  consequence 
of  the   new   form    immediately   afterwards   assumed   by   the    method.     It   was   very   early 
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that  the  variation  of  one  of  the  elcmente,  viz,  the  mean  distance,  was 
expressihle  in  a  remarkable  form  by  means  of  the  differential  coefficients  of  the 
disturbing  function  taken  with  respect  to  the  time  t,  in  so  far  as  it  entered  into  the 
function  through  the  coordinates  of  the  disturbed  planet.  I  am  not  able  to  say  at  what 
time,  or  whether  by  Euler,  Lagrange,  or  Laplace,  it  was  observed  that  such  differential 
coefficient  with  respect  to  the  time  was  equivalent  to  the  differential  coefficient  of  the 
disturbing  function  with  respect  to  one  of  the  elements.  But  however  this  may  be, 
the  notion  of  the  representation  of  the  variations  of  the  elements  by  means  of  the 
differential  coefficients  of  the  disturbing  function  with  respect  to  iJie  elements  had 
presented  itself  a  posteriori,  and  was  made  use  of  in  an  irregular  manner  prior  to 
the  year  1800,  and  therefore  some  eight  years  at  any  rate  before  the  establishment 
by  Lagrange  of  the  general  theory  to  which  these  forms  belong. 


memoir  of  the  20th  of  June,  1808,  "  On  the  Secular  Inequalities  of 
the  Mean  Motion  of  the  Planets,"  was  presented  by  him  to  the  Academy  at  the  age 
of  twenty-seven  years.  It  contains,  as  already  remarked,  an  expression  in  finite  terms 
for  the  variation  of  the  longitude  of  the  epoch.  But  the  memoir  is  to  be  considered 
rather  as  an  application  of  known  methods  to  an  important  problem  of  physical 
astronomy,  than  as  a  completion  or  extension  of  the  theory  of  the  variation  of  the 
planetary  elements.  The  formulae  made  use  of  are  those  involving  the  differential 
coefficients  of  the  disturbing  function  with  respect  to  the  coordinates;  and  there  is 
nothing  which  can  be  considered  an  anticipation  of  Lagrange's  idea  of  the  investigation, 
a  prioH,  of  expressions  involving  the  differential  coefficients  with  respect  to  the 
elements.  But,  as  well  for  its  own  sake  as  historically,  the  memoir  is  a  very  important 
one.  Lagrange,  in  his  memoir  of  the  17th  of  August  180S,  speaks  of  it  as  having 
recalled  his  attention  to  a  subject  with  which  he  had  pieviously  occupied  himself,  but 
which  he  had  quite  lost  sight  of;  and  Arag()  lecords  that,  on  the  death  of  Lagrange, 
a  copy  in  his  own  handwriting  of  Poisson's  memoir  was  found  among  his  papers;  and 
the  memoir  is  referred  to  in,  and  was  probably  the  occasion  of,  Laplace's  memoir  also 
of  the  iTth  of  August,  1808. 

5.  With  respect  to  Laplace's  memoir  of  the  17th  of  August,  1808,  it  will  be 
sufficient  to  quote  a  sentence  from  the  introduction  to  Lagrange's  memoir ; — "  Ayant 
montre  a  M.  Laplace  nies  formules  et  mon  analyse,  il  me  montra  de  son  e6t^  en 
ni^me  temps  des  formules  analogues  qui  donnent  les  variations  des  el^mens  elliptiques 
par  les  differences  partieiles  d'une  m^me  fonction,  relatives  a  ces  ^I^mens.  J'ignore 
comment  il  y  est  parvenu;  mais  je  presume  qu'il  les  a  trouv^es  par  une  combinaison 
adroite  des  formules  qu'il  avait  donn^es  dans  la  Mdcanique  Cdleste."  This  is,  in  fact,  the 
character  of  Laplace's  analysis  for  the  demonstration  of  the  formula. 

6.  In  Lagrange's  memoir  of  the  l7th  of  August,  1808,  "  On  the  Theory  of 
the  Variations  of  the  Elements  of  the  Planets,  and  in  particular  on  the  Variations  of 
the  Major  Axes  of  their  Orbits,"  the  question  treated  of  appears  from  the  title.  The 
author  obtains  formula  for  the  variations  of  the  elements  of  the  orbit  of  a  planet  in 
terms  of  the  differential  coefficients  of  the  disturbing  function  with  respect  to  the 
elements;   but   the   method   is   a  general   one^  (pite   independent   of  the   particular   form 
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of  the   integrals,   and   the  memoir   may   be   considered   as   the  foundation   of  the   general 
theory.     The  equations  of  motion  are  considered  under  the  form, 


d'H 

i+«      da 

If- 

-     r'     "      to- 

d'!/ 

i+i»     da 

W'- 

--?    H'Tr 

A 

I  +m        da 

de' 

f    '    dz' 

and  it  is  assumed  that  the  terms  in  fi  being  neglected,  the  problem  is  completely 
solved,  viz,,  that  the  three  coordinates,  x,  y,  z,  and  their  differential  coefficients, 
X,  ij,  /,  are  each  of  them  given  as  functions  of  %  and  of  the  constants  of  integration 
«.  &,  c,  /,  g,  h;  the  disturbing  function  il  is  consequently  also  given  as  a  function 
of  t,  and  of  the  arbitrary  constants.  The  velocities  are  assumed  to  be  the  same  as 
in  the  undisturbed  orbit.     This  gives  the  conditions 

and  then  the  equations  of  motion  give 

„  (fo'  _  dO.        i^y  _  ^^       S  *^^  —  ^^ 
dt     dx  '        dt      dy'        dt      dz ' 

cquatioua  in  which  ^x,  &c.  denote  the  variations  of  x,  &c.,  arising  from  the  variations 
of    the    arbitraiy   constants,   viz.,   hx^ -^ha-\- -TrSb  + ,    &c.     The    differential    coefficients 

by   means   of  -^  ,   &.C.;   and,  by  a  simple  combi- 
nation  of  the   several   equations, 

da     „ 

dtl      ,      J   db  -.dc      .      j\^f ,  /       \dg     ,      ,.d 


(«,  6)  = 


where  0) 

_  a  {cc,  x')     d  {y,  y')     d{x,  z") 
a(a,  hy^{a,  b)^d{a,  b)' 
in  which,  for  shortness, 

5  (x,   x')     ^      J     f       '^''^  t^'      1^'  <^ 
9  (a,  b)  da  db      da  db ' 

'  These   are   BUbstaDtially  the   formulio   of  Lagrange ;    but  I   have  introduced  here   and  elsewhere  the  v 
conreaient  abbreviation,  due,  I  think,  to  Prof.  DonHa,  of  the  symbolB    .  ^^'      ' , 
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The  form  of  the  expressions  shows  at  once  that  (a,  b)  =  —  {b,  a),  so  that  the  number 
of  the  symbols  (a,  b)  is  in  fact  fifteen. 

Lagrange  proceeds  to  show,  that  the  differential  coefficient  with  respect  to  t  of 
the  expression  represented  by  the  symbol  (a,  b)  vanishes  identically ;  and  it  follows, 
that  the  coefficients  (a,  b)  are  functions  of  the  elements  only,  without  the  time  t. 

The  general  formulse  are  applied  to  the  problem  in  hand ;  and,  in  consequence  of 
the   vanishing  of  several   of  the   coefficients   {a,  b),   it  is   easy  in   the   particular  problem 

to  pass   from   the   expressions   for   -5-  ,    &c   in   terms    of  -7  ,   &c.   to   those   for   -j-  ,   &c. 

°""      The   author   thus   obtains   an   elegant   system  of  formulte  for  the 

variations  of  the  elements  of  a  planet's  orbit,  in  terms  of  the  differential  coefficients 
of  the  disturbing  function  with  respect  to  the  elements ;  but  it  is  not  for  the  present 
purpose  necessary  to  consider  the  form  of  the  system,  or  the  astronomical  consequences 
deduced  by  means  of  it. 

7,  Lagrange's  memoir  of  the  13th  of  March,  1809,  "On  the  General  Theory  of 
the  Variation  of  the  Arbitrary  Constants  in  all  the  Problems  of  Mechanics." — The 
method  of  the  preceding  memoir  is  here  applied  to  the  general  problem ;  the  equations 
of  motion  are  considered  under  the  form 

dt  dr'     dr      dr       dr ' 


where  T  and  V  arc  of  the  degree  of  generality  considered  in  the  Mecanique  Analytique, 
viz.,  r  is  a  function  of  r,  s...r',  «',...  bojnogeneous  of  the  second  order  as  regards  the 
differential  coefficients  /,  s', ..,,  and  T''  is  a  function  of  r,  s, ...  only;  or,  rather,  the 
equations  are  considered  in  a  form  obtained  from  the  above,  by  writing  T—V=R, 
viz.,  in  the  form 

d^  dR_dR_d^ 

dt  dr'      dr      dr  ' 

and,    as    in    the    preceding    memoir,    expressions    are    investigated    for    the    differentia] 

i  before,  of  the  form 


di  '■'■  "'dt^-  •"- 

where  {a,  6),  &c,  are  in  the  body  of  the  memoir  obtained  under  a  somewhat  complicated 
form,  and  this  complicates  also  the  demonstration  which  is  there  given  of  the  theorem 
that  {a,  b),  &c.  are  functions  of  the  elements  only,  without  the  time  t ;  but  in  the  Addition 
(published  as  part  of  the  memoir,  and  without  a  separate  date)  and  in  the  Supple- 
c.   III.  21 
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meiit  the  investigation  is   sirapliiied,  and  the  true   form  of  the  functions  {a,  h)  obtained 


,  writing    -=-  =  p, ...   then 


(».  h) . 


if,  for  shortness, 


d{r,  p)     d(s,  <.) 
'd{a,  b)^d{a,  by 


dT     dT 
The  representation  of  3-, ,   -^, ,  &c.  by  single  letters  is  made  by  Lagrange  in  the  Addition, 

dr  dT 

No.  26  (Lagrange   writes       ,  =  T',    -j-,  =  T",  &c.),  but  quite  incidentally  in   that   number 

only,  for  the  sake  of  the  formula  just  stated :  I  have  noticed  this,  as  the  step  is  an 
important  one. 

8.  It  is  proper  to  remark  that,  in  oi-der  to  prove  that  the  expressions  {a,  b),  &c. 
arc  independent  of  the  time,  Lagrange,  instead  of  considering  the  differeotial  coefficients 
of  each  of  these  functions  separately,  establishes  a  general  equation  (see  Nos.  25,  -Si,  .35 
of  the  Addition,  and  also  the  Supplement) 

d  f.    .dR     5,  ,,  lis         >      -, 

where,  if  Aa,  Ab,...  denote  any  arbitrary  increments  whatever  of  the  constants  of 
integration  a,  b  ...  then  Ar,  &c.  are  the  corresponding  increments  of  the  coordinates 
r,  &c. ;  this  is,  in  fact,  a  grouping  together  of  several  distinct  equations  by  means  of 
arbitrary  multipliers,  and  it  is  extremely  elegant  as  a  method  of  demonstration,  and 
has  been  employed  as  well  by  Lagrange,  here  and  elsewhere,  as  by  others  who  have 
written  on  the  subject;  but  I  think  the  meaning  of  the  formulfe  is  best  seen  when 
the  component  equations  of  the  group  are  separately  exhibited,  and  in  the  citation  of 
formnlse   I  have  therefore  usually  followed  this  course.     Lagrange  gives   also   an  equation 

which  is  in  fact  a  condensed  form  of  the  preceding  expression  for  -^,  but  which  it 
is  proper  to  mention,  viz. : 

—   ,7f=-8  — +       -Sr——- 
da  da      dr'      '"  da  dr' 

In   fafit,   in   the    formula    2—^    stands    for    l^-  -=—,  --,- + -ji   -^  --,-  +  ...]  dt,    and   Sr    for 
dr  \da  dr   dt      do   dr  dt  J 

(-T-    -jf  +  -n   j7+)'^''    ^^'^'    '^^    substituting    these    values,    the    identity    of    the    two 

seen  without  difEculty. 

!  remarks,  that  in  the  case  where  the  condition  of  vis  viva  holds  good, 
then    if    a    be    the    constant   of   ms   viva    (T+V=a),   and   c   the   constant   attached    by 

addition   to   the   time,  then    ^5-  =  ^-,  which,  he  observes,  is  an   equation   remarkable  as 
dt      dc  ^ 
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well  from  its  simplicity  and  generality  as  because  it  can  be  obtained  &  priori,  inde- 
pendently of  the  variations  of  the  other  arbitrary  constants :  this  is  obviously  the 
generalisation  of  the  expression  for  the  variation  of  the  mean  distance  of  a  planet, 

10.  The  consideration  of  Lagrange's  function  {a,  h)  originated,  as  appears  from 
what  has  preceded,  in  the  theory  of  the  variation  of  the  elements ;  but  it  is  to  be 
noticed,  that  the  function  (a,  b)  is  altogether  independent  of  the  disturbing  function, 
and  the  fundamental  theorem  that  (a,  b)  is  a  function  of  the  elements  only,  without 
the  time,  is  a  property  of  the  undisturbed  equations  of  motion.  The  like  remark  applies 
to  Poisson's  function  (a,  b),  in  the  memoir  next  spoken  of 


11.  Poisson's  memoir  of  the  16th  of  October,  1809.— The  formulae  of  this  memoir 
are,   so    to    speak,   the    reciprocals    of   those    of    Lagrange.     The    relations    between    the 

differential   coefficients  -t—  ,  &c.   of   the    disturbing   function  and   the   variations   -j-  ,  &c. 
aa  at 

of  the   elements,  depend  with   Lagrange,  upon  expressions  for  the  coordinates   and   their 

differential    coefEciente    in    terms    of   the    time    and    the    elements ;    with    Poisson,   on 

expressions   for   the   elements   in   terms   of   the    time,   and   of   the   coordinates   and   their 

differential  coefficients.     The   distinction  is  far  more   important  than  would  at  first  sight 

appear,   and    the    theory   of    Poisson    gives    rise    to    developments   which    seem    to    have 

nothing   corresponding   to   them  in   the   theory   of  Lagrange.     The   reason  is   as   follows : 

when  the  system   of  differential   equations   is   completely   integrated,  it   is   of  course   the 

same    thing  whether    we    have    the    integral    equations   in    the    form    made    use    of   by 

Lagrange,  or   in   that   by  Poisson,  the   two   systems   are   precisely  equivalent   the   one   to 

the   other;  but  when   the  equations  are  not  completely  integrated,  suppose,  for  instance, 

we  have  an  expression  for  one  of  the  coordinates  in  terms  of  the  time  and  the  elements, 

it    is    impossible    to    judge   whether  this    is    or    is   not   one   of   the   integral   equations ; 

the   differential   equations   are   not   satisfied   by  means   of  this   equation   alone,   but   only 

by   this   equation   with   the  assistance    of   the   other   integral    equations.      On    the    other 

hand,   when   we   have   an   expression   for   one   of    the   constants    of   integration   in   terms 

of  the   time   and   of  the   coordinates   and   their  differential  coefficients,  it  is  possible,  by 

mere  substitution  in   the   differential  equations,  and  without  the  knowledge  of  any  other 

integral   equations,   to   see    that    the    differential    equations    are    satisfied,   and    that    the 

assumed   expression  is,  in   faet,  one   of  the  system  of  integral  equations.     An  expression 

of  the   form  just  referred   to,   viz.,  c  =  ^(f,  a:,  y,...x',   y'...),  where   the   right-hand   side 

does   not   contain  any  of  the   arbitrary   constants,  may,  with   great   propriety,  be   termed 

an   "integral,"  as   distinguished   from   an   integi'al   equation,  in  which   the   constants   and 

variables    may    enter    in    any   conceivable   manner;    it    is    convenient    also    to    speak    of 

such  equation  simply  as  the  integral  c.     [These  locutions  were  introduced  by  Jacobi.] 

12.  Returning  now  to  the  consideration  of  Poisson's  memoir,  the  equations  of 
motion  are  considered  under  the  same  form  as  by  Lagrange,  viz.,  putting  T—  V  =  R, 
under  the  form 

d  dR_dR^dil_ 
dt  dtp'     d<fi      d^ 

21—2 
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but   Poisson   writes 

d<f>  *'  ■■■ 
thus,  in  cifect,  introducing  a  new  set  of  variables,  s, ...  equal  in  number  to  the  coordi- 
nates <p,...,  but  he  does  not  complete  the  transformation  of  the  differential  equations 
by  the  introduction  therein  of  the  new  variables  s,  ...  in  the  pla«e  of  the  differential 
coefficienta  0', .  ■ . ;  this  very  important  transformation  was  only  effected  a  considerable 
time  afterwards  by  Sir  W.  R.  Hamilton.  Poisson  then  assumes  that  the  undisturbed 
equations  are  integrated  in  the  form  above  adverted  to,  viz.,  that  the  several  elements 
a,  b,...  are  given  as  functions  of  the  time  t,  and  of  the  coordinates  <^,  &c.  and  their 
differential  coeiScients  i^'.  Sic.  or,  what  is  the  form  ultimately  assumed,  as  functions 
of  the  time  (,  of  the  coordinates  0,...,  and  of  the  new  variables  s,  &c.;  and  he 
then  forms  the  functions 

,      , ,      d  (a,  b) 

d  (a,  b)  __  da  db      db  da 

d  (s,  ^)  ds  d<^  ds  dtp  ' 
(the  notation  is  the  abbreviated  one  before  referred  to),  and  he  proves  by  differentiation 
that  the  differential  coefficient  of  (a,  b)  with  respect  to  the  time  vanishes :  that  is, 
that  (a,  b)  which,  by  its  delinition  is  given  as  a  function  of  (  and  of  the  coordinates 
0,...,  and  of  the  new  variables  s, ...,  is  really  a  constant.  Upon  which  Poisson 
remarks— "On  con^oit  que  la  eonstante...sera  en  g^n^ral  une  fonction  de  a  et  6  et 
des  constantes  arbitraires  contenues  dans  les  autres  int^grales  des  Equations  du  mouve- 
ment;  quelquefois  il  pourra  arriver  que  sa  valeur  ne  renferme  ni  la  constante  a  ni 
la  constante  b;  dans  d'autres  cas  elle  ne  contiendra  aucune  constante  arbitraire,  et  se 
r^duira  h  une  constante  d^terminee ;  mais  afin  &c." 

13.  The  importance  of  the  remark  seems  to  have  been  overlooked  until  the 
attention  of  geometers  was  called  to  it  by  Jacobi ;  it  has  since  been  developed  by 
Bertrand  and  Bour. 

It  is  clear  from  the  definition  that  (a,  b)=  —  (b,  a).  It  may  be  as  well  to  remark 
that  the  denominator  of  the  functional  symbol  is  (s,  0)  and  not  ((j>,  s),  which  would 
reverse  the  sign.  [It  may  be  noticed  that  throughout  the  Beport,  I  speak  of  the 
Lagrange's  Coefficients  {a,  b),  and  Poisson's  Coefficients  (a,  b),  distinguishing  them  in  this 
manner,  and  not  by  any  difference  of  notation.] 

14.  The  equations  for  the  variations  of  the  elements  are  without  difficulty  shown  to  be 

da     ,      , ,  rffl 
g-(a.  i)yj-+..., 

which  have  the  advantage  over  those  of  Lagrange  of  giving  directly   -j- ,  &c,  in  terms  of 
—j—,   &c.,    instead    of    these    expressions    having    to    be    determined    from    the    value    of 
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15.  Poiason  applies  his  formula  to  the  case  of  a  body  acted  upon  by  a  centi-al 
force  varying  as  any  function  of  the  distance,  and  also  to  the  case  of  a  solid  body 
revolving  round  a  fixed  point.  There  is,  as  Poisson  remarks,  a  complete  similarity 
between  the  formulae  for  these  apparently  very  different  problems,  but  this  arises  from 
the  analogy  which  exists  between  the  arbitrary  constants  chosen  in  the  memoir  for 
the  two  problems.  The  formulae  obtained  form  a  very  simple  and  elegant  system,  and 
one  which,  although  not  actually  of  the  canonical  form  (the  meaning  of  the  term  will 
be  presently  explained),  might  by  a  slight  change  be  reduced   to  that  form. 

16.  I  may  notice  here  a  problem  suggested  by  Poisson  in  a  report  to  the 
Institute  in  the  year  1830,  on  a  manuscript  work  by  Oatrogradsky  on  Celestial 
Mechanics,  viz.,  in  the  case  of  a  body  acted  upon  by  a  central  force,  the  effect  of 
a  disturbing  function,  wktrk  ts  a  function  only  of  the  distance  from  the  centre,  is  merely 
to  alter  the  amount  of  the  central  force ;  and  the  expressions  for  the  variations  of 
the  elements  should  therefore,  m  the  case  in  question,  admit  of  exact  integration ; 
the  report  is  to  be  found  in  Crelle,  t.  vii.  [1831],  pp.  97—101. 

17.  The  two  memoirs  of  Lagrange  and  Poisson,  which  have  been  considered, 
establish  the  general  theory  of  the  variation  of  the  arbitrary  constants,  and  there  is 
not,  I  think,  very  much  added  to  them  by  Lagrange's  memoir  of  1810,  the  second 
edition  of  the  Mecanique  Analytique,  1811,  or  Poisson's  memoir  of  1816.  The  memoir 
by  Maurice,  in  ISii,  belongs  to  this  part  of  the  subject,  and  as  its  title  imports, 
it  is  in  fact  a  development  of  the  theories  of  Lagrange  and  Poisson. 

18.  There    is,    however,   one    important    point   which    requires   to    be    adverted    to. 

Lagrange,  in  the  memoir  of  1810,  and   the  second  edition  of  the  Mecanique  Anaiytique, 

I'Otnarks,   that   for  a  particular  system   of    arbitrary  constants,   viz.,   if    a,  ...    denote   the 

dT 
initial  values  of  the  coordinates  ^,  ...  and  \...  denote  the  initial  values  of  -jp,-..  then 

the  equations  for  the  variations  of  the  elements  take  the  very  simple  form 

dt         dX  ' '"  '    dt      da  '  '"  ' 

this  is,  in  fact,  the  original  idea  and  simplest  example  of  a  system  of  canonical 
elements;  viz.  of  a  system  composed  of  pairs  of  elements,  a,  \,  the  variations  of 
which  are  given  in  the  form  just  mentioned. 

19.  The  "  Avertissement "  to  the  second  edition  of  the  Mecanique  Anaiytique,  con- 
tains the  remark,  that  it  is  not  necessary  that  the  disturbing  function  il  should  actually 

dO.    dp.    dn 

dx  '    dy  '    dz 

forces   X,  Y,  Z,  not   the   differential  coefficients  of  one  and  the  same  function,  and  then 

dH      .,,   ,  ,.       ,  ,    ,     ,      ,-        p      dH  dx     dil  dy     dil  dz         ,     -    -,    , 

-r-  Will  be  a  conventional  symbol  standing  ior  -. — ,-  +  -,  -y^  +  -i — ^ .  and  similailv 
da  ■'  °  dx  da      dy  da      dz  da  ■' 

for   -7r  ,   &c. ;    and   this   being   so,   all   the    formula;   will   subsist   as   in   the   case    of    an 

actually  existing  disturbing  function. 
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20.  Cauchy,  in  a  note  in  the  Bulletin  de  la  Soiyi4t4  Philomatique  for  1819  (repro- 
duced in  the  "  M^moire  sur  I'lnt^gration  des  Equations  aux  D^iivees  Parbiellea  dii 
Premier  Ordre,"  Exer.  (TAnal.  et  de  Physique  Math.,  t.  ii.  pp.  238 — 272  (1841)),  showed 
that  the  integration  of  a  partial  differential  equation  of  the  iirst  order  could  be  reduced 
to  that  of  a  single  system  of  ordinary  differential  equations,  A  particular  case  of 
this  general  theorem  was  afterwards  obtained  by  Jacobi  in  the  course  of  his  investi- 
gations (founded  on  those  of  Sir  W.  R.  Hamilton)  on  the  equations  of  dynamics,  and 
he  was  thence  led  to  a  slightly  different  form  of  the  general  theorem  previously 
established  by  Cauchy,  viz.,  Cauchy's  method  gives  the  general,  Jacobi's  the  complete 
integral,  of  the  partial  differential  equation.  The  investigations  of  the  geometers  who 
have  written  on  the  theory  of  dynamics  are  based  upon  those  of  Sir  W.  R.  Hamilton 
and  Jacobi,  and  it  is  therefore  unnecessary,  in  the  present  report,  to  advert  more 
particularly  to  Cauchy's  very  important  discovery. 

21.  I  come  now  to  Sir  W.  R.  Hamilton's  memoirs  of  1834  and  1835,  which  aie 
the  commencement  of  a  second  period  in  the  history  of  the  subject.  The  title  of  the 
first  memoir  shows  the  object  which  the  author  proposed  to  himself,  viz.,  the  discovery 
of  a  function  by  means  of  which  the  integral  equations  can  be  all  of  them  actually 
represented.  The  method  given  for  the  determination  of  this  function,  or  rather  of 
each  of  the  several  functions  which  answer  the  purpose,  presupposes  the  knowledge  of 
the  integral  equations ;  it  is  therefore  not  a  method  of  integration,  but  a  theory  of 
the  representation  of  the  integral  equations  assumed  to  be  known.  I  venture  to 
dissent  from  what  appears  to  have  been  Jacobi's  opinion,  that  the  author  missed  the 
true  application  of  his  discovery;  it  seems  to  me,  that  Jacobi's  investigations  were 
rather  a  theory  collateral  to,  and  historically  arising  out  of  the  Hamiltonian  theory, 
than  the  course  of  development  which  was  of  necessity  to  be  given  to  such  theory. 
But  the  new  form  obtained  in  Sir  W.  R  Hamilton's  memoirs  for  the  equations  of 
motion,  is  a  result  of  not  less  importance  than  that  which  was  the  professed  object 
of  the   memoirs. 

22.  Hamilton's  principal  function  V. — The  formulae  are  given  for  the  case  of  any 
number  of  free  particles,  but,  for  simplicity,  I  take  the  case  of  a  single  particle.  Th(^ 
equations  of  motion  are  taken  to  be 

d'x  _dU 
dp      dx ' 


so  that  the  vis  viva  function  i 


^_dU 
"  dt^  "  dz  ' 


r=im(*'=+/=+n 


and  the  force  function,  taken  with  Lagrange's  sign,  would  be  —  U.  It  is  assumed 
that  the  condition  of  vis  viva  holds,  that  is,  that  U  is  a  function  of  w,  y,  z  only. 
The   initial  values  of  the  coordinates  are  denoted  by  a,  b,  c,  and  those  of  the  velocities 
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by  a',  })',  c'.  The  equation  of  ms  viva  is  T^U -\-H,  and  this  gives  rise  to  an  equation 
T„=  Uo  +  ff  of  the  same  form  for  the  initial  values  of  the  coordinates.  The  author 
then  W]ites 

V=j'2Tdt, 

an  equation,  the  form  of  which  implies  that  T  is  expressed  as  a  function  of  the  time 
and  of  the  constants  of  integration  a,  b,  c,  a',  b',  c'.  The  method  ol'  the  ealcuhis  of 
valuations  leads  to  the  equation 

hV=m  (ofBo!  +  -j/Zy  +  /&)  -  m  {a'ta  +  h'hh  +  c'tc)  +  t^H, 

to  understand  which,  it  should  be  remarked  that  the  coordinates  x,  y,  z,  and  the 
velocities  x',  y',  ^ ,  being  functions  of  (  and  of  a,  6,  c,  ra',  b',  c',  then  V  is,  in  the 
fii-st  instance,  given  as  a  function  of  these  quantities.  But  x,  y,  z  being  functions  of 
a,  h,  c,  a',  6',  c',  (,  we  may  conversely  consider  a',  6',  c"  as  functions  of  «,  y,  z,  a,  b,  c,  (, 
and  thus  V  becomes  a  function  of  x,  y,  s,  a,  b,  c,  t.  In  like  manner  if  is  a  function 
of  X,  y,  z,  a,  h,  c,  *,  and,  eliminating  t,  we  have  V  a  function  of  x,  y,  z,  a,  h,  c,  H,  which 
is  the  form  in  which  in  the  last  equation  Y  is  considered  to  be  expressed.  The  equation 
then  gives 

dV  .       dV  ,       dV 

dx  dy  " '       dz 

dV  ,       dV  ,,       dV 

■  ,-■  =  —  ma  ,      -,,  =  —  mo ,      --j-  =  —  mc, 

da  do  dc 

dR-^' 
and,  considering  F"  as  a  known  function  of  a:,  y,  z,  a,  b,  c,  H,  the  elimination  of  H 
gives  a  set  of  equations  which  are  in  fact  the  intcgi-al  equations  of  the  problem, 
viz.,  the  first  three  equations  and  the  last  equation  give  equations  containing 
X,  y,  z,  x',  y',  /,  t  and  a,  b,  c,  that  is,  the  intermediate  integrals;  the  second  three 
equations  and  the  last  equation,  give  equations  containing  x,  y,  z,  t,  a,  b,  c,  a',  b',  c', 
that  is,  the  final  integrals. 

The  function  V  satisiies  the  two  partial  differential  equations 


=  U  +H, 


2m  {\da/ 


^ahm 


which,   if  they   could  be  integrated,   would   give    V"  as   a  function  of  x,  y,  z,  a,  b,  c,  H, 
and  thus  determine  the  motion  of  the  system. 

23,     Hamilton's   principal   function   8. — This   is   connected    with   the   function    V  by 
the  equation 
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or,  what  is  the  same  thing,  the  new  principal  function  S  is  defined  by  the  equation 

S  =  j\T+U)dt; 

but    S   is   considered   (not   like    V  as    a    function    of    w,   y,   s,    a,    b,   c,    H,    but)    as    a 
function  of  x,  y,  z,  a,  h,  c,  t.     The  expression  for  the  variation  of  S  is 

Za=-HU  +  m  {x'hx  +  y'hj  +  z'Bz)  -  m  (a'Ba  +  b'Sb  +  c'Bc) 

which  is  equivalent  to  the  system 


dx 


''=-H; 


dS  ,,       dS 

-^=  -  mo,       ^-  = 
do  dc 


dt 

the  fiist  three  and  the  second  three  of  which  give,  respectively,  the  intermediate  and 
the  final  integrals;  the  last  equation  leads  only  to  the  expression  of  the  supernumerary 
constant  H  in  terms  of  the  initial  coordinates  a,  h,  c,  and  it  may  be  omitted  from  the 
system. 

The  function  S  satisfies  the  partial  differential  equations 


-L{m<t}'-(S)Y 

■u. 

dS 
di* 

i   int. 

egrated,    would    give    S   as    a 

■   function   of 

which,  if  they  could  be  integrated,  would  give  S  as  a  function  of  x,  y,  2,  a,  b,  c,  t, 
and  thus  determine  the  motion  of  the  system. 

24.  Hamilton's  form  of  the  equations  of  motion. — This  is  in  feet  the  form  obtained 
by  carrying  out  the  idea  of  introducing  into  the  differential  equations,  in  the  place 
of  the  differential  coefficients  of  the  coordinates,  the  derived  functions  (with  respect  to 
these  differential  coefficients)  of  the  vis  viva  function  T.  Taking  t)  to  denote  any  one 
of  the  scries  of  coordinates,  then  the  original  system  may  be  denoted  by 

d  dT_dT_dU 
dt  dtj'      dtj      di] ' 

(U  is  the  force  function  taken  with  a  contrary  sign  to  that  of  Lagi-ange),  and  writing 
in  like  manner  bt  to  denote  any  one  of  the  new  variables  connected  with  the  cooi'di- 
nates  i)  by  the  equations 

dT 
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then  T,  in  its  original  form,  is  a  function  of  ■>),... t/',  ... ,  homogeneous  of  the  second 
order  as  regards  the  differential  coefHcicnts  ij',...;  and,  consequently,  these  being  linear 
functions  (without  constant  terms)  of  the  new  variables  to-,  the  vis  viva  function  T 
can  be  expressed  as  a  function  of  )?,...  in-, ... ,  homogeneous  of  the  second  order  as 
regards  the  variables  ot,....  And  when  T  has  been  thus  expressed,  the  equations  of 
motion  take  the  form 

d'n_dH       d^__dT     dU 

dt      rfra '      dt         dr;      dij  ' 

which  is  the  required  transformation.  The  force  function  U  is  independent  of  the 
differential  coefficients  ■))',...  and,  consequently,  of  the  variables  nr, ... ,  hence,  writing 
H  =T  —  JJ,  the  equations  take  the  form 


which  correspond  to  the  condensed  form  obtained  by  writing  T—V—R  in  Lagrange's 
equations.  It  is  hardly  necessary  to  remark  that  H  is  to  be  considered  as  a  given 
function  of  j;,  ...sr, ... ,  viz.,  it  is  what  T—  JJ  becomes  when  the  differential  coefficients 
7),  ...  are  replaced  by  their  values  in  terms  of  the  new  variables  cr, ... . 

25.  I  have,  for  greater  simplicity,  explained  the  theory  of  the  functions  V  and  S 
in  reference  to  a  very  special  form  of  the  equations  of  motion ;  but  the  theory  is,  in 
fact,  applicable  to  any  form  whatever  of  these  equations ;  and,  as  regards  the  function  V, 
is  in  the  first  memoir  examined  in  detail  with  reference  to  Lagrange's  general  form 
of  the  equations  of  motion.  The  function  S  i<<  considered  at  the  end  of  the  memoir, 
in  reference  only  to  the  special  foi-m.  The  new  form  of  the  equations  of  motion  is 
first  established  in  the  second  memoir,  and  the  theory  of  the  functions  V  and  S  is 
there  considered  in  reference  to  this  form.  The  author  considers  also  another  function 
Q,  which,  when  the  matter  is  looked  at  from  a  somewhat  more  general  point  of  view, 
is  not  really  distinct  from  the  function  S. 

26.  The  first  memoir  contains  applications  of  the  method  to  the  problem  of  two 
bodies,  and  the  problem  of  three  or  more  bodies,  and  researches  in  reference  to  the 
approximate  integration  of  the  equations  of  motion  by  the  separation  of  the  function 
V  into  two  parts,  one  of  them  depending  on  the  principal  threes,  the  other  on  the 
disturbing  forces.  The  method,  or  one  of  the  methods,  given  for  this  purpose,  involves 
the  consideration  of  the  variation  of  the  arbitrary  constants,  but  it  is  not  easy  to 
single  out  any  precise  results,  or  explain  their  relation  to  the  results  of  Lagrange  and 
Poisson.  The  like  remark  applies  to  the  investigations  contained  in  Nos.  7  to  12  of 
the   second   memoir,  but   it  is   important  to  consider  the  theory  described  in  the  heading 

1  I  tind  it  stated  in  a  note  to  M.  Houel's  "  Thfise  aur  Tint^gratioii  dea  fiquatioas  diff^utiellea  de  la 
M^oanique,"  Parie,  1855,  that  this  form  of  the  equations  of  motion  had  been  previously  employed  in  an 
WKpnblislud,  memoir  by  Cauohy,  written  in  1831.  [Cauehj  "Estrait  dn  Mfimoire  pr^eentfi  i  I'Aoademie  de 
Turin  le  11  Oot.  1831"  published  in  lithograph  ander  the  date  Turin,  1832,  with  an  Addition  dated 
6   Mar.   1S33.] 

C.    III.  22 
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of  No.  13,  as  "giving  formulEe  for  the  variation  of  elements  more  analogous  to  those 
ah-eady  known."  The  function  H  is  considered  as  consisting  of  two  parts,  one  of  them 
being  treated  as  a  disturbing  function ;  the  equations  of  motion  assume  therefore  the 
form 

dt     da      dzr '      dt         dij       di} ' 

(I  have  written  H,  T  instead  of  the  author's  Hj,  Hi).  The  terms  involving  T  are  in 
the  first  instance  neglected,  and  it  is  assumed  that  the  integrals  of  the  resulting  equa- 
tions are  presented  in  the  form  adopted  by  Poisson,  viz.,  the  constants  of  integration 
a,  b,  &c.  are  considered  as  given  in  terms  of  t,  and  of  the  two  sets  of  variables 
jj,  ...  and  IT,.,.;  the  integrals  are  then  extended  to  the  complete  equations  by  the 
method  of  the  variation  of  the  elements.  The  resulting  expressions  are  the  same  in 
form  as  those  of  Poisson,  viz. : 


if,  for  shortness, 

9  (a,  h)  _da  db     db  da 

in   terms   of         ,  &c.  might  have  been  exhibited 

in  a  form  such  as  that  of  Lagrange,  The  expressions  (a,  6),  considered  as  functional 
symbols,  have  the  same  meanings  as  in  the  theories  of  Poisson  and  Lagrange ;  and, 
as  in  these  theories,  the  differential  coefficient  of  (a,  h)  with  respect  to  the  time, 
vanishes,  or  (a,  h)  is  a  function  of  the  elements  only. 

27.  It  is  to  be  observed  that  the  disturbing  function  T  is  not  necessarily  in  the 
same  problem  identical  with  the  disturbing  function  li  of  Lagrange  and  Poisson  (indeed, 
in  any  problem,  the  separation  of  the  forces  into  principal  forces  and  disturbing  forces 
is  an  arbitrary  one).  Sir  W.  R.  Hamilton,  in  the  second  memoir,  gives  a  very 
beautiful  application  of  his  theory  to  the  problem  of  three  or  more  bodies,  which  has 
the  peculiar  advantage  of  making  the  motion  of  all  the  bodies  depend  upon  one  and 
the  same  disturbing  function  (')■  This  disturbing  function  contains  (as  in  the  last- 
mentioned  general  formulte)  both  sets  of  variables,  and  the  consequence  is  that,  as  the 
author  remarks,  the  varying  elements  employed  by  him  arc  essentially  different  from 
those  made  use  of  in  the  theories  of  Lagrange  and  Poisson ;  the  velocities  cannot,  in 
his    theory,   be    obtained    by    differentiating    the    coordinates    as    if    the    elements   were 

'  Lagrange  has  given  formals  for  the  determination  of  the  motion  of  three  or  more  bodies  referred  to 
their  eonimon  centre  of  gravity  hy  means  of  one  and  the  same  disturbing  function.  In  Su-  W.  B.  Haroiltoc's 
theory  there  is  one  central  body  to  wiiich  all  the  others  are  referred.  The  method  of  Sir  W.  E.  Hamilton 
is  made  use  of  in  M.  Houel's  "ThJse  d'Astronomie :  Apphoatiou  de  la  Mfithode  de  M.  Hamilton  an  Oalcul 
des  Perturbations  de  Jupiter." — Paris,  1855. 
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constant.  The  investigation  applies  to  the  case  where  the  attracting  force  is  any 
function  whatever  of  the  distance,  and  the  six  elements  ultimately  adopted  form  a 
canonical   system. 

28.  The  precise  relation  of  Sir  W.  R.  Hamilton's  form  of  the  equations  of  motion 
to  that  of  Lagrange,  is  best  seen  by  considering  Lagrange's  equations,  not  as  a  system 
of  differential  equations  of  the  second  order  between  the  cooi-dinates  and  the  time  (, 
but  as  a  system  of  twice  as  many  differential  equations  of  the  first  order  between  the 
coordinates,  their  differential  coefficients  treated  as  a  new  system  of  variables,  and  the 
time.  It  will  be  convenient  to  write  ~  U,  instead  of  Lagrange's  force-function  V,  and 
(to  conform  to  the  usage  of  later  writers  who  have  treated  the  subject  in  the  most 
general  manner)  to  represent  the  coordinates  by  q,...,  their  differential  coefficients  by 
5',...,  and  the  new  variables  which  enter  into  the  Hamiltonian  form  by  p,...\  then 
the  Lagrangian  system  will  be 

dq^   ,      d_  dT_dT^drJ_ 
(It         '      dt  dq'       dq       dq  ' 


or    putting    T+U  =  Z    (this    is    the  same    as    Lagrange's    substitution,    T—V  =  R),   the 
system  becomes 

dq_    ,  d^  ^_^ 

dt  dt  dq'      dq  ' 


while  the  Hamiltonian  system  is 


dq^dT       dp^_dT     dU_ 
dt      dp '      dt         dq      dq  ' 


or  putting  as  before  T—  If  =11,  the  system  is 

dq  _  dH       dp  _     dH  _ 
dt      dp  '     dt  dq' 


where,  in  the  Lagrangian  systems,  T  and  IT,  and  consequently  Z,  are  given  functions 
of  a  certain  form  of  (,  q,  ...q', ... ,  and  in  like  manner,  in  the  Hamiltonian  system, 
T  and  TJ,  and  consequently  H,  are  given  functions  of  a  certain  form  of  t,  q,...p..,. 
The  generalisation  has  since  been  made  (it  is  not  easy  to  say  precisely  when  first 
made)  of  considering  Z  as  standing  for  any  function  whatever  of  t,  q,  ...q', ... ,  and  in 
like  manner  of  considering  H  as  standing  for  any  function  whatever  of  t,  q,...p,..,. 
It  is  to  be  noticed  that  in  Sir  W.  R.  Hamilton's  memoir,  the  demonstration  which  is 
given  of  the  transformation  from  Lagrange's  equations  to  the  new  form  depends 
essentially  on  the  special  form  of  the  function  2"  as  a  homogeneous  function  of  the 
second   order   in   regard   to   the   differential   coefficients    of    the    coordinates ;    indeed    the 
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transformation  itself,  as  regards  the  actual  value  of  the  new  function  T  i-T  expressed 
in  terms  of  the  new  variables),  which  enters  into  the  transformed  equations,  depends 
essentially  upon  the  special  form  Just  referred  to  of  the  function  T,  although,  as  will 
be  seen  in  the  sequel,  there  is  a  like  transformation  applying  to  the  most  general 
form  of  the  function  T. 

29.  In  the  greater  part  of  what  has  preceded,  and  especially  in  the  above- 
mentioned  substitutions  T-\-U  =  Z  and  T-JJ^H,  it  is  of  course  assumed  that  the 
force  function  V  exists;  when  there  is  no  force  function  these  substitutions  cannot  be 
made,  but  the  forms  corresponding  to  the  untransformed  forms  in  T  and  JJ  are  as 
follows,  viz.  the  Lagrangian  form  is 

dq       ,       d  dT     dT_^ 


(  dq'      dq 


and  the  Hamiltonian  form  is 


^dT       dp^ 
dp '      dt 


that  is,  the  only  difference  is,  that  the  functions  Q,  instead  of  being  the  differential 
coefEcienta  with  respect  to  the  variables  q...  of  one  and  the  same  force  function  U, 
are  so  many  separate  and  distinct  functions  of  the  variables  q,  ... ,  or  more  generally 
of  the  variables  q,...p,...  of  both  sets. 

30.  Ja«obi's  letter  of  1836.— This  is  a  short  note  containing  a  mere  statement  of 
two  results.  The  first  is  as  follows,  tdz.  the  equations  for  the  motion  of  a  point  in. 
piano  being  taken  to  be 

(^^dU       d?y^dU 
dt"  ~  dx  '      dt''  ^  dy  ' 

where  t/"  is  a  function  a;,  y  without  (;  one  integral  is  the  equation  of  vis  viva 
iC^'^  +  J/'^)—  ^+h.  Assume  that  another  integral  is  a  =  F(x,  y,  x\  y"),  then  x',  y'  will 
in  general  be  functions  of  x,  y,  a,  h,  and  considering  them  as  thus  expressed,  it  is 
stated  that  not  only  a/da;  +  ^dy  will  he  an  exact  differential,  but  its  differential 
coefficients  with  respect  to  a,  h  will  be  so  likewise,  and  the  remaining  integrals  are 

a  theorem,  the  relation  of  which  to  the  general  subject  will  presently  appear. 
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The  second  result  does  not  relate  to  the  general  subject,  but  I  give  it  in  a  note 
for  its  own  sake('). 

31.  Poisson's  memoir  of  1837. — This  contains  investigations  suggested  by  Sir  W.  R, 
Hamilton's  memoir,  and  relating  to  the  aid  to  be  derived  from  a  system  of  given 
integral   equations   (equal   in   number   to    the   coordinates)    in   the   determination    of    the 

-5—  =  iiiM ,  oiiu.  give  o,  K  =  TO  (x''dx  +  i/di/  4-  z'ds).  or 
in  the  case  of  a  system  of  points,  dV=Xm{ai'dx  +  y'dy -i- z'dz).  If  the  points,  instead 
of  being  free,  are  connected  together  by  any  equations  of  condition,  then,  by  means 
of  these  equations,  the  coordinates  te,  y,  z  of  the  different  points  and  their  differential 
coefficients,  x',  1/,  z',  can  be  expressed  as  functions  of  a  certain  number  of  independent 
vaiiables  0,  i/r,  0,  &e.,  and  of  their  differential  coefficients  0',  -^'^  ff,  &c. ;  dV  then 
takes  the  form  dV=Xd<l>-V  Yd-\fr  + Zd0+  ...,  where  X,  Y,  Z  are  functions  of  ^,  ■^,... 
^',  -1^',....  Imagine  now  a  system  of  integrals  {one  of  them  the  equation  of  vis  vtva) 
equal  in  number  to  the  independent  variables  1^,  1^,  6... ;  then,  by  the  aid  of  these 
equations,    0',  i/r',  ff...,   and,   consequently,  X,    Y,  Z,...    can   be   expressed   as   functions 

(of  the   constants   of   integration   and)   of   the   variables   <f>,   1^,    6, Hence,   attending 

only  to  the  variables,  dV^ Xdif>+ Ydylr  + Zd&  +  ...  is  a  differential  expression  involving 
only  the  variables  0,  yjr,  0...-  but,  as  Poisson  remarks,  this  expression  is  not  in  general 
a  complete  differential.  In  the  cases  in  which  it  is  so,  V  can  of  course  be  obtained 
dii-ectiy  by  integrating  the  differential  expression,  viz.  the  function  so  obtained  is  in 
value,  but  not  in  form.  Sir  W.  R.  Hamilton's  principal  function  V;  for,  with  him, 
F  is  a  function  of  the  coordinates,  and  of  a  particular  set  of  the  constants  of 
integration,  viz.  the  constant  of  vis  viva  h,  and  the  initial  values  of  the  coordinates. 
Poisson  adds  the  very  important  remark,  that  V  being  determined  by  his  process  as 
above,  then  h  being  the  constant  of  vis  viva,  and  the  constants  of  the  other  given 
integral  equations  being  e,  /,  &c.,  the  remaining  integrals  of  the  problem  are('^) 

dk  '      de       '       df         ' "' 

'  Jaoobi  imagines  a  point  icitliout  ma\a  revolviiig  round  the  aun  and  distuib&d  by  a  planet  moving  in 
a  eirculai  orbit,  which  13  takfn  for  the  piano  of  j,  >i,  the  cooidinatea  of  the  point  ace  x,  y,  z,  those  of 
the  planet  a' cos  n't,  a'sian't,  m'  13  the  mass  of  the  planpt,  31  the  niata  of  tlie  £un     then  we  hare  accurately 


i/<i3;\^      /dyV'     /d^Y)       ,(    dy       dx\  _ 


which  Jaoobi  suggests  might  be  found  useful  in  the  lunar  theory.  The  point  being  without  mass,  means 
only  that  it  is  considered  aa  not  disturbing  the  eiroular  motion  of  the  planet ;  the  problem  is  properly  a 
case  of  the  problem  of  two  centres,  via.  one  centre  is  fised,  and  the  other  one  resolves  round  it  in  a 
circle  with  a  uniform  velocity. 

=  Poisson  writes  ^= -(  +  e;    there   seems   to  be    a    mistake   as    to    the    sign    of    h    running    through    the 

memoir.     Correcting  this,  and  patting   -r  for  i,  we  have  the  formula  -jr  =1  +  t  given  in  the  tost. 
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where  t,  I,  m,...  are  new  arbitrary  constants.  But,  as  before  remarked,  the  expression 
for  dV  is  not  always  a  complete  differential,  Poisson  accordingly  inquires  into  and 
determines  (but  not  in  a  precise  form)  the  conditions  which  must  be  satisfied,  in  order 
that  the  expression  in  question  may  be  a  complete  differential.  He  gives,  as  an 
example,  the  case  of  the  motion  of  a  body  in  space  under  the  action  of  a  central 
force;  and,  secondly,  the  case  considered  in  Jacohi's  letter  of  1836,  which  he  refers 
to,  viz.,  here  dV  =  x'dx-\- -i/dy,  and  when  the  two  integral  equations  are  one  of  them, 
the  equations  of  vis  viva  ^{x'' +  y'^)=U+h,  and  the  other  of  them  any  integral 
equation  a  =  F{x,  y,  af,  y)  whatever  (subject  only  to  the  restriction  that  a  is  not  a 
function  of  x,  y,  a/'+y^,  the  necessity  of  which  is  obvious)  the  condition  is  satisfied 
per  se,  and,  consequently,  x'das+i/dy  is  a  complete  differential,  and  its  integral  gives 
(in  value,  although  as  before  remarked  not  in  form)  the  principal  function  F;  and 
such  value  of  Y  gives  the  two  integral  equations  obtained  in  Jacobi's  letter. 

32.  Jacobi's  note  of  the  29th  of  November,  1836,  "  On  the  Calculus  of  Variations, 
and  the  Theory  of  Differential  Equations." — The  greater  part  of  this  note  relates  to 
the  differential  equations  which  occur  in  the  calculus  of  variations,  including,  indeed, 
the  differential  equations  of  dynamics,  but  which  belong  to  a  different  field  of 
investigation.  The  latter  part  of  the  note  relates  more  immediately  to  the  differential 
equations  of  dynamics.  The  author  remarks,  that,  in  any  dynamical  problem  of  the 
motion  of  a  single  particle  for  which  the  principle  of  vis  mva  holds  good,  if,  besides 
the  integral  of  vis  viva,  there  is  given  any  other  integral,  the  problem  is  reducible 
to  the  integration  of  an  ordinary  differential  equation  of  two  variables,  and  that  it  is 
always  possible  to  integrate  this  equation,  or  at  least  discover  by  a  precise  and  general 
rule  ike  factor  which  renders  it  integraile.  This  would  seem  to  refer  to  Jacobi's 
researches  on  the  theory  of  the  ultimate  multiplier,  but  the  author  goes  on  to  refer 
to  a  preceding  communication  to  the  Academy  of  Paris  (the  be  fore -mentioned  letter 
of  1836),  which  does  not  belong  (or,  at  least,  does  not  obviously  belong)  to  this  theory. 
He  speaks  also  of  a  class  of  dynamical  problems,  viz.  that  of  the  motion  of  a  system 
of  bodies  which  mutually  attract  each  other,  and  which  may  besides  be  acted  upon 
by  forces  in  parallel  lines,  or  directed  to  fixed  centres,  or  even  to  centres  the  motion 
of  which  is  given ;  and,  he  remarks,  in  the  solution  of  such  a  problem,  the  system 
of  differential  equations  being  in  the  first  instance  of  the  order  2n  (that  is,  being 
a  system  admitting  of  2n  arbitrstry  constants),  then  if  one  integral  is  known,  it  is 
possible  by  a  proper  choice  of  the  quantities  selected  for  variables  to  reduce  the  system 
to  the  order  2ji  ~  2.  If  another  integral  is  known,  the  equation  may  in  like  mannei' 
be  reduced  to  a  system  of  the  order  2n  —  4,  and  so  on  until  there  are  no  more 
equations  to  be  integrated ;  and  thus  the  operations  to  be  effected  depend  only  upon 
quadratures.  All  this  seems  to  refer  to  researches  of  Jacobi,  which,  so  far  as  I  am 
aware,  have  not  hitherto  been  published.  The  results  coiTespond  with  those  recently 
obtaiued  by  Bour,  post,  Nos.  66  and  67. 

33.  Jacobi's  memoir  of  1837. — Jacobi  refers  to  the  memoirs  of- Sir  W.  R.  Hamilton, 
and  he  reproduces,  in  a  slightly  different  form,  the  investigation  of  the  fundamental 
property   of  the   principal   function   S,     The   case   considered   is   that    of  a  system   of   n 
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pai'ticles,  the  coordinates  of  which  are  connected  together  by  any  number  of  equations ; 
but  ib  will  be  sufficient  here  to  attend  to  the  case  of  a  single  free  particle.  The 
equations  of  motion  are  assumed  to  be 

d^x^dU  d?y  ^dU  d?z__dV  _ 

dt^      dx'  dp      dy'  dt'      ds  ' 

but  II  is  considered  as  being  a  function  of  x,  y,  z  and  of  the  time  (,  that  is,  it  is 
assumed  that  the  condition  of  ms  viva  is  not  of  necessity  satisfied.  The  definition  of 
the   function  jS   is 


^/:[ 


l]^\m («■=  +  y-'  4- s'O    ^% 


which,   when   the   equation   of  vis   viva  is   satisfied,  that   is,  when 

agrees  with  Sir  W.  K  Hamilton's  definition  8=2  1  Udt  +  ht.  The  function  S  is  con- 
sidered as  being,  by  means  of  the  integral  equations  assumed  as  known,  expressed  as 
a  function  of  t,  of  the  coordinates  x,  y,  z,  and  of  their  initial  values  a,  h,  o.  And 
then  it  is  shown  that  jS  satisfies  the  equations 

dS  ,       dS              ,      dS 

ax  dy  ^        dz 

dS  ,       dS  ,,      dS 

da  do                     do 

so  that  the  intermediate  and  final  integrals  are  expressed  by  means  of  the  principal 
function   S. 

34,  But  Jacobi  proceeds,  "  the  definition  assumes  the  integration  of  the  differential 
equations  of  the  problem.  The  results,  therefore,  are  only  interesting  in  so  far  as  they 
have  reduced  the  system  of  integral  equations  into  a  remarkable  form.  We  may, 
however,  define  the  function  S  in  a  quite  different  and  very  muck  more  general  manner." 
And  then,  attending  only  to  the  case  of  a  system  of  free  particles,  he  gives  a  definition, 
which,  in  the  case  of  a  single  particle,  is  as  follows ; 

Jacobi's  principal  function  8. — The  equations  of  motion  being  as  before 

^ ^      dU       d'y^      dU       (fe  _      dU 
dp  dx  '      dt''~'"^  dy'     dP'~^~de  ' 

{where  U  is  in  general  a  function  of  x,  y,  z  and  ().  then  8  is  defined  to  be  a  com- 
plete solution  of  the  partial  differential  equation 


dt  +  2m  \[dx)  "•"  [dyj  "*"  [dsj  J  ~  ^■ 


A   complete   solution,   it   will    be   recollected,   means   a   solution   containing  as   many 
irbitrary  constants  as  there  are  independent  variables  in  the  partial  differential  equation ; 
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in  the  present  case,  therefore,  four  arbitrary  constants.  But  one  of  these  constants 
may  be  taken  to  be  a  constant  attached  to  the  function  .S  by  mere  addition,  and 
which  disappears  from  the  differential  coefficients,  and  it  is  only  necessary  to  attend 
to  the  other  three  arbitrary  constants.  S  is  consequently  a  function  of  (,  x,  y,  z,  and 
of  the  arbitrary  constants  a,  ^,  7,  satisfying  the  partial  diiferential  equation.  And  this 
being  so,  it  is  shown  that  the  integrals  of  the  problem  are 


dS  ,      dS  ,  dS  , 

T-  =  mx,     -f  -  =  my ,  -7-  =  ms, 

aw  ay        "^  ffis 

dS_^  dS_  dS_ 

d0^^'  dy     "' 


where  X,  fi,  v  are  any  other  arbitrary  constants,  viz.,  the  first  three  equations  give  the 
intermediate  integrals,  and  the  last  three  equations  give  the  final  integrals  of  the 
problem. 

Jacobi   proceeds   to   give    an    analogous    definition    of    the    principal    function    V   as 
follows  : 

tio.     Jacobi's  principal  function  V. — First,  when  the  condition  of  vis  viva  is  satisfied. 
Here  F  is  a  complete  solution  of  the  partial  differential  equation 

where  h  is  the  constant  of  vis  viva.  The  partial  differential  equation  contains  only 
three  independent  variables ;  and  since  as  before  one  of  the  constants  of  the  complete 
solution  may  be  taken  to  be  a  constant  attached  to  V  by  mere  addition,  and  which 
disappears  from  the  differential  coefficients,  we  may  consider  V"  as  a  function  of  t,  w,  y,  s, 
and  of  the  two  constants  of  integration  a  and  ^.  But  V  will  of  course  also  contain 
the  constant  k,  which  enters  into  the  partial  differential  equation.  The  integrals  of  the 
problem  are  then  shown  to  be 

dV 


dV 

^■. 

dV 

dy' 

-m,/ 

dV 
dh- 

t+T, 

dV 
Tt.' 

=  \ 

arbitrary 

constants. 

where  t,  X,  fi  are  i 

36.  Jacobi's  principal  function  V. — Secondly,  when  the  equation  of  vis  viva  is  not 
satisfied.  Here  U  contains  the  time  t,  and  we  have  no  such  equation  as  T=U  +  h, 
but  along  with  the  cooixiinates  ic,  y,  z  there  is  introduced  a  new  variable  ff,  and  Y 
is  defined  to  be  a  complete  integral  of  the  partial  differential  equation 

1    UdY\^  ,  idV' 
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where,  in  the  expression  for  U,  it  is  assumed  that  t  is  replaced  by  -tft-  There  are, 
consequently,  four  independent  variables,  and  a  complete  solution  must  contain,  exclusively 
of  the  constant  attached  to  V  by  mere  addition,  and  which  disappear  from  the 
differential  coefficients,  three  arbitrary  constants  a,  0,  -y.  The  integi'al  equatious  aie 
shown  to  be 


iV 

.     dV 

dV 
di' 

dV 

dV 
dy- 

•ly  ,. 

m-'' 

where  X,  ^,  p  aie  arbitrary  constants,  viz.,  eliminating  H  from  the  first  three  equations 
by  the  assistance  of  the  last  equation,  we  have  the  intermediate  integrals ;  and 
eliminating   H  from  the   second   three   equations   by  the  assistance  of  the  last  equation, 

we    have    the    final   integrals.     The   substitution   of   the   above    values     ,-,   &c.   in    the 

partial  differential  equation  gives  T  =  JJ  +  H,  that  is,  H{—T—U)  is  that  function 
which,  when  the  condition  of  vis  viva  is  satisfied,  becomes  equal  to  h,  the  constant  of 
i}is  viva. 

Jacobi's  extension  of  the  theory  to  the  case  where  the  condition  of  ids  viva  is 
not  satisfied,  appears  to  have  attracted  very  little  attention;  it  is  indeed  true,  as  will 
be  noticed  in  the  sequel,  that  this  general  case  can  be  reduced  to  the  particular  one 
in  which  the  condition  of  vis  viva  is  satisfied,  but  there  is  not  it  would  seem  any 
advantage  in  making  this  reduction ;  the  formula  for  the  general  case  are  at  least 
quite  as  elegant  as  those  for  the  particular  case. 

37.  Jacobi,  after  considering  some  particular  dynamical  applications,  proceeds  to 
apply  the  theory  developed  in  the  first  part  of  the  memoir  to  the  general  subject  of 
partial  differential  equations ;  the  differential  equations  of  a  dynamical  problem  lead  to 
a  pai'tial  differential  equation,  a  complete  solution  of  which  gives  the  integral  equations. 
Conversely,  the  integral  equations  give  the  complete  solution  of  the  partial  differential 
equation,  and  applying  similar  considerations  to  any  partial  differential  equation  of  the 
first  order  whatever,  it  is  shown  (what,  but  for  Cauchy's  memoir  of  1819,  which 
Jacobi  was  not  acquainted  with  (^),  would  have  been  a  new  theorem)  that  the  solution 
of  the  partial  differential  equation  depends  on  the  integration  of  a  single  system 
of  differential  equations.  The  remainder  of  the  memoir  is  devoted  to  the  discussion 
of  this  theory  and   of  the    integration   of    the    Pfaffian    system    of   ordinary  differential 

'  Jaoobi  refers  to  Lagrange's  "  Leijons  eur  la  Th6orie  des  FonetiocB, "  ancl  to  a  memoir  by  Pfafi  in  the 
Berlin  Transaotioos  for  1814,  as  oontainitig,  bo  tar  as  lie  was  aware,  everything  essential  which  was 
Imown  in  reference  to  the  integration  of  partial  dlfierential  eq^uations  of  the  first  order;  he  refers  also  to 
his  own  memoir  "  Ueber  die  Pfaffsohe  Methods  n.  a.  w."  CrelU,  t.  ii.  pp.  347—358  (1827),  as  presenting  the 
method  in  a  more  symmetrical  and  compendious  form,  but  without  adding  to  it  anjtiiing  essentially  new. 

c.  II].  23 
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equations,  a  system  which  is  also  treated  of  in  Jacobi's  memoir  of  1844,  "Theoria 
Novi  Multiplieatoris  &c"  I  take  the  opportunity  of  referring  here  bo  a  short  note 
by  Brioschi,  "Intorno  ad  una  Propriety  delle  Equazioni  alle  Derivate  Parziali  del 
Primo  Ordine,"  TortoUni,  t.  VI.  pp.  426 — 429  (1855),  where  the  theory  of  the  integration 
of  a  partial  differential  equation  of  the  first  order  is  presented  under  a  singularly 
elegant   form. 

38.  Jacobi's  note  of  1837,  "  On  the  Integration  of  the  Differential  Equations  of 
Dynamics," — Jacobi  remarks  that  it  is  possible  to  derive  from  Lagrange's  form  of  the 
equations  of  motion  an  important  profit  for  the  integration  of  those  equations,  and  he 
refers  to  his  communication  of  the  29th  of  November  1839  to  the  Academy  of  Berlin, 
and  to  his  former  note  to  the  Academy  of  Paris.  He  proceeds  to  say,  that  whenever 
the  condition  of  vis  viva  holds  good,  he  had  found  that  it  was  possible  in  the  integration 
of  the  equations  of  motion  to  follow  a  course  such  that  each  of  the  given  integrals 
successively  lowers  by  two  unities  the  order  of  the  system ;  and  that  the  like  theorem 
holds  good  when  the  condition  of  vis  viva  is  not  satisfied,  that  is,  when  the  force 
function  involves  the  time  (this  seems  to  be  a  restatement,  in  a  more  general  form, 
of  the  theorems  referred  to  in  the  note  of  the  29th  of  November  1836  to  the 
Academy  of  Berlin) ;  and  he  mentions  that  he  had  been,  by  his  researches  on  the 
theory  of  numbers,  led  away  from  composing  an  extended  memoir  on  the  subject.  The 
note  then  passes  on  to  other  subjects,  and  it  concludes  with  two  theorems,  which  are 
given  without  demonstration  as  extracts  from  the  intended  work  he  bad  before  spoken 
of.     These  theorems  are  in  effect  as  follows : 

1     Let 

^  _dU  iPy_dU  d?z_dU 

dp      dx '         dp      dy  '         dp      ds  ' 

be  the  3k  differential  equations  of  the  motion  of  a  free  system,  and 

^  2«i  (x'^  +  -y"'  +  a'^)  dt  =  U+  h, 

the  equation  of  vis  viva. 

Let  y  be  a  complete  solution  of  the  pai^tial  differential  equation 

that  is,  a  solution  containing,  besides  the  constants  attached  to  V  by  mere  addition, 
3«— 1  constants  0(0,,  a^, . . .  ctsn-i),  then  first  the  integral  equations  are 

dV^  dV^^ 

da  dh  ' 

where  ^(0i,  83,...  ^sit^i)  and  t  are  new  ai'bitrary  constants:  this  is  in  fact  the  theorem 
already   quoted   from   Jacobi's   memoir   of  1837,  and   it   is   in  the   present   place   referred 
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to   as    an   easy   generalisation   of  Sir   W.   R.   Hamilton's   formula;.     But   Jacobi   proceeds 
(and  this  is  given  as  entirely  new)  that  the  disturbed  equations  being 

df      dx      dx'  dt'      dy      dy '         df      dz       dz ' 

then  the  equations  for  the  variations  of  the  above  system  of  arbitrajy  constants  aie 

dM_     dn  dh_     dn 

dt~      d^'"'     dt"     'dr' 


BO  that  the  constants  form  (I  think  the  term  is  here  first  introduced)  a  canonical 
system. 

Jacobi  observes  that,  in  the  theory  of  elliptic  motion,  certain  elements  which  he 
mentions  form  a  system  of  canonical  elements,  and  he  remarks  that,  since  one  complete 
solution  of  a  partial  differential  equation  gives  all  the  others,  the  theorem  leads  to  the 
solution  of  another  interesting  problem,  viz.  "  Given  one  system  of  canonical  elements, 
to  find  all  the  other  systems."  This  is  effected  by  means  of  the  second  theorem,  which 
is  as  follows: 

11.  Given  the  systems  of  differential  equations  between  the  variables  a(«,,  a^. ..«,„) 
and  6(6.,  6,...6,„) 

da^_dH  db_dH 

dt         db  '  '"     dt      da  '"' 

where  H  is  any  function  of  the  variables  a,...  and  6,-..;  let  a(a^,  a.,...a,„)  and 
(S(^i,  ^2,---/3)n)  be  two  new  systems  of  variables  connected  with  the  preceding  ones 
by  the   equations 

dct  da 

where  i^  is  a  function  of  a,  ...  6,  ...  without  (  or  the  other  variables,  then  expressing 
if  as  a  function  of  t  and  the  new  variables  «, ...  and  ^, ...,  these  last  vaiiables  are 
connected  together  by  equations  of  the  like  form  with  the  original  system,  viz,  : 

<la.^_dH  d§^^_dH 

dt  "     'd0  '  ■■■      dt  da  '"' 

Jacobi  concludes  vvith  the  remark,  that  other  theorems  no  less  general  may  be  deduced 
by  putting  i^  +  X'^i  +  ^ui^a  +  . . ,  instead  of  i^,  and  eliminating  the  multipliei-s  \,  /i,  ... 
by  means  of  the  equations  ifr,^0,  i/r,  =  0,  . . . ,  and  that  the  demonstrations  of  the 
theorems  are  obtained  without  difficulty, 

39.  Jacobi's  note  of  the  21st  of  November,  1838.— Jacobi  refers  to  a  memoir  by 
Encke  in  the  Berlin  Ephemeris  for  1837,  "iiber  die  speciellen  StSrungen,"  where 
expressions   are  given   for   the  partial   differential  coefficients  of  the  values  in  the  theory 
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of  elliptic  motion  of  the  coordinates  x,  y,  z  and  the  velocities  x',  y',  z'  with  respect 
to  the  elements ;  and  he  remarks,  that  if  Eneke's  elements  are  replaced  by  a  system 
of  elements  a,  0,  y,  a',  /9',  y  which  he  mentions,  connected  with  those  of  Encke  by 
equations  of  a  simple  form,  then  considering  first  x,  y,  z,  x',  y',  z  as  given  functions 
of  (  and  the  elements,  and  afterwards  the  elements  a,  H,  y,  a',  0',  y  as  given  functions 
of  (  and  X,  y,  z,  x',  y',  z',  there  exists  the  remarkable  theorem  that  the  thirty-six 
partial  differential  coefficients  -;- ,  -^ ,  &c.,  and  the  thirty-six  partial  differential  co- 
coefficients  jL'   -j^-   &c..   are   equal   to   each   other,   or   differ   only   in   their   sign,   viz. 

dx___d^       d^_da        dx'  _da'       3ai'_     da 
da        dx"     rfa'     d,%"      da      dx  '     da'~     dx' 

thirty-six  equations  in  all,  viz.  the  pair  a,  a'  of  coJTesponding  elements  may  be  replaced 
by  the  pair  yS,  ^'  or  y,  y  :  and  then  in  each  of  the  twelve  equations  y,  y'  or  z,  z' 
may  be  written  instead  of  x,  x'.  The  like  applies  to  a  system  of  constants  which  arc 
the   initial   values   of  any   system   whatever  of  coordinates  p,...,   and   the   initial   values 

dT 

of  the  differential  coefficients  q'  =  -,-  ,  &c.  of  the  force  function  T  with  respect  to  p,...; 

and  for  every  system  of  elemmits  which  possess  the  property  first  mentioned,  the  f(yrmvX<B 
for  the  variations  assume  the  simplest  possible  form,  inasmuch  as  the  variations  of  each 
element  is  equal  to  a  single  partial  differential  coefficient  of  the  disturbing  function  tvith 
the  coefficient  +1  or  —1,  as  is  known  to  he  the  case  with  the  last-mentioned  system  of 
elements;  in  other  words,  if  a,...  and  b,...  be  a  system  of  elements  i 
to  each  other  in  pairs,  such  that 


di 

dp     da 

dq  _  db 

dq        da 

ir 

db~dq' 

da     dp' 

db~~dp 

(where  a,  b  may  be  replaced  by  any  other  coiTcsponding  pair  of  elements,  and  p,  q  by 
any  other  corresponding  pair  of  variables),  then  the  elements  a,...  and  b,...  form  a 
canonical   system. 

40.  Jacobi's  note  of  1840  in  the  Comptes  Eendus,  calls  attention  to  the  theorem 
contained  in  the  passage  quoted  above  from  Poisson's  mcmoii-  of  1808,  a  theorem 
which  Jacobi  characterizes  as  "la  plus  profonde  d&ouverte  de  M.  Poisson,"  and  as  the 
theorem  "le  plus  important  de  la  M^canique  et  de  cette  partie  du  calcul  integral 
qui  s'attache  k  I'int^gration  d'un  systeme  d'equations  diff^rentielles  ordinaii-es " ;  and  he 
proceeds,  "le  theoreme  dont  il  est  question  ^nonc^  convenablement  est  le  suivant — un 
nombre  quolconque  do  points  matdriels  etant  tir^s  par  des  forces  et  soumis  a  des 
conditions  telles  que  le  principe  des  forces  vives  ait  lieu,  si  Ton  connait  outre  que 
I'integralo  foumie  par  ce  principe  deux  autres  intdgrales,  on  en  peut  de'duire  une 
troisieme  d'une  maniere  directe  et  sans  m^me  employer  des  quadi-atures.  En  pour- 
suivant  le  mgmc  proced^  on  pourra  trouver  une  quatrieme,  une  cinquifeme  int^gi-ale,  et 
en   general   on   parviendra  a  cette  maniere  k  d^dnire  des  deux  int^-ales  donnees  toutes 
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les  integrales,  ou  ce  (jui  revienfc  au  mSme  I'intdgration  complete  du  problem e.  Dans 
des  cos  particuUers  on  retombera  mr  une  covtbtnaison  des  integrales  dejd,  trouvSes  avant 
qu'on  soit  parvenu  A  toutes  les  intigrales  du  proU^me,  maia  alors  les  deuce  integrales 
donn4es  jouissent  des  propriety  particidih'es  dont  on  pent  Hrer  un  mitre  profit  pour 
rint^ffraiitm  des  Equations  dynamiques  proposies.  C'est  ce  qu'on  verra  dans  un  ouvrage 
auquel  je  travaille  depuis  plusieurs  ann^es  et  dont  peut-etre  je  poun-ai  bientot  faire 
commencer   1' impression." 

41.  Liouville's  addition  to  Jacobi's  letter  of  1840. — This  contains  tho  demonstration 
of  a  theorem  similar  to  that  given  in  Jacobi's  letter  of  1836,  and  Poisson's  memoir 
of  1837,  but  somewhat  more  general ;  the  system  considered  is  a  sj'stem  of  four 
differential  equations  of  the  first  order : 

d^^^dU       daf^_^dU       dy  ^^dU       <^!/^_-^^^ 
dt        dx' '      di  dx'      dt         dy' '      dt  dy  ' 

whei'e  [7'  is  a  function  of  x,  y,  x\  y,  and  X  is  a  function  of  x,  y,  x',  y  and  i.  One 
integral  is  U  =  a,  and  if  there  be  another  iutegi'al  Y=b  where  y  is  a  function  of 
X,  y,  w',  y'  only,  then  x',  y'  being  by  means  of  these  two  integrals  expressed  as  a 
function  of  x,  y,  a,  b,  it   is   shown   that   x'dx  +  y'dy   is  an   exact  differential,  and  putting 

\{x'dx  +  y'dy}  —  d,  then  that  -rf  =  0  is  a  new  integi-al  of  the  given  equations;  and  in 
the  case  where  X  is  a  I'unction  of  t  only,  the  remaining  integi~al  is    i-  =  jxdt  +  a. 

42.  Binet's  memoir  of  1S41  contains  an  exposition  of  the  theory  of  the  variation 
of  the  arbitrai'y  constants  as  applied  to  the  general  system  of  equations 

ddF^d^dL        dM 

dt  dm'     dx'         dx         dx       '" ' 


where  F  is  any  function  of  t,  and  of  the  coordinates  x,  y,  z...  of  the  different  points 
of  the  system,  and  of  their  differential  coefficients  x',  y',  s',  &c.,  and  i  =  0,  M  —  ^,  &c. 
ai-e  any  equations  of  equation  between  the  coordinates  x,  y,  s, ...  of  the  different  points 
of  the  system ;  these  equations  may  contain  (,  but  they  must  not  contain  the  differential 
coefficients  d,  y',  z',...  Tho  form  is  a  more  general  one  than  that  considered  by 
Lagrange  and  Poisson.  The  memoir  contains  an  elegant  investigation  of  the  vaiiations 
of  the  elements  of  the  orbit  of  a  body  acted  upon  by  a  central  force,  the  expressions 
for  the  variations  being  obtained  in  a  canonical  form ;  and  there  is  also  a  discussion 
of    the    problem    suggested    in    Poisson's    report    of    1830    on    the    manuscript    work    of 


43.  Jacobi's  note  of  1842,  in  the  Gomptes  Rendm,  announces  the  general  principle 
(being  a  particular  case  of  the  theorem  of  the  ultimate  multiplier)  stated  and  demon- 
strated in  the  memoir  next  referred  to,  and  gives  also  the  rule  for  the  formation  of 
the  multiplier  in  the  case  to  which  the  general  principle  applies. 
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44.  Jacobi'a  memoir  of  1842,  "De  Motu  Puncti  singulai-is" :  the  author  remai-ks, 
that  the  greater  the  difficulties  in  the  general  integration  of  the  equations  of  dynamics, 
the  greater  the  care  which  should  be  bestowed  on  the  examination  of  the  dynamical 
problems  in  which  the  integration  can  be  reduced  to  quadratures;  and  the  object  ol' 
the  memoir  is  stated  to  be  the  examination  of  the  simplest  case  of  all,  viz.  the 
problems  relating  to  the  motion  of  a  single  point.  The  first  section,  entitled,  "De 
Extensione  quadam  Principii  Virium  vivanim,"  contains  a  remark  which,  though  obvious 
enough,  is  of  considerable  importance :  the  forces  X,  Y,  Z  which  act  upon  a  particle, 
may  be  such  that  Xdx  +  Ydy  +  Zds  is  nob  an  exact  differential,  so  that  if  the  particle 
were  free,  there  would  be  no  force  function,  and  the  equations  of  motion  would  not 
be  expressible  in  the  standard  form.  But  if  the  point  move  on  a  surface  or  a  curve, 
then  in  the  former  case  Xdx  +  Ydy  +  Zdz  will  be  reducible  to  the  form  Pdp  +  Qdq, 
which  will  be  an  exact  differential  if  a  single  condition  (instead  of  the  three  conditions 
which  are  required  in  the  case  of  a  free  particle)  be  satisfied,  and  in  the  latter  case 
it  will  be  reducible  to  the  form  Pdp,  which  is,  per  se,  an  exact  differential.  In  the 
case  of  a  surface,  the  requisite  transformation  is  given  by  the  Hamiltonian  form  of 
the  equations  of  motion,  which  Jacobi  demonstrates  for  the  case  in  hand;  and  then 
in  the  third  section,  with  a  view  to  its  application  to  the  particular  case,  he  enumerates 
the  general  proposition  "  quffi  pro  novo  principio  mechanico  haberi  potest,"  which  is  as 
follows : 

"  Consider  the  motion  of  a  system  of  matenal  points  subjected  to  any  conditions, 
and  let  the  forces  acting  on  the  several  points  in  the  direction  of  the  axes  be 
functions  of  the  coordinates  alone :  if  the  determination  of  the  orbits  of  the  several 
points  is  reduced  to  the  integration  of  a  single  differential  equation  of  the  first  order 
between  two  variables,  for  this  equation  there  may  be  found,  by  a  general  i-ule,  a 
multiplier  which  will  render  it  integrabic  by  quadratures  only." 

And  for  the  particular  ease  the  theorem  is  thus  stated : 

"  Given    three   differential   equations   of  the  first   order   between   the   four   quantities 


dp,  -dp,-        dq,      ^"        ~dq,'^^'" 

in    which   Q„    Q^   are    functions    of    q,,   q.^   only ;    suppose    that    there    are    known    t^vo 

integi-als   a,  /3,  and   that   by  the   aid   of  these  p^,  P2.    3-  .    t—  are   expressed  by   means 

of  the   quantities   ^i,   q^   and   the   arbitrary   constants   a,   ^ ;    there   then   remains  to    be 

integrated    an    equation    of    the   first   order,      -  dq^—  -T—dq^  =  ^   between   the   quantities 

f/i.    §i,    by   which   is   determined   the   orbit   of    the   point   on    the    given    surface:    I   say 
that  the  Ici't-hand  side  of  the  equation  multiplied  by  the  factor 

dp^  dpn  _  djJs  dp, 
d'x    d~ti      da.  dii  ' 
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will  be  a  complete  differential,  or  will  be  intcgrable  by  quadratures  alone,"  and  the 
demonstration  of  the  theorem  is  given.  The  remainder  of  the  memoir,  sections  4  to  7, 
is  occupied  by  a  very  interesting  discussion  of  various  important  special  problems. 

45.  There  is  an  important  memoir  by  Jacobi,  which,  as  it  relates  to  a  special 
problem,  I  will  merely  refer  to,  viz.  the  memoir  "Sur  I'Elimination  des  NcBuds  dans 
le  problfime  des  trois  Corps,"  Crelle,  t.  xxvii.  pp.  115—131  (1843).  The  solution  is 
made  to  depend  upon  six  differential  equations,  all  of  them  of  the  first  order  except 
one,  which  is  of  the  second  order,  and  upon  a  quadrature. 

46.  Jacobi's  memoir  of  1844,  "Theoria  Novi  Multiplicatoris  &c." — This  is  an 
elaborate  memoir  establishing  the  definition  and  developing  the  properties  of  the 
"  multiplier "  of  a  system  of  ordinary  differential  equations,  or  of  a  linear  partial 
differential  equation  of  the  first  order,  with  applications  to  various  systems  of  differential 
equations,  and  in  particular  to  the  differential  equations  of  dynamics.  The  definition 
of  the  multiplier  is  as  follows,  viz.  the  multiplier  of  the  system  of  differential  equations 

dx  :  dy  :  dz  :  dw...=X  :   Y  :  Z  :   W... 

or  of  the  linear  partial  differential  equation  of  the  first  order 

xf+Yifzf+wi(+...=o 

ax         ay     as  dw 

is  a  function  J/,  such  that 

dM^     dMY     dm     dMW 
dx  dy  dz  dw        •■■  ~    ■ 

One  of  the  properties  of  the  multiplier  is  that  contained  in  the  theorem  oi'  the 
ultimate  multiplier,  viz.  that  when  all  the  integrals  (except  one)  of  the  system  of 
partial  differential  equations  are  known,  and  the  system  is  thereby  reduced  to  a  single 
differential  equation  between  two  variables,  then  the  multiplier  (in  the  ordinary  sense 
of  the  word)  of  this  last  equation  is  MV,  where  M  is  the  multiplier  of  the  system, 
and  V  is  a  given  derivative  of  the  known  integrals,  so  that  the  multiplier  of  the 
.system  being  known,  the  integcation  of  the  last  differential  equation  is  reduced  to  a 
mere  quadrature.  To  explain  the  theorem  more  particularly,  suppose  that  the  system 
of  given  integrals,  that  is,  all  the  integrals  (except  one)  of  the  system  are  represented 
by  p~a,  5  =  /9,...,  and  let  u,  v  he  any  two  functions  whatever  of  the  variables,  so 
that  p,  q,...  u,  V  are  in  number  equal  to  the  system  x,  y,  z,  w, ...    then  if 

dx        dy        dz         dw 

ax         ay         dz  aw 

the  last  differential  equation  takes  the  form 

Udv  -  Vdu  =  0, 
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where  it  is  assumed  that  U  and  V  are,  by  the  assistance  of  the  given  integrals, 
expressed  as  functions  of  u,  v  and  the  constants  of  integi'ation.  The  multiplier  of  the 
last-mentioned  equation  is  MV,  where  M  is  the  multiplier  of  the  system,  and  V  may 
be  expressed  in  either  of  the  two  forms 

V  8  fey.^,  «»..■■) 

and 

V  =  p(p'  g-  •■■^'■'  ")1~'. 

\d(x,  y,  3,  w,...))    ' 

where  the  symbols  on  the  right-hand  sides  represent  functional  determinants  ;  in  the 
first  form  it  is  assumed  that  x,  y,  z,  w, ...  are  expressed  as  functions  of  a,  0,...v,  v, 
and  in  the  second  form  that  p,  q,...u,  v  are  expressed  as  functions  of  x,  y,  z,  w,..., 
but  that  ultimately  p,  q,  -..  are  replaced  by  their  values  in  terms  of  the  constants  and 
u,  v;  the  first  of  the  two  forms,  from  its  not  involving  this  transformation  backwaixis, 
appears  the  more  convenient. 

47.  I  have  thought  it  worth  while  to  quote  the  theorem  in  its  general  form, 
but  we  may  take  for  u,  v  any  two  of  the  original  variables,  and  if,  to  iix  the  ideas, 
it  is  assumed  that  there  are  in  all  the  four  variables  «,  y,  s,  w,  then  the  theorem 
will  be  stated  more  simply  as  follows : — given  the  system  of  differential  equations 

dx  :  dy  :  dz  :  dtV  =  X  :   Y  :  Z  :    W, 

and  suppose  that  two  of  the  integrals  are  p  =  a,  q=0,  the  last  equation  to  be  inte- 
giatcd  will  be 

Wdz'ZdW^O, 

wheie,  by  the  assistance  of  the  given  integrals,  W,  Z  are  expressed  as  functions  of 
z,  w.  And  the  multiplier  of  this  equation  is  MV,  where  M  is  the  multiplier  of  the 
system,  and  V,  attending  only  to  the  first  of  the  two  forms,  is  given  by  the  equation 


which  supposes  that  x,  y  are  expz-essed  as  functions  of  a,  /3,  z,  u: 

48,  Jacobi  applies  the  theorem  of  the  ultimate  multiplier  to  the  differential 
eqiiations  of  dynamics,  considered  first  in  the  unreduced  Lagi-angian  form,  where  the 
coordinates  are  connected  by  any  given  system  of  equations  of  condition ;  secondly,  in 
the  reduced  or  ordinary  Lagrangian  form;  and,  thii'dly,  in  the  Hamiltonian  form.  The 
multiplier  can  be  found  for  the  first  two  forms,  and  the  expi'essions  obtained  are  simple 
and  elegant ;  but,  as  regards  the  third  form,  there  is  a,  further  simplification :  the 
multiplier  M  of  the  system  is  equal  to  unity,  and  the  multiplier  of  the  last 
equation  is  therefore  equal  to  V.  The  two  cases  are  to  be  distinguished  in  which  t 
does  not,  or  does  enter  into  the  equations  of  motion ;  in  the  latter  case  the  theorem 
furnished   by   the   principle   of  the   ultimate   multiplier   is  the   same   as   for  the   genera! 
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case  of  a  system  the  multiplier  of  which  is  known,  viz.,  the  theorem  is,  given  all  the 
integi'als  except  one,  the  remaining  integral  can  be  found  by  quadratures  only.  But 
in  the  former  case,  which  is  the  ordinary  one,  including  all  the  problems  in  which  the 
condition  of  vis  viva  is  satisfied,  thei'e  is  a  further  consequence  deduced.  In  fact,  the 
time  t  may  be  separated  from  the  other  variables,  and  the  system  of  differential 
e(juations  reduced  to  a  system  not  involving  the  time,  and  containing  a  number  of 
equations  less  by  unity  than  the  original  system,  and  the  theorem  of  the  ultimate 
multiplier  applies  to  this  new  system.  But  when  the  integrals  of  the  new  system 
have  been  obtained,  the  system  may  be  completed  by  the  addition  of  a  single 
differential  equation  involving  the  time,  and  which  is  integrable  by  quadratures;  the 
theorem  consequently  is,  given  all  the  integrals  except  two,  these  given  integrals  being 
independent  of  the  time,  the  remaining  integrals  can  be  found  by  quadratures  only. 
This  is,  in  fact,  the  "Prineipium  generale  mechanicum"  of  the  memoir  of  1842. 

The  last  of  the  published  writings  of  Jacobi  on  the  subject  of  dynamics  is  the 
"  Ausziig  zweier  Schreiben  des  Professors  Jacobi  an  Herrn  Director  Hansen,"  Crelle, 
t.  XLIi.  pp.  12 — 31  (1851) :   these  relate  chiefly  to  Hansen's  theory  of  ideal  coordinates. 

49.  The  very  interesting  investigations  contained  in  several  memoirs  by  Liouville 
(Liouville,  t.  xi.  Xii.  and  xiv.,  and  the  additions  to  the  "  Connaissance  des  Temps "  for 
1849  and  1850)  in  relation  to  the  cases  in  which  the  equations  of  motion  of  a 
particle  or  system  of  particles  admit  of  integration,  are  based  upon  Jacobi's  theory  of 
the  S  function,  that  is,  of  the  function  which  is  the  complete  solution  of  a  certain 
partial  differential  equation  of  the  first  order ;  the  equation  is  given,  in  the  first 
instance,  in  rectangular  coordinates,  and  the  author  transforms  it  by  means  of  elliptic 
coordinates  or  otherwise,  and  he  then  inc{uires  in  what  cases,  that  is,  for  what  forms 
of  the  force  function,  the  equation  is  one  which  admits  of  solution.  A  more  pai'ticular 
account  of  these  memoirs  does  not  come  within  the  plan  of  the  present  report. 

50.  Desboves'  memoir  of  1848  contains  a  demonstration  of  the  two  theorems  given 
in  Jacobi's  note  of  1837,  in  the  Comptes  Rend'us ;  and,  as  the  title  imports,  there  is 
an  application  of  the  theory  to  the  problem  of  the  planetary  perturbations ;  the  author 
refers  to  the  above-mentioned  memoirs  of  Liouville  as  containing  a  solution  of  the 
partial  differential  equation  on  which  the  problem  depends,  and  also  to  a  memoir  of 
his  own  relating  to  the  problem  of  two  centres,  where  the  solution  is  also  given ;  and 
from  this  he  deduces  the  solution  jus.t  referred  to,  and  which  is  employed  in  the 
present  memoir.  Jacobi's  theorem  gives  at  once  the  formula  for  the  variation  of  the 
arbitrary  constants  contained  in  the  solution.  The  material  thing  is  to  determine  the 
signification  of  these  constants,  which  can  of  course  be  done  by  a  comparison  of  the 
formulEe  with  the  known  formulse  of  elliptic  motion;  the  author  ia  thus  led  to  a 
system  of  canonical  elements  similar  to,  but  not  identical  with,  those  obtained  by 
Jacobi. 

51.  Serret's  two  notes  of  1848  in  the  Comptes  Sendm. — These  relate  to  the  theory 
of  Jacobi's  S  function,  that  is,  of  the  function  considered  as  the  complete  solution  of 
a  given   partial   differential   equation   of  the   first  order.     In  the   first   of  the   two  notes, 
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which  relates  to  a  single  particle,  the  author  gives  a  demonsti'atioii  founded  on  a 
particular  choice  of  variables,  viz.,  those  which  determine  orthotomic  surfaces  to  the 
curve  described  by  the  moving  point.     The  process  seems  somewhat  artificial. 

52.  Sturm's  note  of  1848,  in  the  C&mptes  Rendtis,  relates  to  the  theoiy  of  Jacobi's 
S  function,  that  is,  of  this  function  considered  as  the  complete  solution  of  a  given 
partial  differential  equation  of  the  first  order.  The  force  function  is  considered  as 
involving  the  time  (,  which,  however,  is  no  more  than  had  been  previously  done  by 
Jacobi. 

53.  Oatrogradsky's  note  of  1848, — This  contains  an  important  step  in  the  theory 
of  the  forms  of  the  equations  of  motion,  viz.  it  is  shown  how,  in  the  case  where  the 
force  function  contains  the  time,  the  equations  of  motion  may  be  transformed  from  the 
form  of  Lagrange  to  that  of  Sir  W.  E..  Hamilton,  If,  as  before,  the  force  function 
(taken  with  the  contrary  sign  to  that  of  Lagrange)  is  represented  by  TJ,  then  putting, 
as  before,  T+  JJ=Z  (the  author  ^viitea  V  instead  of  Z),  in  the  case  under  consideration 
Z  will  contain  not  only  terms  of  the  second  order  and  terms  of  the  order  zero  in  the 
differential  coefficients  of  the  coordinates  q,  ... ,  but  also  terms  of  the  first  order,  that 
is,  Z  will  be  of  the  form  Z  =  Z2  +  Z^+Z^,  and  putting  H^Zs  —  Zi,,  this  new  function 
H  being  expressed  as  a  function  of  the  coordinates  q,...  and  of  the  new  variables 
_p, ... ,  then  the  equations  of  motion  take  the  Hamiltonian  form,  viz. — 

dq  _  dH       dp  _     dH  _ 
dt      dp  '      dt         dq  ' 

in  the  theoiy  of  the  transformation,  as  originally  given  by  Sir  W.  R.  Hamilton, 
Zi  =T,  Z^  =  0,  Z^  =  U,  and,  consequently,  H ^Z.,-Z„  =  T~  U  a,s,  before, 

[Ostrogradaky's  memoir  of  1850. — This  among  other  important  researches  contains, 
and  that  in  the  inost  general  form,  the  transformation  of  the  equations  of  motion 
from  the  Lagrangian  to  the  Hamiltonian  form,  and  indeed  the  transformation  of  the 
general  isoperimetrie  system  (that  is  the  system  arising  from  any  problem  in  the 
calculus   of  variations)   to   the   Hamiltonian   form.] 


;    memoir    of    1851, — The     author    reproduces    for    the     Lagrangiai 
equations  of  motion  -j-   yr,  —  —  —  0,  &c.  the  demonstration   of  the  theorem 


d  f^dZ  ^^      .   dZ^^         \      ^ 


and  he  shows  that  a  similar  theorem  exists  with  regard  to  the  system 
dfd^'-'^dtd^      rf|"     ' 


and   with    respect    to    the    corresponding    sj-stem    of    the    mth    order.     The    system    in 
question,   which   is,   in   fact,   the   general   form   of  the   system   of  equations   arising  from 
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a  problem  in  the  calculus  of  variations,  had  previously  been  treated  of  by  Jacobi,  but 
the  theorem  is  probably  new.  In  conclusion,  the  author  shows  in  a  very  elegant 
manner  the  interdependence  of  the  theorem  relating  to  Lagrange's  coefficients  (a,  b), 
and  of  the  con'esponding  theorem  for  the  coefficients  of  Poisson. 

55.  Bertrand's  memoir  of  1851,  "  On  the  Integrals  common  to  several  Mechanical 
Problems,"  is  one  of  great  importance,  but  it  is  not  very  easy  to  explain  its  relation 
to  other  investigations.  The  author  remarks  that,  given  the  integral  of  a  mechanical 
problem,  it  is  in  general  a  question  admitting  of  determinate  solution  to  find  the 
expression  for  the  forces;  in  other  words,  to  determine  the  problem  which  has  given 
rise  to  the  integral ;  at  least,  this  is  the  case  when  it  is  assumed  that  the  forces 
are  functions  of  the  coordinates,  without  the  time  or  the  velocities;  and  he  points  out 
how  the  solution  of  the  (juestion  is  to  bo  obtained.  But,  in  certain  cases,  the  method 
fails,  that  is,  it  leads  to  expressions  which  are  not  sufficient  for  the  determination  of 
the  forces ;  these  are  the  only  cases  in  which  the  given  integral  can  belong  to 
several  different  problems ;  and  the  method  shows  the  conditions  necessary  in  order  that 
these  cases  may  present  themselvea  It  is  to  be  remarked  that  the  given  integral  must 
be  understood  to  be  one  of  an  absolutely  definite  form,  such  for  instance  as  the 
equations  of  the  conservation  of  the  motion  of  the  centre  of  gravity  or  of  areas,  but 
not  such  as  the  equation  of  vts  viva,  which  is  a  property  common  indeed  to  a  variety 
of  mechanical  problems,  but  which  involves  the  forces,  and  is  therefore  not  the  same 
equation  for  different  problems.  The  author  studies  in  particular  the  case  where  the 
system  consists  of  a  single  particle ;  he  shows,  that  when  the  motion  is  in  a  plane, 
the  integrals  capable  of  belonging  to  two  or  more  different  problems  are  two  in 
number,  each  of  them  involving  as  a  particular  case  the  equation  of  areas.  When 
the  point  moves  on  a  surface,  he  arrives  at  the  remarkable  theorem — "  In  order  that 
the  equations  of  motion  of  a  point  moving  on  a  surface  may  have  an  integral 
independent  of  the  time,  and  common  to  two  or  more  problems,  it  is  necessary  that 
the  surface  should  be  a  surface  of  revolution,  or  one  which  is  developable  upon  a 
surface  of  revolution."  When  the  condition  is  satisfied,  he  gives  the  form  of  the 
integral,  and  the  general  expression  of  the  forces  in  the  problems  for  which  such 
integral  exists.  He  examines,  lastly,  the  general  case  of  a  point  moving  freely  in 
space.  The  number  of  integrals  common  to  several  problems  is  here  infinite.  After 
giving  a  general  form  which  comprehends  them  all,  the  author  shows  how  to  obtain 
as  many  particular  forms  as  may  be  desired :  it  is,  in  fact,  only  necessary  to  resolve 
any  problem  relative  to  motion  in  a  plane,  and  to  effect  a  certain  simple  transformation 
on  the  integrals ;  one  thus  obtains  a  new  equation  which  is  the  integral  of  an 
infinite  number  of  different  problems  relating  to  the  motion  in  space. 

As  an  instance  of  the  analytical  fonns  on  which  these  remarkable  results  depend, 
I  quote  the  following,  which  is  one  of  the  most  simple: — "If  an  integral  of  the 
equations  of  motion  of  a  point  in  a  plane  belongs  to  two  different  problems,  it  is  of 
the    form 

a  =  f  (0',  a^,  y^  t), 

where  <^'  is  the  derivative  with  respect  to  t,  of  a  function  of  x,  y,  which  equated  to 
zero  gives  the  equation  of  a  system  of  right  lines." 

24—2 
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56.  Bei-trand's  memoii'  of  1851,  "On  the  Inbegi'ation  of  the  Differential  Equations 
of  Dynamics." — The  author  refers  to  Jacobi's  note  of  1840,  in  relation  to  Poisson's 
theorem  ;  and  after  I'emarking  that  there  are  very  few  problems  of  which  two  integrals 
aj-e  not  known,  and  which  therefore  might  not  be  solved  by  the  method  if  it  never 
failed;  he  observes  that  unfortunately  there  are  (as  was  known)  cases  of  exception,  and 
that,  as  his  memoir  shows,  these  cases  are  far  more  numerous  than  those  to  which  the 
method  applies;  thus  for  example  the  equation  of  vis  viva,  combined  with  any  other 
integi-al  whatever,  leads  to  an  illusory  result.  The  theorem  of  Poisson  may  lead  to 
an  illusory  result  in  two  ways ;  either  the  resulting  integral  may  be  an  identity  0  =  0, 
or  it  may  be  an  integral  contained  in  the  integrals  already  known,  and  which  con- 
sequently does  not  help  the  aohition.  It  appears  by  the  memoir  that  the  two  cases 
are  substantially  the  same,  and  that  it  is  sufficient  to  study  the  case  in  which  the 
two  integrals  lead  to  the  identity  0  =  0.  Suppose  that  one  integral  is  given,  the 
author  shows  that  there  always  exist  integrals  which,  combined  with  the  given  integral, 
lead  to  an  illusory  result,  and  he  shows  how  the  integrals  which,  combined  with  the 
given  integral,  leads   to   such   illusory   result,  are   to   be   obtained. 

For  instance,  in  the  case  of  a  body  moving  round  a  fixed  centre  [and  attracted 
to  it  by  a  force  which  is  a  hrnction  of  the  distance],  there  ai-e  here  two  kno%vn 
integrals ;  first,  the  equation  of  vis  viva  (but  this,  as  already  remarked,  combined  with 
any  other  integral  whatever,  leads  to  an  illusory  result) ;  secondly,  the  equation  of  areas. 
The  question  arises,  what  are  the  integrals  which,  combined  with  the  equation  of 
areas,  lead  to  an  illusory  result  ?  The  integrals  in  question  are,  in  feet,  the  other  two 
integi'als  of  the  problem ;  so  that  the  inquiry  into  the  integrals  which  give  an  illusory 
result,   leads   here   to   the   completion   of  the   solution. 

The  like  happens  in  two  other  cases  which  are  considered,  viz.  first,  the  problem 
of  motion  in  piano  when  the  force  function  is  a  homogeneous  function  of  the  co- 
ordinates of  the  degree  —  2 ;  secondly,  the  problem  of  two  fixed  centres.  Indeed  the 
case  is  the  same  for  all  problems  whatever,  where  the  coordinates  of  the  points  of 
the  system  can  be  expressed  by  means  of  two  independent  variables. 

The  next  problem  considered  is  that  where  two  bodies  attract  each  other,  and  are 
attracted  to  a  fixed  centre.  Suppose,  first,  the  motion  is  in  piano,  then  &s  in  the 
former  case  all  the  integrals  will  be  found  by  seeking  for  the  integrals  which,  combined 
with  the  equation  of  areas,  give  an  illusory  result.  When  the  motion  is  in  space,  the 
principle  of  areas  furnishes  three  integrals  (the  equation  of  vis  viva  is  contained  in 
these  three  equations) ;  the  integrals  which,  combined  with  the  integi'als  in  question, 
give  illusory  results,  are  eight  in  number,  and,  to  complete  the  solution,  there  must 
be  added  to  these  one  other  integral,  which  alone  does  not  put  the  method  in  default. 
The  problem  of  three  bodies  is  then  shown  to  be  reducible  to  the  last-mentioned 
problem ;  and  the  same  consequences  therefore  hold  good  with  respect  to  the  problem 
of  three  bodies,  viz.,  there  are  eight  integrals  which,  combined  with  the  integrals 
furnished  by  the  principle  of  areas,  give  illusory  results.  To  complete  the  solution  it 
would  be  necessaiy  to  add  to  these  a  ninth  integral,  which  alone  would  not  put  the 
method  into  default. 

57.  The  author  remai'ks  that  it  appears  by  the  preceding  enumeration  that  the 
method   of   integration,   based    on    the   theorem    of   Poisson,   is   far   from   having   all    the 


V  Google 


195]  REPORT    ON   THE   KEOENT   PROGaESS   OF   THBOEETICAL    DYNAMICS.  189 

importance  attributed  to  it  by  Jacobi.  The  cases  of  exception  are  numerous ;  they 
constitute,  in  certain  cases,  the  complete  solutions  of  the  problems,  and  embrace  in 
other  caaes  eleven  integrals  out  of  twelve.  But  it  would  be  a  misapprehension  of  his 
meaning  to  suppose  that,  according  to  him,  the  cases  in  which  Poisson's  theorem  is 
usefully  applicable  ought  to  be  considered  as  exceptions.  The  expression  would  not  be 
correct  even  for  the  problems  which  are  completely  resolved  in  seeking  for  the  integrals 
which  put  the  method  into  default ;  there  exists  for  these  problems,  it  is  true,  a 
system  of  integrals  which  give  illusory  results ;  but  these  integrals,  combined  in  a 
suitable  manner,  might  furnish  others  to  which  the  theorem  could  be  usefully  applied. 

The  author  remarks,  that,  in  seeking  the  cases  of  exception  to  Poisson's  theorem, 
there  is  obtained  a  new  method  of  integration,  which  may  lead  to  useful  results ; 
and,  after  referring  to  Jacobi's  memoir  on  the  elimination  of  the  nodes  in  the  problem 
of  three  bodies,  he  remarks  that,  by  his  own  new  method,  the  problem  is  reduced 
to  the  integration  of  six  equations,  all  of  them  of  the  first  order ;  so  that  he 
effectuates  one  more  integration  than  had  been  done  by  Jacobi  [this  is  incorrect] ; 
and  he  refers  to  a  tnture  memoir,  (not,  I  believe,  yet  published)  [?  the  Memoii-  of 
1857]  for  the  further  development  of  his  solution, 

.58,  To  give  an  idea  of  the  analytical  investigations,  the  equations  of  motion  are 
considered  under  the  Hamittonian  form 

dq_dH       dp^_dH 
dt"  dp'      dt  dq ' 

where  H  is  any  function  whatever  of  q,...p,...  without  (,  and  then  a  given  integral 
being 

a  =  <f.(5,  ...p,...), 

the  question  is  shown  to  resolve  itself  into  the  determination  of  an  integral  ^  =  i^{q,...p,...) 
such  that  identically  (a,  y3)  =  0  or  else  (a,  /3)  =  1,  where  (a,  0)  represents,  as  before, 
Poisson's  symbol,  viz. 

if  for  shortness 

afa,^)^3a  d^_da  d§ 
d  (g,  p)     dq  dp     dp   dq ' 

The  partial  differential  equations  (a,  y3)  =  0  or  (a,  y3)  =  l,  satisfied  by  certain  integrals  /3, 
are  in  certain  eases,  as  Bertrand  remarks,  a  precious  method  of  integration  lea*iing  to 
the  classification  of  the  integrals  of  a  problem,  so  as  to  facilitate  their  ulterior  deter- 
mination :  it  is  in  fact  by  means  of  them  that  the  several  results  before  referred  to 
are  obtained  in  the  memoir. 

59.  Eertrand's  note  of  1852  in  the  Gomptes  Rendiis. — This  contains  the  demon- 
stration of  a  theorem  analogous  to  Poisson's  theorem  (a,  ^)=  const.,  but  the  function 
on  the  left-hand  side  is  a  function  involving  four  of  the  arbitnuy  constants  and 
binary  combinations  of  pairs  of  corresponding  variables,  instead  of  two  arbitrary  constants 
and  the  series  of  pairs  of  con-esponding  variables. 
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60.  Berti-and's  notes,  VI.  and  vii.,  to  the  third  edition  of  the  M^anique  Analytique, 
1853,  contain  a  concise  and  elegant  exposition  of  various  theorema  which  have  been 
considered  in  the  present  report.  The  latter  of  the  two  notes  relates  to  the  above- 
mentioned  theorem  of  Poisson,  and  places  the  theorem  in  a  very  clear  light,  in  fact, 
establishing  its  connexion  with  the  theory  of  canonical  integrals.  Bertrand  in  fact 
shows,  that,  given  any  integral  a  of  the  differential  equations  (in  the  last- mentioned 
form,  the  whole  number  of  equations  being  2i),  then  the  solution  may  be  completed 
by  joining  to  the  integral  a  a  system  of  integrals  /3, ,  0i.-.^-d^i,  which,  combined 
with  the  integral  a,  give  to  Poisson's  equation  an  identical  form,  viz,  which  are  such 
that 

(a,  A)=l,  (a.  ;e,)  =  0,...(«,  Ai_,)  =  0. 

This,  he  remarks,  shows,  that,  given  any  integi'al  a,  the  solution  of  the  problem  mai/ 
he  completed  by  integrals  ^i,  ^z...^^_,,  which,  combined  with  a,  give  all  of  them 
an  identical  foi-m  to  the  theorem  of  Poisson.  But  it  is  not  to  be  supposed  that  all 
the   integrals  of  the   problem   are   in   the  same  case.     In   fact,  the  most  genei-al  integral 

is  5;  =  nr(a,  0,,  ySi ...  jSat-i),  and  it  is  at  once  seen  that  (a,  ■^)^{a,  0,)  -r^=-j^, con- 
sequently  the   expression   (a,   if)   will   not    be   identically   constant   unless  -A-  is   so:    but 

aft 
the  integi-alfi,  in  number  infinite,  which  result  from  the  combination  of  a,  with 
ySa,  |Sa  ■■■&-,  combined  with  the  integi-al  a,  give  identical  results.  Only  the  integrals 
which  contain  ft  lead  to  results  which  are  not  identical.  The  integrals  a  and  ft, 
connected  together  in  the  above  special  manner,  are  termed  by  the  author  conjugate 
integrals. 

61.  Brioschi's  two  notes  of  1853. — The  memoir  "Sulla  Variazionc  &c."  contains 
reflections  and  developments  in  relation  to  Bertrand's  method  of  integration  and  to 
canonical  systems  of  integrals,  but  I  do  not  perceive  that  any  new  results  are  obtained. 

The  note,  "  Intorno  ad  un  Teorema  di  Meccanica,"  contains  a  demonstration  of 
the  theorem  in  Bertrand's  note  of  1852  in  the  Gomptes  Rendits,  and  an  extension  ol' 
the  theorem  to  the  case  of  a  combination  of  any  even  number  of  the  arbitrary  constants ; 
the  value  of  the  symbol  is  shown  by  the  theory  of  determinants  to  be  a  fimction  of 
the  Poissonian  coefficients  (a,  /3),  and  as  these  are  constants,  the  value  of  the  symbol 
considered  is  also  constant. 

62.  Liouviile's  note  of  the  29th  of  June  1853  ('),  contains  the  enunciation  of  a 
theorem  which  completes  the  investigations  contained  in  Poisson's  memoir  of  lfi37. 
Thf  pquations  consideied  are  the  Hamiltonian  equations  m  their  most  general  toim 
M,;     H   IS    anj    function   whatevei    of    t   and    the   othei    vanable--      it   is    assumed   that 

1  The  daie  is  that  of  the  commumtation  of  the  nute  to  the  Bureau  of  Longitude'',  but  the  note  is  oiilj 
published  m  Liouville  s  Joumil  m  the  May  Number  tor  185E  which  la  subsequent  to  the  date  of  the 
aeooni  part  of  Professor  Donkin's  roemoir  in  the  Plaloiophual  Tiansaetmns,  which  contains  the  theorem  in 
question  I  have  not  had  the  opportunity  ot  seeiug  a  thesis  by  M  Adnen  Lafon,  Pans,  1854,  where 
Liou^iUes  theoiem  13  quoted  and  demon-.tral;td 
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half  of  the  integrals  are  known,  and  that  the  given  integrals  are  such  that  for  any 
two  of  them  a,  ft  Poisson's  coefiicient  (a,  ^)  is  equal  to  zero;  this  heing  so,  the 
espreBsion  pdq  +  ...—Hdt,  where,  by  means  of  the  known  integraJs,  the  variables  p,... 
are  expressed  in  terms  of  q,...t,  is  a  complete  differential  in  respect  to  q,..,t,  viz, 
it  will  be  the  differential  of  Sir  W.  R.  Hamilton's  principal  function  V,  which  is 
thus  determined  by  means  of  the  known  integrals,  and  the  remaining  integrals  are 
then  given  at  once  by  the  general  theory. 

63.  Professor  Donkin's  memoir  of  1854  and  1855,  Part  I.  (sections  1,  2,  3,  articles 
I  to  48). — The  author  refers  to  the  researches  of  Lagrange,  Poisson,  Sir  W.  R.  Hamilton, 
and  Jacobi,  and  he  remarks  that  his  own  investigations  do  not  pretend  to  make  any 
important  step  in  advance.  The  investigations  contained  in  section  1,  articles  1  to  14, 
establish  by  an  inverse  process  (fchat  is,  one  setting  out  from  the  integral  equations) 
the  chief  conclusions  of  the  theories  of  Sir  W.  B.  Hamilton  and  Jacobi,  and  in 
particular  those  relating  to  the  canonical  system  of  elements  as  given  by  Jacobi's 
theory,  The  theorem  (3),  article  1,  which  is  a  very  general  property  of  functional 
determinants,  is  referred  to  as  probably  new.  The  most  important  results  of  this  portion 
of  the  memoir  arc  recapitulated  in  section  4,  in  the  form  of  seven  theorems  there 
given  without  demonstration ;  some  of  these  will  be  presently  again  referred  to.  Articles 
17  and  18  contain,  I  believe,  the  only  demonstration  which  has  been  given  of  the 
equivalence  of  the  generalised  Lagrangian  and  Hamiltonian  systems.  The  transformation 
is  as  follows:   the  generalised  Lagrangian  system  is 

^  dZ^dZ_ 
dt  dq'      dq ' 


where  Z  is  any   function    of    t    and    of    q,...q',. 


H  =  —  Z+q'p+  ... ,   where,  oi 
t,  q,...p,...,    so   that   H  is 
preceding  ai-ticles  show  that 


the    right-hand    sic 
function   of    (,    g, . 


writing   herein  - 


dp  ' 


dH 

dq  ' 


are    expressed    i 
then    the    theori 


terms    of 
QH    in    the 


which  is  the  generalised  Hamiltonian  system. 

In  section  2,  articles  21  and  22,  there  is  an  elegant  demonstration,  by  means  of 
the  Hamiltonian  equations,  of  the  theorem-  in  relation  to  Poisson's  coefficients  (a,  b), 
viz.,  that  these  coelEcients  are  functions  of  the  elements  only.  And  there  are  contained 
vai'ious  developments  as  to  the  consequences  of  this  theorem ;  and  as  to  systems  of 
canonical,  or,  as  the  author  calls  them,  normal  elements.  The  latter  part  of  the 
section  and  section  3,  relate  principally  to  the  special  problems  of  the  motion  of  a 
body  under  the  action  of  a  central  force,  and  of  the  motion  of  rotation  of  a  solid  body. 
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64,  Part  II.  (sections  4,  5,  6  and  7,  articles  49 — 93,  appendices). — Section  4  con- 
tains the  seven  theorems  before  referred  to.  Although  not  given  as  new  theorems,  yet, 
to  a  considerable  extent,  and  in  form  and  point  of  view,  they  are  new  theorems. 

Theorem  1  is  a  theorem  standing  apart  from  the  others,  and  which  is  used  in 
the  demonstration  of  the  transformation  from  the  Lagrangian  to  the  Hamiltonian  system. 
It  is  as  follows;  viz.,  if  X  be  a  function  of  the  n  variables  x,...,  and  if  y,...  be 
n  other  variables  connected  with  these  by  the  n  equations 


then   will   the   values   of    a^, ...  ,   expressed    bj'   means    of    these    equations   in    terms    of 
y,...,  be  of  the  form 


and  if  p  be  any  other  quantity  explicitly  contained  in  X,  then  also 

dp      dp        ' 

the    differentiation   with    respect   to  p   being    in   each   case   performed   only   so   far  as  f 
appears  explicitly  in  the  function. 

The  value  of  Y  is  given  by  the  equation 

where,  on  the  right-hand  side,  ic, ...  arc  expressed  in  terms  of  ^, ... 

Theorems  2,  3  and  4,  and  a  supplemental  theorem  in  article  50,  relate  to  the 
deduction  of  the  generalised  Hamiltonian  system  of  differential  equations  from  the 
integral  equations  assumed  to  be  known.  In  fact  (writing  V,  q, ...  p,...  b,...  a,.... 
instead  of  the  author's  X,  iCi,...iC„,  y„...yn,  a,,...an,  6,,...6„),  it  is  assumed  that  Y  is 
a  given  function  of  t,  of  the  n  variables  g, ... ,  and  of  the  n  constants  6,...,  and  that 
the  n  variables  J),  ... ,  and  the  n  constants  a,...,  are  determined  by  the  conditions 

dY  .,. 


dY_ 
db  ~ 


(2) 


so  that  in  fact  by  virtue  of  these  2n  equations  the  2n  variables  X,  g, ...  p,.,.  may  be 
considered  as  functions  of  t,  and  the  Sn  constants  b,...  ra, ...  {hypothesis  1),  or  con- 
versely, the  2ji  constants  b,...  a,...,  may  be  considered  as  functions  of  t  and  of  the 
2n  variables  g, ...  p,...  (hypothesis  2). 
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Theorem    2    is    as    follows :    viz.,    if   from   the   2n   equations   (1,   2)  and   their   total 
differential  coefficients  with  respect  to  t,  the  2ji  constants  be  eliminated,  there  will  result 


contain    (    explicitly). 


the 

!  following 

2n  simultaneous  differential 

equations 

ot  the  first 

i^ 

dH 
-     dp'- 

dp 

dll 

dq  •  ■ 

H   is    here    a 
given  by  the 

function 
equation 

of   q... 

■   p.- 

..(which   will 

in   general    i 

dt  ' 


dV   . 


where,  on   the  light-hand  side,  the   differential   coefficient   -j-   is   taken   with   respect    to 

(,  in  so  far  as  i  appeai-s  explicitly  in  the  original  expression  for  V  in  terms  of 
5,...  b,...  and  (,  and  after  the  differentiation,  b,.,.,  are  to  be  expressed  in  terras  of 
the  variables  and  t,  by  means  of  the  equations  (1). 

Theorem  3  is,  that  there  exists  the  following  relations,  viz.: 

dq  _     da       dq  _     dh 
dh        bp'     da       dp' '" 

dp  _     di-       dp  ^     db 
db        dq'     da.         dq' '" 


whore  (p,  q)  are  an^  corresponding  pair  out  of  the  systems  p,...  and  §,...,  and  {b,  a) 
are  any  corresponding  pair  out  of  the  systems  b,...  and  «,...,  so  that  the  total 
number  of  equations  is  4ji'  ■.  in  each  of  the  equations  the  left-hand  side  refers  to 
hypothesis  1,  and  the  right-hand  side  to  hypothesis  2. 


To    these    theorems    should    be    added    the    supplemental     theorem    contained 


article  50,  viz.,  that  there 


also  the  system  of  equations 


db^ 
dt 


dH 

da  ' 


da  _ 
di~ 


where   the   left-hand   sides   refer  to   hypoth( 
dV 


2,  while    the   right-hand   sides   refer   to 


hypothesis  1 ;  as  before  H= 


'  dt  '■ 


but   here   //  is   differentially  expressed,  being  what 


the  H  of  theorem  I 
C.   III. 


becomes  when  the  variables  are  expressed  according  to  hypothesis  1. 
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In  theorem  4  the  author's  symbol  (p,  q)  has  a  siguifieation  such  as  Poisson's  (a,  h), 
and  if  we  write  as  before 

'      (){p,  q) 
where 

d  (a,   b)  _da  db      dh  da 
d(p    q)     dp  dq     dp  dq 

(this  refers  of  coui'se  to  hypothesis  2),  the  theorem  is,  that  the  following  equations 
subsist  identically,  viz.,  h,  a  being  coiTesponding  constants  out  of  the  two  series  b,  ... 
and  a, ... ,   then 

(S,  «)  — (o,  4)-l, 

but  that  for  any  other  pairs  b,  a,  or  for  any  paii's  whatever  b,  b  or  a,  a,  the  corre- 
sponding symbol  is  =0:  in  fact,  that  the  constants  &, ...  and  «, ...  form  a  canonical 
system   of  elements. 

Theorem  5  is  a  theorem  including  theorem  -i,  and  I'elating  to  any  two  functions 
II,  V  either  of  the  two  2n  constants  or  else  of  the  2k  vaiiables,  and  which  may  besides 
contain  t  explicitly ;  it  establishes,  in  fact,  a  relation  between  Poisson's  coefficient  (m,  v) 
and  the  corresponding  coefficient  of  La^ 


Theorem  6  is  as  follows:  viz.,  if  q,...  p,...  are  any  2»i  vaiiablea  concerning  which 
no  supposition  is  made,  except  that  they  are  connected  by  the  n  equations 

b  =  <l>{q,...  p,...), 

which  equations  ai'e  only  subject  to  the  condition  of  being  sufficient  for  the  determi- 
nation of  p, ...  in  terms  of  q,...  and  a,...,  and  they  may  contain  explicitly  any 
othe)'  quantities,  for  example,  a  vaiiable  t     Then,  in  order  that  the  ^n(n  —  l)  equations 

dpi  _  dpj 
dqj     dqi 

may  subsist  identically,  it  is  only  necessaiy  that  each  of  liie  ^n(n  —  1)  equations 
(bi,  6j)  =  0  may  be  satisfied  identically. 

Theorem  7  is,  in  fact,  the  theorem  previously  established  in  its  general  fonn  in 
Liouville's  note  of  the  29th  of  June,  1853,  viz.,  if,  of  the  system  of  2w  differential 
equations 

dq^dH      dp^_dH 

dt      dp  '      dt  dq  ' 

there  be  given  n  integrals  involving  the  n  arbitraiy  constants  b,,..,  so  that  each  of 
these  constants  can  be  expressed  as  a  function  of  the  vaiiables  q,...,  p,...  (with  or 
without  ();  then,  if  the  ^n{n  —  l)  condiHons  (bi,  hj)=0  subsist  identically,  the  remaining 
n  integrals   can  be  found   as  follows: — By  means   of  the  n  integi^als,  let  the  n   variables 
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J},...  be  expressed  iu  terms  of  a;,...  b,...  and  (,  and  let  H  stand  for  what  H,  as 
originally  given,  becomes  when  g,...  are  thus  expressed.  Then  the  values  of  p,...  and 
—  H  are  the  differential  coefficients  of  one  and  the  same  function  of  p,...  and  (; 
call    this    function     V,   then,    since    its    differential    coefficients    arc    all    given    (by    the 

equations  -^    -p,...     ,    =-R),    V  may   be   found   by   integration;   and   it   is   therefore 

to  be  considered  as  a  given  function  of  p, ...  and  (  and  of  the  constants  i,  ....  The 
remaining  n  integi'als  are  given  by  the  n  eqiiations 

db  ""'■'■ 

where  the  n  quantities  a,...  ai-e  new  arbitrary  constants. 

Go.  Section  5  of  the  memoir  relates  to  the  theory  of  the  variation  of  the  elements 
considered  in  relation  to  the  following  very  general  problem:  viz.,  Q, .,.  P, ...  being 
any  functions  whatever  of  the  2«  variables  q,...  p,...  and  (;  it  is  required  to  express 
the  integrals  of  the  system  2w  differential  ecjuations 


dq  ^ 


dp  _ 

dt  ~ 


in  the  same  form  as  the  integrals  (supposed  given)  of  the  standai-d  system 


d^ 

dp  ' 


by  substituting  functions  of  t  for  the  constant  elements  of  the  latter  system.  And  section 
C  contains  some  very  general  researches  on  the  general  problem  of  the  transformation 
of  vaiiables,  a  problem  of  which,  as  the  author  remarks,  the  method  of  the  variation 
of  elements  is  a  particular,  and  not  the  only  useful  case.  In  particular,  the  author 
considers  what  he  terms  a  normal  transformation  of  variables,  and  he  obtains  the 
theorem  8,  which  includes  as  a  particular  case  the  second  of  the  two  theorems  in 
Jacobi's  note  of  1837,  in  the  Gomptes  Rendus.  This  theorem  is  as  follows :  viz,,  if 
the  original  variables  q, ...  p, ...  are  given  by  the  2n  equations 


dq  _dH       dp_     dH 
dt      dp  '      dt         dq 

and   if  the   new   variables   r/, . 

..in-,...    arc    connected    w 

equations 

dK             dK 
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where  K  is  any  function  of  tj,  ...  p,...  which  may  also  contain  t  explicitly,  then  will 
the  transformed  equations  be 

d/ri  __  d<I»       dor  _     d^ 

dt      dii '      dt  ~     dr/  ' 

in  which  *  is  defined  by  the  equation 

^-^-dt  ' 
and   is   to   be   expressed   in   terms   of    the    new   variables,   the   substitution    of   the    new 
variables   in    ^    being   made    after    the    differentiation.     In   particular,   if   K   does    not 
contain   t   explicitly,   then   -^  =  0   and   <&  =  Jf,  so   that,  in   this  case,  the   transformation 

is  effected  merely  by  expressing  H  in  terms  of  the  new  variables.  There  is  also  an 
important  theorem  relating  to  the  transformation  of  coordinates.  To  explain  this,  it 
is  necessary  to  go  back  to  the  generalised  Lagi-angian  form 

d^dZ^dZ_ 
dt  dq      dq  ' 

where  the  variables  q,...  correspond  to  the  coordinates  of  a  dynamical  problem;  if 
the  new  variables  i}, ...  ai-e  any  given  functions  whatever  of  the  original  variables  q,.., 
and  of  (,  this  is  what  may  be  termed  a  transformation  of  coordinates.  But  the 
proposed  system  can  be  expressed,  as  shown  in  the  former  part  of  the  memoir,  in  the 
generalised  Hamiltonian  form  with  the  vai'iables  q,...  and  the  derived  variables  p,... 
(the  values  of  which  are  given  by  ,  =^, ...):  the  problem  is  to  transform  the  last- 
mentioned  system  by  introducing,  instead  of  the  original  cooi-dinates  q,...,  the  new 
coordinates  J),....,  and  instead  of  the  derived  vaiiables  j), . . .  the  new  derived  variables 
01, ...  defined  by  the  analogous  equations  ^-=t3-,  ...,  in  which  Z  is  supposed  to  be 
expi-essed  as  a  function  of  i),...  and  t.  The  method  of  ti-ansformation  is  given  by 
the  theorem  9,  which  states  that  the  transformation  is  a  normal  transformation,  and 
that  the  modulus  of  tmnsformation  (that  is,  the  function  corresponding  to  .ff  in 
theorem   8)   is 

K  =  qp+  ... 

where  (/,...  ai'e  to  be  expressed  in  tenns  oi'  ■>;,....  The  latter  part  of  the  same  section 
contains  I'csearches  relating  to  the  case  where  the  proposed  equations  are  symbolically, 
but  not  actually,  in  the  Hamiltonian  form,  viz.,  where  the  function  H  is  considered 
as  containing  functions  of  q,...  p,...  which  are  exempt  from  differentiation  in  forming 
the  differential  equations  (the  author  calls  this  a  pseudo-canonical  system),  and  where, 
in  like  manner,  the  transformation  of  vaiiables  is  a  pseudo-normal  transfonnation ;  the 
theorems  10  and  11  relate  to  this  question,  which  is  treated  still  more  generally  in 
Appendix    C.     The   general   methods   are   illustrated   by   applications   to  the    problem    of 
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three  bodies  and  the  problem  of  rotation ;  the  foiiner  problem  is  specially  discussed 
ill  section  7  ;  but  the  results  obtained  (and  which,  as  the  author  remarks,  affords  an 
example  of  the  so-called  "elimination  of  the  nodes")  do  not  come  within  the  plan  of 
the  present  report. 

66.  Bour's  memoir  of  1855,  "  On  the  Integration  of  the  Differential  Equations  of 
Analytical  Mechanics." — It  has  been  already  seen  that  the  knowledge  of  half  the  entire 
system  of  the  integiuls  of  the  differential  equations  (these  known  integrals  satisfying 
cei'tain  conditions)  leads  by  quadratures  only  to  the  knowledge  of  the  remaining 
integrals ;  the  researches  contained  in  this  most  interesting  and  valuable  memoir  show 
that  this  theorem  is,  in  fact,  only  the  last  of  a  series  of  theorems,  here  first  established, 
relating  to  the  successive  reduction  which  results  from  the  knowledge  of  each  new 
integral.  Speaking  in  general  terms,  it  may  be  stated  that  the  author  operates  on  the 
linear  partial  differential  equation  of  the  first  order,  which  is  satisfied  by  the  integrals 
of  the  differential  equations ;  and  that  he  effectuates  upon  this  equation  a  reduction  of 
two  unities  in  the  number  of  variables  for  every  suitable  new  integral  which  is 
obtained  (^).  The  author  shows  also  that  an  equal  or  greater  reduction  may  sometimes 
be  obtained  by  means  of  integi'als  which  appear  at  first  foreign  to  his  method.  Before 
going  further,  it  may  be  convenient  to  remai'k  that  the  author  restricts  himself  to 
the  case  in  which  H  is  independent  of  the  time,  and  where,  consequently,  the  con- 
dition of  vis  viva  is  satisfied ;  it  was,  however,  remarked  by  Liouville  that  the  analysis, 
slightly  modified,  applies  to  the  most  general  case  where  H  is  any  function  of  t  and 
the  vaiiables,  and  it  is  possible  that  when  the  entire  memoir  is  published  (it  is  given 
in  Liouville's  Journal  as  an  extract),  the  theory  will  be  exhibited  under  this  more 
I  form. 


-(i=l    tOi  =  ,) 


&I.     To   give  an   idea  of  the   analytical   results,  the   equations  are  considered  under 
the   fonn 

dt      dqi '      dt 

(where,  as  already  remarked,  H  is  independent  of  t).  The  integi'als  admit,  therefore, 
of  representation  in  the  canonical  form  a,  jB,  a„  Oj,,..  a^n,^  where  a(—Hy  is  the  equation 
of  vis  viva;  0{=G  —  t)  is  the  integral  conjugate  to  this,  and  the  only  integi-al  involving 
the  time;  and  the  remaining  integrals  a,  and  a^,  a^  and  a, . . .  cl,,^_.^  and  Oaj-,  are  conjugate 
pairs:   we  have 

(«,,  1)  (=(«,.  JJ))=0,     (.„«(=(..,  G)).0,     («„i,)-l,     (a„  a.)  =0, ...(».,  «.,„)  =  0. 

The   integi'als   a,,  a^. -•-*^3"-!  verify  the  linear  partial  differential  equation 

i=n/dH  d^     dH  d^\ 


2;::(f|-S|)=o".(H;o^o         0, 


■  I  have  borrowed  thia    and   the    nest    senteiiee    from    Liouville         p   -t       It      onld    I    think     be    more 
acxiuate  to   Bay,   for  every  suitable  new  integral  aftei   the  fu-ht   one      m   the     a  na  de  ed    n   th     memoir, 

the   condition   of  1 1«  iiiia   la   BatisfieJ     and  theie  ii   alnaju  one  integ  a!    th       q  at  f  wheh  is 

knuMii     but  this  aloue    and  in   the  teneial   i-w^e   the   trst   known   iut  j,    1        11  not     ause   a      d     t  on   of  two 
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which  is  also  satisfied  by  ^=  H,  and  of  which  the  general  sohition  is  f=0(Jf,  ai,a2...aa«— ;). 
while,  on  the  contrary,  the  first  member  of  the  equation  (1),  becomes  unity  for  ^—G, 
in  other  words  (/T,  G')  =  l.  The  equation  (1)  replaces  the  original  differential  equations; 
it  is  to  the  equation  (1)  that  the  theorems  of  Poisson  and  Bertrand  may  be  supposed 
to  be  applied,  and  it  is  this  equation  (1)  which  is  studied  in  the  memoir,  where  it 
it  shown  how  the  order  may  be  diminished  when  one  or  more  integrals  are  known. 

In    the   first,   place,   the   integral    a  =  H  which   ia   known,   may  be   made   iisc   of   to 
eliminate  one  of  the  variables,  suppose  p^ ;   the  result  is  found  to  be 


\dqi  api     dpi  dqiJ      dq^ 


which  has  the  same  intcgi-als  as  the  equation  (1),  except  the  integi-al  of  vis  viva  ^  —  H; 
it  is  this  equation  (2)  which  would  have  to  be  integrated  if  only  the  integral  a  were 
known. 

Suppose   now   there   is   known   a   new   integral    a, ;    this    gives    rise    to    the    partial 
differential  equation 

s:::(|^-|:|)-» -(-«-».         « 

which  is  satisfied  by  ^-H,  G,  a„  a^,  a^...a^^_.„  but  not  by  a..,  which  gives  (a^,  22)  =  0. 
The  equation  (4)  is  satisfied  by  ^  =  H,  and  it  may  be  therefore  ti'ansformed  in  the  same 
manner  as  the  equation  (1)  was,  viz.  p„  may  be  expressed  in  terms  of  the  other 
valuables  and  of  a.  The  author  remarks  that  it  will  happen,  what  causes  the  success 
of  the  method,  that  this  operation  (the  object  of  which  is  to  get  rid  of  the  solution 
^  =  H)  conducts  to  two  different  equations,  accoixiing  as  ^=G  or  f=  any  other  integral 
of  the  equation  (4) ;  so  that  in  the  second  form  of  the  transformed  equation  the 
unknown  integral  ^=  G  is  also  eliminated.     This  second  form  is  found  to  be 

s:r(||-|:|)-»"(.„o=o,       p, 

which  is  precisely  similar  to  the  equation  (1)  (only  the  number  of  variables  is 
diminished  by  two  unities),  and  is  possessed  of  the  same  properties.  Its  integi-als  are 
a„  o-j,  04...a2„_2,  which  are  all  of  them  integrals  of  the  problem,  and  give  (a,,  ai)  =  0. 
And  the  theorems  of  Poisson  and  Bertrand  apply  equally  to  this  equation ;  the  only 
difference  is,  that  the  number  of  terms  in  the  expressions  (a,  /S)  is  less  by  two  unities. 
A  new  integral  (a^)  leads  in  hke  manner  to  an  equation  (8)  similar  to  (5),  but  with 
the  number  of  variables  further  diminished  by  two  unities,  and  so  on,  until  the  half 
series  of  integrals  a,  a„  ag-.-aan-j  are  known;  the  conjugate  integi-als  0,  a^,  ctj ...  a,„_^ 
are  then  obtained  by  quadratures  only,  in  the  method  explained  in  the  memoir,  and 
which  is  in  fact  identical  with  that  given  by  the  theorem  of  Liouville  and  Donkin. 
The  memoir  contains  other  results,  which  have  been  already  alluded  to  in  a  general 
manner;  some  of  these  are  made  use  of  by  the  author  in  his  "M^moire  sur  le 
problSme  des  trois  corps,"  Journal  Ecole  P-olyt.,  t.  xxi.  pp.  35 — 58  (1856). 
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68.  Liouville's  note  of  July,  1855,  on  the  occasion  of  Hour's  memoir,  mentions 
that  the  author  of  the  memoir  had  recognized  that,  according  to  the  remark  made  to 
him,  his  formula  subsist  with  even  increased  elegance  when  H  is  considered  as  a 
function  of  t  and  the  other  variables.  But  (it  is  remarked)  the  general  case  can  be 
always  reduced  to  the  particular  one  considered  in  the  memoir,  pi-ovided  that  the 
number  of  equations  is  augmented  by  two  unities  by  the  introduction  of  the  new 
variables  t  and  u,  the  fonner  of  them,  t,  equal  to  *  +  constant,  so  that 


the  latter  of  them,  «,  defined  by  the  equation 


du  _     dH 
dT~~"dt  ■ 


Suppose  in  fact  that 


then,  since  t  and  u  do  not  cuter  into  //,  which  is  a  function  only  of  t  and  the 
variables  q, ...  p, ... ,  wc  have 

du  dr ' 

and,  moreover,  the  differential  coefficients  with  respect  to  t,  -y, ...  p,...  of  the  functions 
H  and  V  are  equal.     The  system  may  be  written 

dt_^dV      dti^_dV 
dr      du  '     dr         dt  ' 

dp^dV       d<.}^_dV 
rfr      dq  '     dr         dp  ' 

which  is  a  system  containing  two  more  vaiiables,  but  in  which  V  is  independent  of 
the  variable  t,  which  stands  in  the  place  of  t  The  transformation  is  an  elegant  and 
valuable  one,  but  it  is  not  in  anywise  to  be  infen-ed  that  there  is  any  advantage  in 
considering  the  particular  case  (which  is  thus  shown  to  be  capable  of  including  the 
general  one),  rather  than  the  general  one  itself :  such  inference  does  not  seem  to  be 
intended,  and  would,  I  think,  be  a  wrong  one. 

G9.  Brioschi's  note  of  1855  contains  an  elegant  demonstration  (founded  on  the 
theoiy  of  skew  determinants)  of  a  property,  which  appears  to  be  a  new  one,  of  the 
canonical  integrals  of  a  dynamical  problem,  viz.  if  q,  p  stand  for  a  corresponding  pair 
of  the  vai'iablea  q,  ■■■  p,  ■■■  then 

whci*  the  summation  refeis  to  all  the  different  pairs  of  conjugate  integrals  a,  ^  of 
the   canonical   system,   the  pair   q,  p   in   the  denominator  being   the   same  in  each  term; 
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but  if  the  variables  in  the  denominator  are  a  non-coiTespouding  pair  out  of  the  two 
series  q,,..  and  p, ...,  or  else  a  paii'  out  of  one  series  only  (that  is,  both  ^'s  or  both 
P'b),  then  the  expression  on  the  left-hand  aide  is  equal  to  zero.  This  is  in  fiiet  a  sort 
of  reciprocal  theorem  to  the  theorem  which  defines  the  canonical  system  of  integrals. 
There  ai'e  two  or  three  memoirs  of  Brioschi  in  Crelle's  Journal  connected  with  this 
note  and  the  note  of  1853 ;  but  as  they  relate  professedly  to  skew  determinants  and 
not  to  the  equations  of  dynamics,  it  is  not  necessarj'  here  to  refer  to  them  more 
particularly. 

70.  Bertrand's  memoir  of  1857  fonns  a  sequel  to  the  memoir  of  1851,  on  the 
integrals  common  to  several  problems  of  mechanics.  The  aiithor  calls  to  mind  that  he 
has  shown  in  the  first  memoir,  that,  given  an  integral  of  a  mechanical  problem,  and 
assuming  only  that  the  forces  are  functions  of  the  coordinates,  it  is  possible  to  determine 
the  problem  and  find  the  forces  which  act  upon  each  point ;  and  (he  proceeds)  it  is 
important  to  remark,  that  the  solution  leads  often  to  contradictory  results, — that,  in 
fact,  an  equation  assumed  at  hazard  is  not  in  genei'al  an  integral  of  any  pi'oblem 
whatever  of  the  class  under  consideration :  and  he  thereupon  proposes  to  himself  in 
the  present  memoir  to  develops  some  of  the  consequences  of  this  remark,  and  to 
seek  among  the  most  simple  forms,  the  equations  which  can  present  themselves  as 
integi'als,  and  the  problems  to  which  such  integrals  belong.  The  vaiious  special  results 
obtained  in  the  memoir  are  interesting  and  valuable. 

71.  In  what  precedes  I  have  traced  as  well  as  I  have  been  able  the  series  of 
investigations  of  geometers  in  relation  to  the  subject  of  analytical  dynamics.  The 
various  theorems  obtained  have  been  in  general  stated  with  sufSeient  fulness  to  render 
them  intelligible  to  mathematicians ;  the  attempt  to  state  them  in  a  uniform  notation 
and  systematic  order  would  be  out  of  the  province  of  the  present  report.  The  leading 
steps  are, — first,  the  establishment  of  the  Lagrangian  form  of  the  equations  of  motion ; 
secondly,  Lagi-ange's  theory  of  the  variation  of  the  arbitrary  constants,  a  theory  perfectly 
complete  in  itself;  and  it  would  not  have  been  easy  to  see  d  priori  that  it  woiild  be 
less  fruitful  in  results  than  the  theory  of  Poisson ;  thirdly,  Poisson's  theory  of  the 
variation  of  the  arbitrary  constants,  and  the  method  of  integi-ation  thereby  afforded ; 
fourthly,  Sii'  W.  R.  Hamilton's  representation  of  the  integral  equations  by  means  of 
a  single  characteristic  function  determinable  a  posteriori  by  means  of  the  integial 
equations  assumed  to  be  known,  or  by  the  condition  of  its  simultaneous  satisfaction  of 
two  partial  differential  equations;  fifthly.  Sir  W.  E.  Hamilton's  form  of  the  equations 
of  motion;  sixthly,  Jaeobi's  reduction  of  the  integration  of  the  differential  equations 
to  the  problem  of  finding  a  complete  integral  of  a  single  partial  differential  equation, 
and  the  general  theory  of  the  connexion  of  the  integration  of  a  system  of  ordinary 
differential  equations,  and  of  a  partial  differential  equation  of  the  first  order,  a  theoiy, 
however,  of  which  Jacobi  can  only  be  considered  as  the  second  founder;  seventhly,  the 
notion  (arising  from  the  researches  of  Lagrange  and  Poisson)  and  ultenor  development 
of  the  theoiy  of  a  sj'stem  of  canonical  integrals. 

I  remark  in  conclusion,  that  the  differential  equations  of  dynamics  (including  in 
the   expression,  as   I   have   done   throughout   the   I'eport,  the   geneialized  Lagi'angian  and 
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Haniiitonian  forms)  are  only  one  of  the  classes  of  differential  equations  which  have 
occupied  the  attention  of  geometei's.  The  greater  part  of  what  has  been  done  with 
respect  to  the  general  theory  of  a  system  of  differential  equations  is  due  to  Jacobi, 
and  he  has  also  considered  in  particular,  besides  the  diiFerentia!  equations  of  dynamics, 
the  Pfaffian  system  of  differential  equations  (including  therein  the  system  of  differential 
equations  which  arise  from  any  partial  differential  equation  of  the  first  order),  and 
the  so-called  isopeiimetiic  system  of  differential  equations,  that  is,  the  system  arising 
from  any  problem  in  the  calculus  of  variations.  In  a  systematic  treatise  it  would  be 
proper  to  commence  with  the  general  theory  of  a  system  of  differential  equations,  and 
as  a  branch  of  this  general  theory,  to  consider  the  generalized  Hamiltonian  system, 
and  in  relation  thereto  to  develope  the  various  theorems  which  have  a  dynamical 
application.  It  would  be  .'shown  that  the  generalized  Lagrangian  form  could  be  trans- 
formed into  the  Hamiltonian  form,  but  the  first-mentioned  form  would,  I  think, 
properly  be  treated  as  a  particular  case  of  the  isoperimetric  system  of  differential 
equations. 
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196. 

NOTE  SUE  UN  PEOELEME  D'ANALYSE  INDETEEMINEE. 

[From   the   Nouvelles   Annales   de   Math4matiques   {Ten{uem  and   Gerono),  t.  xvi.  (1857), 
pp,  161—165.] 

Eui.E)t  a  donne  dans  le  M^moire :  Regida  fadlis  proUemata  Diophantea  per  numeros 
integns  expediU  aohendi  (Comment.  Anth.  Coll.,  t.  ii,,  p.  263)  la  sohition  que  voici  de 
I'equation  indetermin^e 

aaf  +  ^x  +  j^if  +  'Tiy+d;  ( 1 ) 

■en  supposant  que  Tor)  ait  la  solution  x^a,  y  =  h  de  manifere  <|ue 

otrt-  +  ^a  +  7  =  i;b-  +  iib  +  0, 
el  en  posant 

oil  r  est  une  i;[iiantit^  ciuelcoiii|uc,  leqiiation  sera  satisfaite  par  Ics  valeurs 


en  effet,  on  voit  sans  peine  que  ces  valouj-s  donnent  identiquement 

ai<!'  +  ^x  +  y-{^f  +  ,,y  +  0)  =  aa'  +  0a  +  y-  {^¥  +  ^b  +  d)  =  0.  (2) 

En  supposant  de  plus  que  les  coefficients  a,  ^,  7,  f,  ^,  0  soient  dos  nombres  entiers 
tols  (jue  a^  soit  un  entier  positif  nou  can*^,  on  peut  toujours  determiner  le  nombre 
entier  r  de  maniei-e  que  s  soit  un  nombre  entier;  cela  etant,  et  en  supposant  que 
a,  b  soient  des  entiers,  il  est  Evident  que  x,  y  seront  des  nombres  rationnels.  Euler 
a  de  plus  remarqu^  que  Ton  pout  toujours  faire  en  sorte  que  x,  y  soient  des  nombres 
entiers.      En   effet,   si   les    formules    donnent  a:  =  a',  y  =  b'    des   valeui*s   non   enticres,   en 
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substituaut  dans  les  formules  an  lieu  de  a,  h  les  valeui'S  a',  h',  on  obtiendra  pour 
a;,  y  des  valenre  entieres ;   cela  se  verifie  sans  peine. 

L'^quation  indeterniine'e  (2)  rentre  dans  celle-ei 

(a.  h,  c.  f,  g,  hix,  y',  /)■-(«,  h.  c.  /  g.  '■$»',  V.  'f :  (3) 

en  supposaut  iine  la  forme  ternaire 

{a,  b,  c,  /,  3,  /<5^',  y,  zy 

se  transforme  eii  elle-m^me  au  moyon  d'une  substitution  line'aii-c  quelconquo,  on  pent 
supposer  que  eette  substitution  soit  telle  quo  Ton  ait  s'  =  z\  cela  etant,  en  feiivant 
z'  =  z  =  \  et  on  mettant  de  plus  h  =  0,  I'equation  (3)  se  r^duit  ^videmment  k  unc  forme 
telle  que  I'equation  (2).  Or  on  pent  trouver  par  la  m^thode  gdn^rale  de  M.  Hermite 
la  solution  convenable  de  I'equation  (3).     En  supposant,  comme  k  I'ordinaire, 

K  =  abc  —  af^  —  bg'  —  cfi!'  +  2fgk, 
il  faut  pour  cela  ecrire 

et 

ax  +  hy  +  ffz  =  a^  +  hv  +  g^  -  ^Sij  +  q%^, 

ffio  +fy  +  cz=  ff^  +fv  +  C?  -  q%^  +  q®n 

ou  q  est  une  quantite  arbitraire.  En  effet,  en  multipliant  ces  Equations  pai'  ^,  i}.  if 
et  en  ajoutant,  on  obtient 

<»,  h,  c,  /,  s.  m.  1.  (t^.  'J.  ')  =  («.  t,  0,  f.  g,  JJf ,  ,,  f)" 

et,  au  moyen  do  eette  Equation  et  des  valeurs 

!c'  =  ^-!c,  y'^l'n-y,  z'  =  %K-z, 

on  forme  tout  de  suite  I'equation  (3).  De  plus,  en  nuiiti pliant  les  trois  Equations 
pai'  (S,  %,  @  et  en  ajoutant,  on  obtient  Kz  =  K^,  c'est-a-dire  z=  ^  Gt  do  la  s'  =  z. 

Cela  etant,  les  deux  equations  donnent,  en  rempla^ant  f  par  z, 

a^  +  (k -  q<E)  71  =  ax  +  hy  +(g  -q%)z, 

(/(+#)?  +b^^ha>  +  by  +  {f+q®)2:, 

et  de  la,  en  remarquant  (pie 

ab-(h~  q(S)  (h  +  q(S)  =  (i  +  t&  =  (&(l+  q'(&). 
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on  obtient  tres-facilement,  eliminant  sueeessivement  y  et  ^, 

(l+<f(&)^  =  {l  +  qh)a^+  qhj  +  {    qf  +  f®)s. 

(l+fg)jj  =  -         qax  +  il-qh)y+(~qg  +  q^)z 
et  ensuitc 

(l  +  qXf::)x'={l+-2qk~q-®)x+  2g6^+2(     qf+<l'@)0, 

(1  +  ,/(S)y'  =  _    2qcuv  +  (1  -  2qh  -  q%)l/  +  2{-qg  +  ^'^  ) 3, 

t'est-a-dii'e,  en  eciivant  ^  =  /  =  l,  les  valeurs 

(1 +  ?«)»:' =  (1  + 2,6 -5'(I)  a;  +  2'A+2(    ?/+</e)\ 

(l  +  }'8)]/=  -  2,m  +  (l-2,4-5«)j,  +  2(-5S,  +  5lS)J 

satisfont  identiqiiement  a  I'equation 

K  6,  c,/,  ^,  A5<  y,  l)^  =  (a,  6,  c,/,  ^,  h^x.  y,  If  (5). 

En  pi'enant  h  —  0,  on  a 

(&  =  ab,     %  =  -af,     @  =  -i(/, 
et  les  fonnules  deviennent 

(1  +  fab)  x'={\-  fab)  X  +  %qhy  +  Hq  {f-qhgy\ 

(1  +  fab)  y'=        -  ^ax  +  (1  -  fob)  y-2q{g  +  qaf)\ 

valeviiB  qui  satisfont  identiquement  k  I'equation 

(a3:-^  +  2ga;'  +  i)  +  (by-'  +  2fy'  +  m)  =  (a^  +  ^gx  +  l)  +  (bf  +  2fy  +  m)  (7), 

[oil  pour  c  j'ai  mis  l  +  m]  et  en  y  ^crivant 

JZl^   _  ^  ___  ^j  _  ^^j^ 
1  +  qhih 

on   obtient   des  formules  qui  correspondent  precisement  aux  6jnations   donnees  pai'  Euler 
pour  X,  y  en  tennes  de  a,  h. 

Londres,  10  Mars,  1857. 
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NOTE   ON   THE   THEORY   OF   LOGARITHMS. 

[From  the  Philosophical  Magazine,  vol.  xi.  (1856),  pp.  27.5—280.] 

An  imaginary  quantity  x  +  yi  may  always  be  expressed  in  the  form 

x  +  yi  =  r  (cos  0  +  %s[a6)  =  r^', 

where  r  is  positive,  and  9  is  included  between  the  limits  —  ir  and  +  tt.  We  have 
in  fact 

r  =  \la?  +  y^ ; 
iind  when  x  is  positive, 

e=tan-'^; 
but  when  x  is  negative, 

0  =  tan-'  -  +  TT ; 

where  tan~'  denotes  an  arc  between  the  limits  —  Jtt  ,  +  Jtt  ,  and  whei'e  the  upper  or 
under  sign  is  to  be  employed  according  as  y  is  positive  or  negative.  I  use  for  con- 
venience the  mark  =  to  denote  identity  of  sign ;   we  may  then  write 

6  =  tan~'  -  +  67r, 


It   should    be    remai'ked    that    6    has    a    unique    value    except    in    the    single    case 
» s  — ,  ^  =  0,   where   9  is   indeterminately    +  tt.      We   have,   in   fact,   ^  =  +  77-   or   9  —  —  tt- 
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according  as    a:    is    considered    as   the    limit   of   x  +  yi,  y  =  +  ,   or    of    x  +  yi,   y~—.     It 
is  natural  to  write 

log  (iC  +  yi)  =  log  r  +  6i, 
or  what  is  the  same  thing, 


log (jc  +  yi}  =  log  Va^  +  )/=  4-  (tan-' ^  +  evji; 


and   I   take   this  equation   as   the  definition   of  the  logai-ithra  of  an  imaginary  quantity. 
The  question  then  aiises,  to  find  the  value  of  the  expression 

log  («  +  yi)  +  log  (a:-  +  y'i)  -  log  («  +  yi)  (x'  +  y'i). 

The  pieLcdiug  definition  is  in  fact,  in  the  case  of  x  positive,  that  given  by 
M.  Cauchy  in  the  Exeicises  de  Matk^matique,  vol.  I.  [1826];  and  he  has  there  shown  that 
X,  x',  xjf-yy'  being  all  of  them  positive,  the  above-mentioned  e-vpiession  reduces  itself 
to  zero  The  geneial  definition  is  that  given  in  my  Memoire  sui  quelques  Formules 
dtt  Caktil  Integral,  LiouviHe,  vol.  xn.  [1S47],  p.  231  [49];  but  I  was  wiong  m  asserting 
that  the  expression  always  reduced  itself  to  zero.     We  have,  in  Hci    m  geneial 


when  1  —  a;,8   is   positive ;    but   when    1  -  a^   is   negative   (which   implies   that  a,  ^   have 
the  same  sign),  then 

tan~^  a  +  tan~'  B  =  tan"'  ^    — ^  +  it, 
1  -  0(3  - 

where   the   upper   or   under  sign   is   to   be   employed   according  as   a   and  yS  are   positive 
or  negative ;   or  what  is  the  same  thing, 


l-aB=+,     e  =  0, 

This  being  premised,  then  writing 

log {x  +yi)  =  log  ■^a?  +y^  +  Aan-'  -  +  e-n-  J  V, 

]og(a;'4-yV)  =  log  V^'^y^H-  ^tan-^-,4-eV)  i, 

log  {x  +  yi)  (x-  +  i/i)  =  log  {{xx'  -  yy')  +  {xy'  +  yx')  i] 

=  log  \'a?  +  w^  Vic's  +  w'3  +  (tan-'  "^-,     '^^,+  e'VH. 
^  ^        \  x^'-yy  j   ■ 

tan-'  ^  +  tan-'  ^,  =  tan^'  -^, ^  +  «"V, 
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we  find 

log  (^  +  i/i)  +  log (V  +  j'l)  -  log  {11  +  yi)  (x'  +  tj'i)  =  (c  +  e'  -  «"  +  «'")  m. 
Hence,  considering  the  different  eases : 

I.  t!    s  +  ,    0!'  =  +  ,    a'-gs'B  +  , 

«  =0, 
e'  =0, 
«"-0, 

«'"  -  (I, 
and  therefore 


e  +  6' 

■-e' 

'  +  * 

.0. 

a: 

.  +  ,     X 

■'  =  +, 

«^^' 

-»■ 

,-, 

. 

=  0, 

«■ 

-0. 

«" 

=  +l5 

W 

+  »« 

■(^ 

■&• 

•" 

'=  +  1 

=«- 

!)• 

e  +  e 

-»■ 

'  +  t 

:-". 

:0. 

a; 

=  +,      i 

t'a 

-, 

'-W' 

s  +, 

X  \X       X  / 

t"  .  0, 

.'--±1  -      P  +  '<), 

\x      x'j 


e  +  l 

"  +  e 

'"  = 

0, 

=  +  ■ 

ic'  = 

-. 

»■ 

-yv' 

=  0, 

=  +  1  s 

^S-s 

-^! 

e"  =  +  1  aa;y +  it:')/  =  -  f- +^) 
«"'=0, 
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and  therefore 


NOTE   ON   THE   THEORY   OF   LOGARITHMS. 


e'  =0. 

."-0, 

-±'               =(I4). 

therefore 

«  +  (:'-e"+«'"  =  a 

VI. 

a;    S-,     »'s+,     ^y-yj's-, 

and  therefore 
but 

vn. 


b  1  s  (a;y'  +  x'g)  s  -  (I  + 1,)  , 


e'_e"  +  ,"'.  +  2s2  +  ?    if 


i^a    ■,,1._IV^V\ 


e"   =0, 
e"'.0: 


«  +  e'-«"  +  e"'-0 


.."  +  ."  =±2a-(|  +  |;)  iff,    ^. 
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X    =-,     x'  =  -.     xx'-y!f  =  - 


[197 


%,i_ 


«     =+l3!/ 

«'  -  ±  1  =y' 

e"  =  +  1  =  {xy'  +  x'y)  =     [-  +  -, 

e  +  e'  -  e"  +  e'"  =  +  2  e 


Hence  writing 


log  (a^  +  yi)  +  log  (a:'  +  y'i)  -  log  («  +  yi)  {x'  +  t/'i)  =  AVi, 
we  have  E=0,  except  in  the  following  cases,  viz. 
1.     (See  IV.) 


where 


(See  VI.) 


8.     (See  VII.) 
where 

i.  (Sec  vni.) 

where 


h ,  xx'  -yy'  =  -,  ^  =  -  f  ^  +  ^ )  , 
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It  thus  appears  that  when  the  I'eal  parts  x,  x',  xx  —  yy'  arc  all  thj-ee  of  them 
positive,  or  any  two  of  them  positive  and  the  third  negative,  E  is  equal  to  zero,  or 
the  logarithm  of  the  product  is  equal  to  the  sum  of  the  logarithms  of  the  factors ; 
but  that  if  the  real  parts  are  one  of  them  positive  and  the  other  two  of  them 
negative,  then  if  a  certain  relation  between  the  real  and  imaginary  parts  is  satisfied, 
but  not  otherwise,  the  property  holds;  and  if  the  real  parts  are  all  three  of  them 
negative,  the  property  does  not  hold  in  any  case. 

The  preceding  results  do  not  apply  to  the  ease  where  any  one  of  the  arguments 
a?  +  yi,  x'  -\-  y'i,  {x  +  yi)  {x'  +  tji)  is  real  and  negative,  for  no  definition  applicable  to 
such  case  has  been  given  of  a  logarithm.  If,  however,  we  assume  as  a  definition 
that  the  logarithm  of  a  negative  real  quantity  is  equal  to  the  logaiithm  of  the 
corresponding  positive  quantity,  then  in  the  ease,  ^  =  — ,.  y  =  0,  we  have 

ioga^+iog(,^'+yi;)-iogK(ie'+yi)=em,   e=±i-y; 

an  equation  which  is,  in  fact,  equivalent  to 

log  (a^'  +  yi)  -  log  [-  {x'  +  y'i)]  =  em,     €  =  ±l=y'; 
and  in  the  ease  xy+x'y  =  0,  xx'~yy'  =  —  ,  which  implies  y^y',  then 

log(x  +  yi)  +  iog(a;-  +  y'i)~log{x  +  yi){x'  +  fi)  =  -!n.     e=±l  =  y  or  /; 
an  equation  which  is  in  fact  equivalent  to 

log  (x  +  yi)  +  log  (-  x  +  yi)-  log  (x"  +  f)  ^eiri,  e  =  ±l=y. 

The  case  where  both  of  the  arguments  x  +  yi,  x'  +  y'i  are  real  and  negative,  i.e. 
ics  — ,  y  —  0,  x'=—,  y'  =  0  gives  of  course  log  j:  +  log  a;' —  log  aia:' =  0,  the  logarithms  of 
the  negative  real  quantities  x,  x'  being  by  the  definition  the  same  as  the  logarithms 
of  the  con-esponding  positive  quantities.  It  should,  however,  be  remarked  that  the 
definition,  {x=-),  log  k  =  log  (- «)  not  only  gives  for  logiK  a  different  value  from  that 
which  would  be  obtained  from  the  general  definition  of  a  logarithm,  by  considering 
logiF  as  the  limit  of  log  {x  +  yi,  y^  +  ,  or  of  \og(x  +  yi),  y  =  —  ,  but  gives  also  a  value, 
which,  for  the  particular  case  in  question,  contradicts  the  fundamental  equation 
giog!B_3,  j^  ig  therefore,  I  think,  better  not  to  establish  any  definition  for  the  logarithm 
of  a  negative  real  quantity  x,  but  to  say  that  such  logarithm  is  absolutely  indeter- 
minate and  indeterminable,  except  in  the  case  whore,  from  the  nature  of  the  question, 
X  is  considered  as  the  limit  of  x  +  yi,  y  positive,  or  of  x+yi,  y  negative. 

2,  Stone  Buildings,  March  15,  1856. 
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NOTE   UPON   A   RESULT   OF   ELIMINATION. 

[From  the  Philosophical  Magazine,  vol.  xi.  {1856),  pp.  S78 — 379.] 
If  the  quadratic  function 

break  up  into  factors,  then  representing  one  of  these  Victors  by  ^x-{-riy-\-  ^z,  and  taking 
any  arbitrary  quantities  a,  0,  y,  the  factor  in  question,  and  therefore  the  (juadratic 
function  is  reduced  to  zero  by  substituting  /3^—an],  y^—a^,  at]  —  0^  in  the  place  of 
x,  y,  z.     Write 

(a,  b,  c.f,  g,  h^m-'V,  7f-"f,  »,-/3f)-  =  (a,  b,  c,  f,  g,  h5«,  ft  jf; 

the  coefficients  of  the  function  on  the  right  hand  ai-e 


b- 

f  = 

g  = 
h- 

b^  +  aif 

.   -gri' 

+  »r      .     - 
-  mi* 

■  ^g« 

iff 

fix 

+  sh 
-   *; 

mi  it  is 

to  be 

rcmarlied  that  we  liave  identically 

af 
gl 

+  h,  +gf-0, 

+  b,  +  tr  =  0, 

+  f,  +  cf  =  0, 

ieiice   of 
-0,  h. 

tbe 
■0,    g- 

six   equations,   a  =  0, 
=  0,   or   h  =  0,   b-O, 

b-O,   c  =  0,   f  = 
f-O,   or  g  =  0. 

0,  g  = 
f=0, 

=  0,  h  =  0,  any 
c  =  0)   imply 

three  (except 
the  remaining 
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If  from  the  six  equations  we  eliminate  ^\  ij',  &c.,  we  obtain 


-^s. 


and    the    equation     0=0    is     therefore     the     result    of    the     elimination 
from  any  three  (other  than   the  excepted  combinations)  of  the  six   equation 


what    precede! 
quadratic  function 
the  discriminant 


that    the    equation     D  =  0    must 


of    I    V,    f 

i.     But  from 

hen    the 


up   into  factor 
K 


I  consequently  C   must   contain  as  a  factor 


a, 

1'. 

,9 

It, 

h. 

/ 

S. 

f. 

c 

of  the  quadratic  function.  This  agrees  perfectly  with  the  results  obtained  long  ago  by 
Prof  Sylvester  in  his  paper,  "  Examples  of  the  Dialytie  Method  of  Elimination  as 
applied  to  Ternary  Systems  of  Equations,"  Gamh.  Math.  Journ.  vol.  ii,  p.  232 ;  but 
according  to  the  assumption  there  made,  the  value  of  D  would  be  {to  a  numerical 
factor  pres)  =  ahcK.  The  correct  value  is  by  actual  development  shown  to  be  D  =  -  2Ar^ 
It  would  be  interesting  to  show  A  priori  that  D  contains  iT^  as  a  factor. 

2,  Stone  Buildings,  March  28,  1856. 


V  Google 


[199 


199. 

NOTE   ON  THE   THEORY   OE   ELLIPTIC   MOTION. 

[From  the  Philosophical  Mm/adm,  vol.  XI,  (1856),  pp.  425 — 428.] 

If,  as   usual,  r,  0   denote   the   radius   vector   and  longitude,  and   ^  the  central  mass, 
then  the  Vis  Viva  and  Foree  fiinction  are  respectively 


and  writing 


re   have   r'-y,    9'- J,   and  T=l(p<  +  i'j,   ivhenoe,  putting   H=r-V,    the    value    of 
H  is 

ind  by  Sir  W.  R.  Hamilton's  theory,  the  equations  of  motion  ai'c 

dr^dH     dp^_dH 
dt      dp  '    dt  dr  ' 

de^dJl     dq^_dH_ 
dt      dq  '    dt~      de  " 


2"  = 

■iC--' 

•  +  r'f 

■). 

V. 

■  -; 

dT 

.  /, 

•P, 

dT 

-rV 

=  1, 
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or  substituting  for  H  ity  value,  the  equations  of  motion  are 

dr 

dt^P' 

dt~'r^' 


Putting,   as  usual,  /m  =  rM,  and  intTOdueing   the  eccentric  anomaly  w,  which  is  given 
as  a  function  of  t  by  means  of  the  equation 


nt-\-c  =  tt-e  sii 

the 

integral  equations  ai 
q  =  iia=  Vl  -  e^ 
naesmu 

r  =  a  (1  -  e  cos 

«), 

9_„_ta-.(^ 

7.™»' 

where   the   constants   of  integration   a,  e,  c,   to-   denote   as   usual   the   mean   distance,  the 
eccentricity,  the  mean  anomaly  at  epoch,  and  the  longitude  of  pericentrc. 

Suppose   that   q«,  pa,   r„,   0„,   u^   correspond   to   the    time   ta   (q   is   constant,   so   that 
q„  =  q),  and  write 

F=n«.'(H  — w„  +  esini(  — esiniin); 

joining  to  this  the  equations 

r  =  tt  (1  —  e  cos  u),     ?■(,  =  a  (1  —  e  cos  %,), 

a     a      ^     -,  /■■^l  -  e'  sin  u\      ^     _,  /Vf^ 


u,  Mj,  e  will  be  functions  of  a,  r,  r^,  0,  6^,  and  consequently  {n  being  throughout  con- 
sidered as  a  function  of  a)  V  will  be  a  function  of  a,  r,  r^,  0,  6^.  The  function  V 
so  expressed  as  a  function  of  a,  r,  r^,  0,  0^  is,  in  fact,  the  characteristic  function  of 
Sir  W.  R.  Hamilton,  and  according  to  Ms  theory  we  ought  to  have 

dV=  ^'n?a{t—Q  da  -\-pdr  +  qd0  ~padr„  ~  qad0o- 
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To  verify  this,  I  form  the  equation 

dV=    ^(w-M^  +  esin  w-esinw»)da 

+    no,"  [(1  +  e  cos  U)  du  — (1+e  COB  %lo)d'lta'\ 

+  na^  (sin  u  —  ain  Uo)  de 

H — ?^ —  - —   \dr  -  (1  —  e  cos  u)  da  —  ae  sin  u  du  -i-a  cos  u  de\ 
1  —  e  cos  14  ' 

nae  sin  «„  , ,        ..,  ,  ,  ■        j     .  j  i 

— Ian  — (1  —  eco&  Uaitm  —  aesmua  du„  + a  cos  u^ae] 

l  —  ecosu^' 

+  naP  Vl-e= }     dO  -  -==--= [(1  -  ^A  du  +  sin  ude] 

[  vl-e^(l-ecosM)  '  ■" 


^  -71^7(1^7^^^  K^  -  e^)<^''»+sin  i'*<^j| ; 


the  coefficient  of  du  on  the  dght-hand  side  is 


na^(l  +ecosM)  — :i ^ 

l~e  cos  M     1  —  e  cos  u 

,/,   ,  l-e^  +  e=sin=H^ 

=  «aM  1  +  ec — 


which   vanishes,  and   similarly  the   coefficient   of  dv^   also  vanishes:   the   coefficient  of  de 
is  the  difference  of  two  parts,  the  first  of  which  is 


na^  sm  u  -i — 


1  —  e  cos  u        I  —  e  cos  u 
1  —  e  cos  u\ 


/,      1  —  e  cos  u\ 

n  U    1  -  :j , 

V        1  —  e  cos  u/ 


which   vanishes,   and   the   second   part   in  like   manner   also   vanishes ;    the   coefficient   of 
da  is  the  difference  of  two  pai'ts,  the  first  of  which  is 

^na  (tt  +  e  sin  m)  -  nae  sin  u  =  ^na  {u  —  e  sin  u), 
and   the   second   is   the   like   function  of  Ua;    the   entire   coefficient   therefore   is 

^  7ia  (m  —  w„  —  e  sin  it  +  e  sin  «(,). 
We  have  therefore 

dV  =     ^na  (m  —  W(  —  e  sin  u  +  e  sin  u^)  da 

naesinu    ,  „  /; ,„ 

+    __ dr  4-  na^  v  1  -  e=  d0 

1  —  e  cos  u 


nae  sm  ■ 


^dr,~na"Jl-^d0,; 


1  —  e  cos  M, 
or  what  is  the  same  thing, 

dV=  ^n^a  (t  ~to)da+  pdr  +  qdd  - p4n  -  q4^« , 
the  equation  which  was  to  be  verified. 
2,  Stone  Buildings,  March  28,  1856. 
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200. 

ON"   THE   CONES   WHICH   PASS   THROUGH  A   GIVEN    CURVE   OF 
THE  THIRD  ORDER  IN  SPACE. 

[From  the  Philosophical  Magazine,  vol.  XII.  (1856),  pp.  20 — 22.] 

The  following  investigation  is  connected  with  the  theory  of  the  cubic 

{a,  b,  c,  rfja^,  y)\ 

and  in  particular  with  a  theorem  that  the  determinant  formed  with  the  second 
differential  coefficients  of  the  discriminant  gives  the  square  of  the  discriminant. 

Consider  the  coefficients  a,  b,  c,  d  bs  linear  functions  of  coordinates,  the  equations 

aG~¥  =  <i,    hc-ad=(i,    bd-^=i) 

(equivalent,  of  course,  to  two  equations)  belong  to  a  curve  of  the  third  order  in  space, 
the  edge  of  regression  of  the  developable  surface  obtained  by  putting  the  discriminant 
equal  to  zero,  or  which  has  for  its  equation 

-  a^d'  +  Gabcd  -  ia<f  ~  ib'd  +  3bV  =  0 ; 

and,  moreover,  the  above  forms  are  the  general  representations  of  any  curve  of  the 
thiixl  order,  and  developable  surface  of  the  fourth  order.  The  question  arises,  to  find 
the  equation  of  the  cone  of  the  third  order  having  an  arbitrary  point  for  its  vertex, 
and  passing  through  the  curve  of  the  third  order.  This  may  be  done  by  Joaehimsthal's 
method :  let  a,  $,  y,  8  be  the  values  of  a,  b,  c,  d  at  the  vertex  of  the  cone,  and  in 
the  equations  of  the  curve,  say  in 

ac  -  6-  =  0,    6d  -  c=  =  0, 

for  a,  b,  c,  d  write  ua  +  ira,  m&  +  v^,  uc  ■+  vy,  ud  +  vS;  if  from  the  equations  so  obtained 
w,  V  are  eliminated,  the  resulting  equation  will  be  that  of  the  cone  of  the  third  order. 

28—2 
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The  substitutions  in  question  give 

Lu'  +  2Muv  +  JVv'  =  0, 
/>'«=  +  2M'uv  +  N'v'  =  0, 
where 

L  =  2  (oc  -  b"),     M  ^ay  +  ca  -  Ib^.    iV"  =  2  (07  -  fi% 
L'  =  -2{bd-c'),     M'=hB+d^-2cr     i\^'  =  2(^S-'/); 
the  result  of  the  elimination  is 

4  (iiV  -  M^)  (L'N'  -  Ji'=)  -  (iiV  +  L'N  -  2MMy  =  0, 
and  we  have 

LN  ~M-'=-i(by-  cff)  (a/3  -  bcL)  -  (ca  -  ayf. 
L'N-  -  Jf '  =  4  (cS  -  dy)  (by  -  c/3)  -  (bB  -  dyf, 
LN'  +  L'N  -  2MM'  =  4>  (hy  -  c^f  +  4^  (a^  -  ba)  (cS  -dy)  +  2  (ca  -  ay)  (bB  ~  d^). 

Write  for  shortness 

by  —  c^=  I,    CO.  —  (i7  =  III,     a$  —  ha  =  n, 

uS  —  d(i  =f,  bB  —d^  =  g,  cS  —dy  =  h, 
values  which  give  If  +  tng -\' nh  =  0,     Then  forming  the  expression 

4  (Un  -  mO  (4^/  -g^)  -  (W  +  4ji/i  +  2mg)\ 
this  is  equal  to  (') 

-  16/  [P  -  nfh  +  Img  -  2lnk  +  ng^  + 111^1), 

and  the  equation  of  the  cone  is 

P  —  nfh  +  ling  —  2lnh  +  ng-  +  m%  —  0  ; 
01',  substituting  and  expanding, 

(aS=  -i')h'-  (a'S  -  &>)  c'~B  (SB  -  y')  ab'-  +  a  (07  -  S')  dc^ 
+  8(^8-7=)  a'c-a  (ay  -  ^'')  d'b  +  2B  (ay -~  ^)  a,<?  -  2a  (0B-y^)db'' 

-  7  (/38  -  y)  a^d  +  ^  («7  -  ;S0  ad'  +  87  (0y  -  aS)  i^  -  3/3  (^7  -  ag)  6c^ 
+  g  (/37  -  aS)  ttic  -  a  {/37  -  aS)  rf&c  +  (078  -  S0y^  +  2(3='S)  «&d 

-  (a^S  -  3/3^  +  2a7')  acd  =  0. 

'    With  respect   to   tlie    occurrence    of    the   factor  l{-by-c^),   il   is   wortli    noticing,   that,   putting   b  =  );ff, 
c  =  liy,  we  have  identically 

L',fi  +  2M'uv  +  NV^2m~ey)  »  +  (^3-  7=)  i.']  (A'l  +  c), 

i.e.  the  two  functions  will  contain  a  common  factor  if  b-kff,  c  =  ky,  or  what  is  the  same  thing,  if  by~c^  =  0. 
But  if  the  functions  contain  a  common  factor,  their  resultant  vaniaheg,  i.e.  the  reaultant  will  viinish  in 
virtue  of  the  relation  ?i7-c;9  =  0,  or  what  ia  the  name  thing,  by-cfi  is  a  factor  of  the  resuUaut. 
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Now  putting 

hd  —  c^=p,     bc  —  ad  —  q,     ac  ~b-  =  r, 
iiini  in  like  maimer 

and  reducing,  the  final  result  may  be  expressed  in  the  form 

P  I  -  ^ibp  +  (7a  -  2/36)  q  +  iha~  7c)  r] 

+  Q  \  -    acxi  +  (yb  -    ^c)  q  +  S6r| 

+  R{-  (ad  -  0c)  p  -  (0d  -  27c)  y  +  2Scr}  =  0, 

where  a,  b,  c,  d  are  cui'rent  cooi-dioatcs,  and  p,  q,  r  arc  quadratic  functions  of  a,  b,  c,  d. 
The  equation  is  (as  it  should  be)  satisfied  by  the  equations  (p  =  0,  q  =  0,  r  =  0)  of  the 
given  cui-ve;  it  is  also  satisfied  per  se  when  P  =  0,  Q  =  0,  R  =  0,  i.o.  when  the  vertex 
is  a  point  on  the  curve ;  this  indicates  a  change  in  form  of  the  equation,  and  in 
fact   the   cone   is   in   this  case   of  the  second  oi^der   only.     Suppose   that  the   coordinates 

of    the   vertex   are   in    this   case   given   by   B  ^     =  i  ^  "    ("■    ^^    arbitraiy   quantity),   it 

may  be  easily  shown  that  the  equation  of  the  cone  is 

p  +  aq  +  cr''r  =  0; 
or  at  full  length 

(bd  -c')  +  a  {be  -ad)+a'  (ao  -?*=)  =  0 ; 

in  fact  this  equation  is  evidently  that  of  a  surface  of  the  second  oixler  passing 
through  the  curve;   and  there  is  no  difficulty  in  showing  that  it  is  a  cone. 

2,  Stone  Buildings,  May  1,  1856, 
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SECOND  NOTE  ON  THE  THEORY  OF  LOGARITHMS. 


[From  the  Philosophical  Magazine,  vol.  Xll.  (1856),  pp.  354—360.] 

The  theory  of  logarithms,  as  developed  in  my  first  note  (Phil.  Mag.  April  185G).  [197] 
may  be   exhibited  in  a  clearer  light  by  considering,  instead  of  log  a  +  log  b— log ab  =  Em, 

the  equation  log- =  logt  — loga+^Tri,  a  form  which  more  readily  enables  the  accounting 

d  priori  for  the  discontinuity  in  the  value  of  E.  Writing  then  for  6,  a  the  complex 
values  ic"  +  y'i,  x  +  yi,  we  have 

log  1":^*  =  Jog  (^'  +  y'i)  -  log  {^  +  yi)  +  E-ri ; 

where,  according  to  the  assumed  definition  of  a  logarithm, 

log  {x  +  yi)  =  log  '/ai'  +  y''  +  i  f  tan-'  ^  +  eir  j , 

in   which   logVit-^-^^   jg   ^jj^   j.g^i   logarithm   of  V«*  +  ^,  and   tan-'=^  is  an   arc  between 

the  limits  —^tt,  H-Jtt.  The  coefficient  e  is  equal  to  zero  when  x  is  positive;  but 
when  X  is  negative,  then  e  =  +  l  or  —  1,  according  as  ^  is  positive  or  negative,  i.e,  we 
have 

x  =  +  .     e  =  0, 

ics  — ,     e  =  ±1  =y  ; 
and  of  course  the  other  logarithms  in  the  equation  have  an  analogous  signification. 
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Hence,  attending  to  the  equation 


tan~'  ^  ~  tan~'  a  =  tanr 


&~a 


where,  when  1  +  a^  is  positive,  e"'  is  equal  to  zero ;  but  when  1  +  a^  is  negative, 
e'"  is  equal  to  +1  or  - 1,  according  as  ^  -  a  is  positive  or  negative :  or  what  is  the 
same  thing  (a,  jS  being  of  opposite  signs  when  1  +  a^  is  negative), 

l+aB  =  +  ,     e"'  =  0, 

1  +  a^s-,     e"'=  +  ls^-a  =  y9  =  -a, 
we  find 

i;=e-e'  +  e"-e"', 

where  e,  e',  e",  e'"  are  defined  by  the  conditions 


e    =  u. 

' 

.  -±i  =  j. 

«'           =+, 

«'   =0, 

"' 

•'  =±i  =  y, 

='+ro'H+, 

."  -  0, 

sti'+yy'e-. 

."=±i^^,j^x;j. 

'-1^-. 

e"'-0, 

'*ii'-- 

•"--M-g^ 

-y 

to   fix   the   ideas,   that   x,   y   are   each    of    them   positive,   we   have    6  =  0; 
and  considering  the  several  cases : 

1.  x'  =  +  ,  y=+. 

Here   xa>'  +  yy'=  +  ,  1  +  -  ^  =  +  ;  and   consequently  not   only  e'  =  0,   but   also   6"  =  0, 
«"'  =  0,  and  thence  E=0. 


same    sign.     If    they   are    both    positive,    then    e"  =  0,    e'"  =  0 ;    but    if    they   are    both 
negative,  then 

e"  =  +  1  =  xy'  —  a:'y  =  ^,  —  ^ 


(since  xx'  s+)  and  e"'  =  ±  1  =  ^  - 


e"'.     Hence  in  either 
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='  =  +  lsj/',   i.e.   e'  =  L      Also  , 


[201 


being   negative,   xa!  +  yy'  and    1  +  -  ^   will 


have    opposite    signs.      Suppose    first   xx  +  yy    is    positive,    then    e"  =  0.      And   1  +  -   '^ 


being  negativ 


=  +  1 


-jL^t^i. 


-  \.     But  if  ,1 


then   6"=  +  1  =a^'  — ic'ys  —  !y  — -j    (since   tex'   is   negative)  =  — — , , 


■  -Vyy  IS  uej 
c.    e"  =  +  l. 


being  positive,  we  have  6"'  =  0.     Hence  in  each  case  E=0. 

4.     a/  =  — ,  y'  =  —. 

Here   e' =  +  1  = /,   i.e.    e' =  —  1.      Also   a^*'   and    y;/'    being    each    negative,   wx' +  yy' 
will  be  negative,  and  therefore 

i.e.  if  K>-^,  then    e"  =  -l;    but   if  K<^,  then    e"  =  +  l.     And  1+^  ^  being  positive. 


"  =  0.     Hence  if  ^,  >^,  then  £  =  1-1  =  0;   but  if  ^<^,  thei 


-1  +  1=2. 


Consider  (a;,  y)  {uf,  y')  as  the  rectangular  coordinates  of  two  points  A,  A'.  In 
the  case  which  has  been  considered,  the  point  A  has  been  taken  in  the  positive 
quadrant ;  and  the  preceding  discussion  shows  that  we  have  always  E  =  0,  except  in 
the  case  where  the  finite  line  AA'  meets  the  negative  portion  of  the  axis  of  x,  in 
which   case   we   have   E—  +  2.     The  same  thing  is  true  generally  in  whichever  quadrant 


A  is  situated,  i.e.  we  have  always  E=0,  except  in  the  cases  in  which  the  finite  line 
AA'  meets  the  negative  portion  of  the  axis  of  x.  But  when  this  happens,  then  if 
the  line  AA',  considered  as  drawn  from  A  to  A',  passes  from  above  to  below  the 
axis  of  X,  we  have  J?=  +  2;  but  if  the  line  AA',  considered  as  drawn  from  A  to  A', 
passes   from   below  to   above  the   axis   of  x,  then   E=  —  2.     So   that   treating  the  points 
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A,  A'  as  the  geometrical  representations  of  the  complex  numbers  x  +  yi,  a^  +  y'i,  we 
have  in  an  exceedingly  simple  form  the  precise  determination  of  the  discontinuous 
number  E(=0  or  +2)  in  the  formula 


^  {x'  +  iji)  —  log  {x  +  yi)  +  E-rri. 


Consider  in  general  the  definite  integral 


£  *.iiK, 


where  z',  z  are  complex  numbers  of  the  forai  i^^yi,  x' +y'i\  and  take  A,  A'  as  the 
geometrica.l  representations  of  these  limits,  and  the  variable  point  P  as  the  geometrical 
representation  of  the  complex  variable  u.  The  value  of  the  definite  integral  will 
depend  to  a  certain  extent  on  the  series  of  values  which  we  suppose  u  successively 
to  assume  in  passing  from  z  to  /,  or  what  is  the  same  thing,  on  the  path  of  the 
variable  point  P  from  A  to  A'.  For  (excluding  altogether  the  case  in  which  the 
path  passes  through  a  point  foi'  which  0ii  becomes  infinite)  it  is  well  known  that 
the  value  of  the  definite  integial  is  the  same  for  any  two  paths  which  do  not  include 
between  them  a  point  for  which  <^w  becomes  infinite;  but  when  this  condition  is  not 
satisfied,   then    the   value   of   the   definite   integral   is   not   in   general   the   same   for   the 


two  paths(').  In  order  therefore  to  give  a  precise  signification  to  the  notations,  we 
must  fix  the  path  of  the  point  P,  and  it  is  natural  to  assume  that  the  path  is  a 
right  line  (of  course  there  are  an  infinity  of  paths  which  give  the  same  value  to 
the  definite  integral,  or  as  we  may  call  them,  paths  equivalent  to  the  right  line;  but 
the  consideration  of  these  would  be  a  needless  complication  of  the  definition,  and  it 
is  better  to  attend  to  the  single  path — the  right  line).  The  definition  is  at  once 
converted  into  an  analytical  one;  we  have  only  to  assume  u  =  z-\-r{/  —  z),  and  to 
suppose    that    the   new    variable    r   passes   from    r  =  0  (which   gives  u  =  z)   through  real 


'   The  Hieorem  is,   I    believe 
lioiii  Alj/gbrique^,  Liouville,   ' 


due  to    M.   Cauchy.      See   I 
)1.  XV.  [1850]  pp.  3f)5^80,  n 


M.  Paisenx,   Reclitrches   sur   les 
13  elaborately  discussed. 
29 
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valws  to  r  =  1   {which   gives   u  =  /),  i,e.    we  have  as  the   equivalent  analytical  definition 
of  the  definite  integral  between  the  complex  limits  z,  z   the  equation 


I    ^udii  =  {^ -z)\   <^[s  +  r(3'-3)]rfr, 


where  the  new  variable  r  is  real.  The  only  restriction  is,  that  0it  must  not  beeomG 
infinite  for  any  value  of  u  along  the  path  in  question,  i.e.  ^{z-Yriz'  —  £)\  must  not 
become  infinite  for  any  I'eal  value  of  r  between  the  limits  r  =  0,  r  =  \. 

Suppose  next,  the  path  being  defined  as  above,  or  in  any  other  manner,  that  i^^m 
is  a  function  of  m  such  that  ^/m  =  0m.  Then  if  ^^u  is  continuous  along  the  entire 
path,  we  have 

I    if)udu.  =  <p^z'  ~<f>^z; 

but  if  <f>^u  is  discontinuous  at  any  points  of  the  path,  e.g.  at  the  point  ((=((,,  and 
at  no  other  point,  then 

J    4,u  du  =  0,3'  -  0,  (m,  +  a')  +  <f>,  (tt,  -  a)  -  0,2, 

where  m,  —  a,,  u^  +  n'  are  values  indefinitely  near  to  m,,  the  path  being  from  3  through 
%  — a  to  u^  +  a'  and  thence  to  z'.  Or  if  we  represent  the  break  0,  (?(,  +  a')  — 0, («^  +  a) 
by  the  symbol  V,  then  we  have 

I    ^udu  =  j>/  -  0^s  -  V. 
Suppose  now 

i:=tan-'^  +  e7r, 

where,  as  before,  tan~'-  denotes  an  arc  between  the  limits  —^ir,  +4^,  and 
x  =  +,     e  =  0, 

and  to  fix  the  ideas,  consider  f  as  the  ^-coordinate  of  a  surface,  the  other  two 
coordinates  being  x  and  y.  If  a;  be  negative  and  y  be  indefinitely  small  and  positive, 
then  6  =  +  l,  and  we  have  f=?r;  but  if  (a;  being  still  negative)  y  be  indefinitely 
small  and  negative,  then  e  =  — 1,  and  therefore  f=  — tt,  i.e.  there  is  a  break  or  abrupt 
increment  Sir  of  the  coordinate  f  in  passing  across  the  negative  part  of  the  axis  of 
X  from  a  negative  to  a  positive  value  of  y,  or,  as  we  have  before  called  it,  from 
beiow  to  above;  this  is  the  only  discontinuity  in  the  surface,  the  form  of  the  surface 
being,  in  fact,  what  is  intended  to  be  represented  in  the  annexed  figure. 

,v  z  —x  -Vyi,  z^x-Vyi,  and  consider  the  definite  integral 


riF. 
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the    path    being,    as    before,    a    right    line.      We    have,    by    the    equivalent    analytical 
definition, 


i  real.     And  in  like  manner  considering  the  integral  /     —  , 


the  path  being  in  this  ease  also  a  right  line,  we  have 

where   the   new   variable   r  is   real.      The   two   integrals   in    r   sae   identically   the   same, 
and  consequently  we  have  in  every  case 


J  1     U  J !     u    ' 


Now    log'  u~  - ;  and   in   passing   from    w  =  1    to  ^^  =  -  ,  there   is   no   discontinuity  in  the 
value  of  logw. 


=  log  "f/p' ■+q''  +  i  (tan-'  "  +  eTr]  , 


if  for  the  moment  u=p  +  qi;  hence  the  value  of  the  integi-al  on  the  left-hand  side 
is   simply  log  - .     The   value   of  the   integral   on  the   right-hand  side  is   in  like   manner 

log  s'  -  log  s,  in  the  case  in  which  the  finite  right  line  from  u  =  z  to  « =  /  does  not 
meet  the  negative  part  of  the  axis  of  x;  but  when  this  happens,  then  there  is  a 
discontinuity   in   the   value   of  the   logarithm,    and   the   integral   on   the   right-hand   side 

29—2 
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will  be  log  z'  —  log  3  —  2iri,  or  log  s'  —  log  ^  +  %in,  according  as  the  right  line  considered 
as  drawn  from  z  to  s'  passes  from  below  to  above  or  from  above  to  below  the 
negative  part  of  the  axis  of  x.  We  have  therefore  in  every  case  {E  being  defined 
as  above)  log  /  —  log  a  +  Swi  for  the  value  of  the  integral  on  the  right-hand  side,  and 
the  relation  between  the  two  integrals  gives,  as  it  ought  to  do,  the  equation 

log  —  —  log  z'  —  log  z  +  Eiri, 

or,  in  the  form  in  which  it  was  befoi'e  written. 

The  preceding  discussion  shows  that  the  discontinuity  in  the  value  of  E{—0  or  ±  2) 
arises  from,   or  is   most  intimately  connected   with,   the   geometrical   discontinuity   which 

necessarily   exists   in   the   surface   3  =  tan-'s^,   whenever   we    define   the   symbol   tan-^   in 

such  manner  as  to  give  a  unique  value  to  the  coordinate  s. 

2,  Stone  Buildings,  Sept.  19,  1856. 
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202. 

SUPPLEMENTARY   REMARKS  ON  THE   PORISM   OF  THE   IN-AND- 
CIRCUMSCRIBED    TRIANGLE. 

[From  the  Philosophical  Magazine,  vol.  xiii.  (1857),  pp.  19—30.] 

In  my  former  papers  (see  Phil.  Mag.  August  and  November,  1853,  [115,  116])  I 
established  (as  part  of  a  more  general  one)  the  following  theorem,  viz.  the  condition 
that  there  may  be  inscribed  in  the  conic  (7=0  an  infinity  of  tiiangles  circumecribed 
about  the  conic  F^O,  is,  that  if  we  develope  in  ascending  powers  of  k  the  square  root 
of  the  discriminant  of  kU ■¥  V,  the  coefficient  of  k^  in  this  development  must  vanish. 
Thus  writing 

disct.(tF+  tr)  =  (^.  ®.  ®'.  -S"5^-  1)". 
the  condition  in  (juestion  is  found  to  be 

30^  -  4Z0'  =  0. 

The  following  investigations,  although  relating  only  to  pai'ticulai"  cases  of  the 
theorem,  are,  I  think,  not  without  interest. 

If  the  equation  of  the  conic  containing  the  angles  is 
[7  =  2ayz  +  'ibzie  +  licxy  =  0, 
and  the  equation  of  the  conic  touched  by  the  sides  is 

V  =  x^  +  y''  +  z^—2yz-'2zx-  2xy  =  0, 
we   have 

disct.  (i.  A:,  k,  a-k,  b-k,  c-k\x,  y,  zf  =  {K,  e,  ©',  K'fk,  1)', 
that  is. 


ra 

- 

i(K  +  6  + 

«), 

e' 

.- 

-J(a  +  6  + 

"f, 

K' 

= 

2iife. 
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and  the  equation  3@-  -  iKS'  =  0  becomes 

which  is  satisfied  identically.  This  is  as  it  should  be ;  for  it  is  plain  that  there  exists 
a  triangle,  viz.  the  triangle  {m  —  0,  y  =  0,  2  =  0),  inscribed  in  the  conic  U^O,  and 
circumscribed  about  the  conic  V=fl. 

Suppose  that  the  equation  of  the  conic  containing  the  angles  is 

^s  ~  isg:  =  0, 

and  the  equation  of  the  conic  touched  by  the  sides  is 

ax'^+    bif+    C2^=  0, 

then  the  tangential  equation  of  the  last-mentioned  conic  is 

bc^  +  ca-rf  +  ab^  =  0  ; 

and  if  we  take  for  the  angles  of  the  triangle  x  :  y  :  z  =  \  :  '^  :  X',  oi  1:2^:  ^-,  or 
1  :  2i'  :  V-,  then  the  equation  of  the  line  joining  the  angles  (^),  (y)  is 

2/ACK  -  (/i  +  v)  2/  +  3  =  0, 

which  will  touch  the  conic  aa?  +  hy^  +  cs^  =  0  if 

he .  4pV=  +  ca  (/i  +  p)^  +  at .  4  =  0 ; 
and  it  is  required  to  find  under  what  circumstances  the  equations 

&c .  VV  +  C(t  (^  +  vy  +  «6 .  4  =  0, 

&c .  ^v^'  V  +  ca  (f  +  X)=  +  a6 .  4  =  0, 

he.  4XV  +  ca(X.  +  ^)=  +  t[;».4  =  0, 

become  equivalent  to  two  equations  only.  The  condition  is  of  couise  included  in  the 
general  formula;  and  putting 

disct.(yta,  kh^\,  kc,  0,  -2,  Oja;,  y,  z')  =  {K,  ft,  W,  K'^^k.   l)^ 

we   must   have 

3@=-4if@'  =  0. 

The  discriminant  in  question  is 

h'-'ahc  +  /i.'"oc  —  ft .  4?>  —  4  =  0, 

where  ^  =  1,  0  =^(10,  ©'  =  -|i,  2^*'  =  — 4;  the  required  condition  is  therefore  ac  +  166^  =  0, 

or  say  
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Substituting  this  value,  the  equations  become 

c/iV  +i  Vct/0+  v)-+a  =  0, 

cv^X-  +  i  Vctt  (f  +  \)=  +  a  =  0, 

cXV  +  i  Vca  (K+fiy-i-a  =  0; 
the  fii'Bt  and  second  of  these  are 

A'  +  2H'v+B'v'=0, 
whore 

A  ={-i-Ja  +  fi'  Vc)  i  Va,     H  =  i  i/m^,     B  =  (i  Va  +  ^'^  "/c")  Vc, 

^ '  =  (-  i  V^  +  X-  Vc)  i  Va,     ff'  =  t  -/otX,     if'  =  (i  Va  +  X^  Vc)  Vc, 

^  i^  +  ^  'B  -  2/fi/'  =  2i  V^(a  -  ^-  \/((c\^  +  cX>0. 

AB  -M'  =   i  Vac  (a  -  j  Vac^^  +  c/i'    ), 

A  'B'  ~  H'-'  =   i  Vac  (a  -  i  v'«cX^  +  c  V    ) ; 

and  the  I'esult  of  the  elimination  therefore  is 

{a  ~  i  Vf(cX=  +  c\*)  (a  -  i  Vacfj?  +  c^')  -{a~i  '/acXfi  +  cX^^y  =  0, 
viz. 

2Vc<t  (K  -  fif  (cXV  +  *  "^ca  (\  +  fj.y  +  a)  =  0; 
which  agrees,  as  it  should  do,  with  the  third  equation. 

To  find  the  condition  that  it  may  be  possible  in  the  conic 
.f^  +  f  +  z'  =  0 
to  inscribe   an   infinity   oi  triangles,   each   of  them   circumscribed   about   the   conic 

ax-  +  bf  +  cz'  =  0  : 
let  the  equations  of  the  sides  be 

I  Voa^+m    -Jby  +  n   -fcz-O, 
V  'J ax  +  m'  "Jhy  +  n'  -Jcz  =  0, 
I"  'Jax  +  m"  ^ly  +  n"  ^cz  =  0; 
then  the  conditions  of  circumscription  are 

P   +m?   +n^    =0, 
V-  +  m'^  +  ji'=  =  0, 
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and  the  conditions  of  inscription  are 

ho  (m'  n"  -  m."nj  +  ca  {nT-  n"iy  +  ab  {V  m"  -  l"m'f  =  0, 
be  {m"n  —  mn"  f  +  ca  (n"l  —  nVy  +  ab  {H'vi  —  I  m'y  =  0, 
hc{m.n'   -m'ny+ca(nl'-n'lf  +  ab{l  m'  -I'm  f  =  0. 

Now 

(mn' - m'ltf  =     (ni^  +  n^) (m'"  +  n'^)  ~{mm'  +  nn'y 

=  -  {ir  +  mm'  +  nn')  (-  IV  +  mvi'  +  nn') ; 
and   making   the  like  change  in  the  analogous  expressions,  and  putting  for  shortness 
—  be  +  ca -\- ab  =  a, 
bc-ca  +  ab  =  0, 
bc  +  ca  —  ab  =  y, 
the  conditions  in  question  become 

(l  I"  +  m'  m"  +  n'  n")  (al'  I"  +  ^m'  m"  +  yn  n")  =  0, 
(l"l  +  m"m  +  n"n  )  (al"l  +  0m"m  +  tm"*;  )  =  0, 
(I  r  +m  m'  +n  n')  (al  I'  +  ffm  m'  +yn  n')=0. 

The  proper  solution  is  that  given  by  the  system  of  ecjuations 


equations  become 


I'  +      ml' 

+     ^' 

=  0, 

I"  +      III" 

-t-      n'^ 

=  0, 

!"■+        !»" 

■  +     n"-' 

-0. 

aef  +  fftrim' 

■  +  T»'«" 

=  0, 

d."l  ^fkii'm, 

+  rn"« 

=  0, 

aU'+,8mm' 

+  V111' 

=  0; 

,  fc,  A- 

Ap  +Bg-- 

+  Ch^  ^ 

=  0, 

Af+Bg'- 

+  CV. 

=  0, 

Af-  +  Bf 

•  +  C¥', 

=  0, 

ff  +  sV 

■  +  k'k"  = 

.0, 

/"/  +s"s 

+  k"h  . 

=  0, 

f/'+ss' 

+  kh'  . 

-0. 
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The  first  of  which  systems  expresses  that  the  points  (/  ff,  h),  (/',  g',  k'),  (/",  g",  k") 
are  points  in  the  conic 

and  the  second  condition  expresses  that  each  of  the  points  in  question  is  the  pole 
with  respect  to  the  conic 

of  the  line  joining  the  other  two  points,  le,  that  the  three  points  are  a  system  of 
conjugate  points  with  respect  to  the  last-mentioned  conia  The  problem  is  thus  i-educed 
to  the  following  one : 

To  find  the  condition  in  order  that  it  may  be  possible  in  the  conic 

to  inscribe  an  infinity  of  triangles  such  that  the  angles  are  a  system  of  conjugate 
points  with  respect  to  the  conic 

^+    f+    z'  =  0. 

Before     going     further     it     is     proper    to     remark     that    if,    instead     of    assuming 
al'l"  +  ^m'm"  +  yn'n"  =  0,  we  had  assumed 

IT  +  tn'm"  +  n'n"  =  0, 

this,  combined  with  the  equations 

Z'=  +  m'"  +  n'^  =  0,     ("=  +  m""  +  n"^  =  0, 

would  have  given  I'  :  m'  :  n' ^=1"  :  m"  ;  n",  ie.  two  of  the  angles  of  the  triangle  would 
have  been  coincident :  this  obviously  does  not  give  rise  to  any  proper  solution.  Returning 
now  to  the  system  of  equations  in  f,  g,  h,  &c.,  since  the  equations  give  only  the 
ratios  f  '■  g  :  k;  f  :  g'  :  h' ;  f"  :  g"  ;  k",  we  may  if  we  please  assume 

/=    +f  +A=   =1, 
/'^  +g-^  +h'-  =1, 

which,  combined  with  the  second  system  of  equations,  gives 

/•  +/•+/" =1. 

We  have,  consequently, 

A +B  +  0=A{/'+f  ■'+/"•) +  B{f  +  g"+s'-)  +  C(k'+h''  +  k'') 

=  (Af  +  Bf  +  Bh')  +  (Af  +  Bg''+  Ch")  +  {Af"  +  Bg"'  +  Oh"-), 

A-vB  +  G=0, 
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for  the  condition  that  it  may  be  possible  in  the  conic 

to  describe  an  infinity  of  triangles  the  angles  of  which  are  conjugate  points  with 
respect  to  the  conic  i)?+y^  +  z''  =  0. 

The  equation  of  the  conic  Ax^  +  B^''  +  Cs^  =  0  may  be  written  in  the  form 
(t=c^  -  c=a=  -  a'6=  +  2a=6c)  a^  +  (c=a=  -  a%^  ~  b^c"  +  Sofc^c)  /  +  (a?b'-  -  6^c=  -  c-a=  +  2abc^)  z''  =  0, 
which  gives  the  valuea  of  A,  B,  0;   or  ^ain  in  the  form 

2  (be  +  ca  +  ah)  {bca^  +  cay^  +  ab^) 
-(bc  +  ca  +  aby(   a^  +     y^+     3=) 

+  iabc(aa^+  6y+    C2=)  =  0; 

where  it  shouW  be  observed  that  bcx^  +  cay^  +  aba^  —  O  is  the  equation  of  the  conic 
which  is  the  polar  of  aaf  +  by^  +  c^  =  0  with  respect  to  a^  + 1/'  +  3=  =  0.  It  is  very  easy 
from  the  last  form  to  deduce  the  equation  of  the  auxiliary  conic,  when  the  conies 
aa^  +  by^  +  c2''  =  0,  x^  +  i/'  +  s''  =  0  are  replaced  by  conies  represented  by  perfectly  general 
equations. 

The  condition  A  +  B+  C  =  0  gives,  substituting  the  values  of  ,4,  B,  C, 

b^c-  +  cW  +  a-&^  -  2abc  (a  +  b  +  c)  =  0; 

or  in  a  more  convenient  form, 

{6c  +  ca  +  abf  -  4-abc  (a  +  b  +  c)=0. 

as  the  condition  in  order  that  it  may  bo  possible  to  inscribe  in  the  conic  x''  +  i/-  +  2-  =  0 
an  infinity  of  triangles,  the  sides  of  which  touch  the  conic  ax''  +  hf  +  cs^  =  0 :  this  agrees 
perfectly  with  the  general  theorem. 

It  is  convenient  to  add  {as  a  somewhat  more  general  fonn  of  the  equation 
A+B  +  G=0),  that  the  condition  in  order  that  it  may  be  possible  in  the  conic 
AaP  +  By-  +  Cz^  =  0  to  inscribe  an  infinity  of  triangles  the  angles  of  which  are  conjugate 
points  with  respect  to  the  conic  AiXf'  +  B,y'' +  01:2^  =  0,  is 

A,B,      C, 

But  the  problem  to  find  the  condition  in  order  that  it  may  be  possible  in  the 
conic  ci?  +  y''  +  z^  =  0  to  inscribe  an  infinity  of  triangles  the  aides  of  which  touch  the 
conic  oa:^  +  by^  +  cz'  =  0,  may,  by  the  assistance  of  the  geometrical  theorem  to  be 
presently  mentioned,  be  at  once  reduced  to  the  problem: 

To  find  the  condition  in  order  that  it  may  be  possible  in  the  conic  ic=  +  y'  +  3^  =  0 
to  inscribe  an  infinity  of  triangles  the  sides  of  which  are  conjugate  points  with  respect 
to  a  conie 
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The  theorem  referred  to  is  as  follows: 

Theorem.  If  the  chord  PF  of  a  conic  S  envelope  a  conic  17,  the  points  P,  P" 
are  harmonica  with  respect  to  a  conic  T  which  has  with  S,  a,  a  system  of  common 
conjugate  points. 

Take  for  the  equation  of  S, 

and  for  the  equation  of  c, 

ax"  +  by''  +  c^^  =  0 ; 

then   if  (x^,  y„  z^),  (x.,,  y.^,  3,)   are   the   coordinates   of  the   points  P,  F   respectively,  we 
have 

ie.?+  yi+  zi  =  0, 
and  the  condition  in  order  that  the  chord  may  touch  the  conic  a-  is 
ic  (j/,s,  -  y^,f  +  ca  {z^x^  -  z^-,f  +  ab  {x^y^  -  x.^,y  =  0. 
But  we  have 

(;/i%  -  y^iY  -  iyi'  +  ^^-)  {yi + ^i)  -  (yij/^  +  ziz.^^ 

=  (aria's  +  y^y%  +  s^zi)  (x^x,  -  y,y,  -  s,s,), 
and  making  the  like  change  in  the  analogous  quantities,  and  putting  for  shortness 
a  =  —  be  +  ca  +  ab, 

6  —     bo  ~ca  +  ab, 

7  =     ha  +  ca  —  ab, 
the  condition  in  i[uestion  becomes 

ix^a;.,  +  y,y.,  +  z,z.)  {ax,r„_  +  0y,y.,  +  -y^jS.)  =  0. 

But   the   equation   i£jii:j  +  yiy^+z,z^  =  0   must   be    rejected,   as    giving   with    the    equations 
ie;^  +  y,^-¥  z^  =  (i,  xf-\-yi-\-  z^  =  0  the  relation  x-^  :  y,  :  Zi  =  x.i  :  y^  :  z.^;   we  have  therefore 

^i-':~  +  0y,y~_  +  yz.z.  =  0, 

which   implies  that   the  points   («,,  ^1,  s,)  and  (x.,  y.^,  z..)  arc  harmonics  with   respect   to 
the  conic 

ax"  +  0y^     +  jz'^   =  0, 

which    is    a    conic    having    with    S,    a;    a   system    of    common    conjugate    points.     The 
equation  may  also  be  wi'itten 

(-bc  +  ca  +  ab')x"  +  {bc-ca+uh)y-+{bc+ca-ab)zf^O  ; 
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or,  as  it  may  also  be  written, 

(be  +  ca  +  ab)  («'  +  f  +  s^)-2  (bcaf  +  caz^  +  ah'J?) ; 

and,  as  before  remarked,  bc^  +  cay^  +  db^  =  0  is  the  equation  of  the  conic  which  is 
the  polar  of  a^  +  &^/*  +  cs"  =  0  with  respect  to  a;^  +  i/^  +  s' =  0, 

The  condition  in  order  that  there  may  be  inscribed  in  the  conic  3^+^  +  2^=0 
an  infinity  of  triangles  the  angles  of  which  are  conjugate  points  with  respect  to  the 
conic  ai^  +  /3^'  +  7^^  =  0,  is 

or  writing  this  equation  under  the  foi-m  ^7  +  7a  +  a^  =  0,  and  substituting  for  a,  |S,  7 
their  values,  we  have  the  equation  already  found,  as  the  condition  in  order  that  it 
may  be  possible  in  the  conic  fl?"  +  j'  -I-  ^=  =  0  to  inscribe  an  infinity  of  triangles  the 
sides  of  which  touch  the  conic  an?  +  h^^  +  cs'  =  0, 

Theorem.    Let 

oit^  +  61/^  +  cs=  =  0 

be  the  equation  of  a  spherical  conic,  and  let  (|  ;  )/  ;  i;),  a  point  on  the  conic,  be  the 
pole  of  a  great  circle  cutting  the  conic  in  two  points ;  the  conic  intersects  upon  the 
great  circle  an  arc  given  by  the  equation 


'^^       V(a  +  6  +  e)^  (f  +  i)=  +  r)  -  4  (^c|^  +  ca»)*  +  ab^) ' 

hence   if  a  +  b  +  c  =  0,  B  =  90° ;    or  there   may   be   inscribed   in   the   conic   an   infinity  of 
triangles  having  each  of  their  sides  equal  to  90°. 

It  is  worth  while,  in  connexion  with  the  subject,  and  for  the  sake  of  a  remark 
to  which  they  give  rise,  to  reproduce  in  a  short  compass  some  results  long  ao-o 
obtained  by  Jacobi  and  Richeiot.  The  following  are  Jaeobi's  formulae  for  the  chords 
of  a  circle  subjected  to  the  condition  of  touching  another  cu-cle ;  viz.  if  in  the  figure 
we  put 
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CP  =  R. 
cp  =  r, 
Cc  =  a, 
zACP  =  2<f,, 
zAVP^2<f,'; 
then  it  is  clear  from  geometrical  considerations  that 
d<f>   _  d<i)' 

Wa^  MA-' 

We   have 

MA^  =  cA^  -  cM^  =    a'  +  R^  +  2uR  cos  2  -  ^= 
-  (a  +  Ry~r'-4aRsm'<p 
=  {{a  +  Ef  -  r-'}  (1  -  ^  sin  20), 
or 

d<j> d<p' 

'^l-&^  sin*  A     Vl-i^sin^d' ' 


1  therefore  also 


'{R  +  af-r^- 

It    will    be    convenient    for    comparison    with    the    formula    of   Riehelot    to    write 
/LAGQ  =  '2.-^;   this  gives 

2f  =  7T-  -  20, 
and  the  differential  equation  thus  becomes 

dr^ d^' 

VtfS  +  FP-  r'  -  2aR  cos  2-^     'Ja^+  R?^t^-  2aR  cos  2-^' ' 


'^m  —  nco&2-^     "/m  —  n  cos  2i^' ' 
tan  i/r  =  ^  tan  6, 

^  ,      1-9=  tan'^  d 
'      1+  ^  tan^  d 

(in  -  n)  cos^  6  +  (m  +  n)  tf' nixi^  0 
'  cos'  o  ■\-g^  sm'  a 


or  if  3^  = 
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and  we  have  also 


lm,  —  n   . 
1 ^si 


d-f^ m 


that  is, 


^      -Jm  +  ,1^1-  -— -  sin=  e 


•Jrii  —  n  cos  2i/r     Vjk  +  «  V 1  ■-  fc'  sio'  $  ' 

where  A^  =  -    —  has  the  same  value  as  befoi'e.     Hence  the  relation  between  0,  $'  is 

in  +  n 

d8  ^         dd' 

Vl-fc^sin^e  ~  ■■Il-tsm-'e' ' 

which   is   identical   with   that   between    (j>   and    <j>' ;    and   in    fact    the    equation    between 
0,  <i>  is 

tan  0  tan  ^  =  -, , 

which,  if  ^  =  am  u,  gives  ^  =  am  (K  -  «)■ 

The  differential  equation  contains  only  a  single  arbitrary  parameter;  hence  the 
same  differential  equation  might  have  been  obtained  from  different  values  of  a,  R, 
the   parameters    which    determine    the    circle    enveloped    by   the  moveable    chord.      The 

condition  tor  this  of  coui'se  is   — ;  =  —  ,  that  is 
n       n 

2^1     ■  ^       2a'R~~  ' 
or  as  the  equation  may  be  written 

(aa'  -  M^)  {a  -a)-R  {ar'  -  ar'')  -  0 ; 

this    implies    that    the    enveloped    cu-cles    intersect   the    other    circle   in   the    same    two 
points,  or  that  all  the  circles  have  a  common  chord. 
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Suppose  for  ^^  =  0,  we  have  -yfr'  =  d,  then  it  is  easy  to  see  geometrically  that 

tan-  0  = f ; 

let    the    corresponding    value    of    d'    be    0'  =  a,    i.e.    suppose    that    for   ^  =  0,    we    have 
d'  =  a,  then 

(R  -  ay  ~  j-^ 


or,  what  is  the  same  thing, 


and  a  having  this  value,  we  have  for  the  finite  relation  between  d,  d', 

Kichelot   has   shown,   by   precisely   similar  reasoning,   that   for   circles   of  the   sphere 
we  have 

d^ d-^' 

Vcos^  r  -  (cos  ij  cos  ft  +  sin  R  sin  a  cos  2i/^)-     v'cos"  r  -  (cos  Rcosa.-\-  sin  R  sin  a  cos  'li^'f 

which  in  of  tht^  form 


d^  _     _  dTJr' 


It  is  veiy  important  to  remark,  that  this  equation  contains  the  two  pai'ametere 
X,  fi,  so  that  the  same  equation  cannot  be  obtained  with  any  new  values  of  the 
pai'araeters  a,  r;  or  the  fonnulio  in  piano  for  three  or  more  circles  do  not  apply  to 
circles  of  the  sphere ;  the  geometrical  reason  for  this  is  as  follows,  viz.  in  the  plane 
a  ciixile  is  a  conic  passing  through  two  fixed  points  (the  circulai'  points  at  x ),  and 
consequently  any  number  of  circles  having  a  common  chord  are  in  fact  to  be  con- 
sidered as  conies  each  of  which  passes  through  the  same  four  points.  But  circles  of 
the  sphere  are  not  spherical  conies  passing  through  two  fixed  points,  but  are  merely 
spherical  conies  having  a  double  contact  with  an  imaginary  spherical  conic  (viz.  the 
curve   of   intersection   of    the   sphere   with   a   sphere   radius   zero) ;    hence   circles   of   the 
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Sphere  having  a  common  spherical  chord  are  not  spherical  conies  passing  through  the 
same  four  points.  I  am  not  sure  whether  this  remark  as  to  the  gi'ound  of  the  dis- 
tinction between  the  theory  of  circles  in  piano  and  that  of  circles  on  the  sphere  has 
been  explicitly  made  in  any  of  the  treatises  on  spherical  geometry. 

To  reduce  the  equation,  write 


then,  after  a  simple 

rednctioi 

d^ 

t«ni^  = 

de 

or  the  r. 

ilation  betwt 

that  for  ■»^  = 

correspondii 
hen 

-(X+;». 

;en  the  ■ 

cos2.f-)' 

two  valu« 
di 

js  of  e  is 

•de- 

Vf-TsitfJ" 

if. 

for 

n-O; 

where 

=  0,  TO  have  if.'- 

ig    value    of    ly 
tan=a 

that  is 

(l+rf-x-' 

tan  R         sin  a 

tan  r      cos  -fi  sin  r 

Suppose 

/taali          sin  a     V     ^  ' 
(tanr+cosiisinj       ^ 

--&,  it  is  easy  to  see  that 

sin- (£-»)- sin- r. 

let    the 
^-a,  t 

cos^jBsin=j- 
be    ff-a,    i.e.    suppose    that 

C08(Ji  +  ll) 

'           eosr           sitf(i!-»)- 

6  =  0. 

j     cos(i!-o)'         eos"  Ji  sin 

■HR^ 

cos  )■  -  cos  (ii  +  (t)     eos- r- cos 

-11) 

cos)--cos(ji-a)  ■         cos^ii 
_  (eos  r  -  eos  {R  +  a)){cosr  +  cot 

,{R- 

-.)) 

cos-iisinV 
(eo8i-  +  6injesin(i)'-cos"i!c. 

js-a 

cos^ijsm'r 
cos- ii  sin- 7- 
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Vtan  r 

sinei 

cos  S  sir 

'" 

'tanii 
aanr 

sill  a 

^ 

cosiisii 

irj 

and  Q  having  this  vakie,  the  finite  relation  between  d,  &'  is 

By   comparing  with    the    corresponding   formula    in  piano,   we    anive    at    Richelot's 
conclusion,   that   the   formute   for  the   sphere   may   be   deduced   from   those  in  plaiw   by 

writing  in  the  place  of  — ,  -,  the  fiinctions    ^^,   --^-^-^t— ,  respectively 
r      r  tan)-  '  cosiSsmr'        ^  •' 

2,  Stone  Buildings,  October  1,  1856. 
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203. 

ON  THE  THEORY  OF  THE  ANALYTICAL  FORMS  CALLED  TREES. 

[From  the  PkilosopMcat  Magazine,  vol,  xiii.  (1857),  pp.  172—176.] 

A  SYMBOL  such  as  Adx  +  Bdy+  ... ,  where  A  B  Sic  contain  the  variables  a;,  y,  Siti. 
in  respect  to  which  the  differentiations  are  to  be  performed  paitakes  of  the  natures 
of  an  operand  and  operator,  and  may  be  therefore  called  ^n  Operandator.  Let 
P,  Q,  R,  ...  be  any  operandators,  and  let  U  he  a,  sjmbjl  of  the  same  kind,  or  to  fix 
the  ideas,  a  mere  operand;  PU  denotes  the  result  of  the  openticn  P  performed  on 
U,  and  QPU  denotes  the  result  of  the  opomtion  Q  peifoimed  on  PU;  and  geneiully 
in  such  combinations  of  symbols,  each  operation  is.  considered  at,  affecting  the  operand 
denoted  by  means  of  all  the  symbols  on  the  right  of  the  operation  in  question.  Xow 
considering  the  expression  QPU,  it  is  easy  to  see  thit  \\c  maj   wute 

QPU={QxP)U+{QP)U, 

whei'e  on  the  right-hand  side  (Q  x  P)  and  (QP)  signify  as  follows :  viz.  Qx  P  denotes 
the  mere  algebraical  product  of  Q  and  P,  while  QP  {consistently  with  the  general 
notation  as  before  explained)  denotes  the  result  of  the  operation  Q  performed  upon 
P  as  operand ;  and  the  two  parts  (Q  x  P)  U  and  (QP)  U  denote  respectively  the 
results  of  the  operations  {Q  x  P)  and  {QP)  performed  each  of  them  upon  U  as  opeiand 
It  is  proper  to  remark  that  (Q  x  P)  and  (P  x  Q)  have  precisely  the  same  meaning 
and  the  symbol  may  be  written  in  either  form  indifferently.  But  without  a  moie 
convenient  notation,  it  would  be  difficult  to  find  the  corresponding  expressions  foi 
RQPU,  &c.  This,  however,  can  be  at  once  effected  by  means  of  the  analytical  foims 
called  trees  (see  figs.  1,  2,  3),  which  contain  all  the  trees  which  can  be  formed  with 
one  branch,  two  branches,  and  three  branches  respectively. 
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The  inspection  oi'  these  tignres  will  at  once  show  what  is  meant  by  the  term  in 
question,  and  by  the  terms  root,  branches  (which  may  be  either  main  branches,  inter- 
mediate branches,  or  free  branches),  and  knots  (which  may  he  either  the  root  itself, 
or  proper  knots,  or  the  extremities  of  the  free  branches).  To  apply  this  to  the 
question  in  hand,  FU  consists  of  a  single  term  represented  by  fig.  1  (bis);  QPU 
■   above,   of  two   terms   represented   by  the   two   parts   of  fig.  2  (bis),  via.  the 


Fig-  i 


AI     A 


first  part  represents  the  term  (Q  x  P)  U,  and  the  second  part  represents  the  term 
(QP)  U.  And  it  is  obvious  that  fig.  2  (bis)  is  at  once  formed  fixim  the  figure  I 
(Ins)  by  adding  on  a  branch  terminated  by  Q  at  each  of  the  knots  of  the  single  part 
of  fig.  1  (bis).  In  like  manner  RQPU  consists  of  six  terms  represented  by  the  six 
parts  of  fig.  3  (bis),  and  this  figure  is  at  once  formed  from  fig.  2  (bis)  by  adding 
on    a    hi'aneh    terminated    by   R    at    each    knot    of    each    part    of    fig.   2    (his).     It    is 


Fig.  1  (hk).  Fig.  3  (hh). 

u      u 


fig.  3  (hh). 

u      u    u       u     u     u 


1  /\   I  e4\]q\{KpUM' 


haixily  necessary  to  remark  that  the  first  pai-t  of  fig.  3  (Jns)  denotes  what,  in  the 
notation  first  explained,  would  be  denoted  by  (R  x  Q  x  P)  U,  the  second  term  what 
would  in  like  manner  he  denoted  by  (RQ  x  P)  U,  and  so  on,  the  last  part  being  the 
term  which  woidd  be  denoted  by  {(RQ)P)U;  viz.  R  operates  upon  Q,  giving  the 
operandator  RQ,  which  operates  upon  P,  giving  the  operandator  (RQ)  P,  which  finally 
operates  upon   U. 

The  figures  1  (his),  2  (bis),  &e.  contain  the  same  trees  as  are  contained  in  the 
corresponding  figures  1,  2,  &c. ;  only,  on  account  of  the  different  modes  of  filling  up, 
trees  are  considered  as  so  many  distinct  trees  in  a  figure  of  the  second  set  which 
ai'c  considered  as  one  and  the  same  tree  in  the  corresponding  figure  of  the  first  set, 
A    difference    in     the    number    of    trees    fii-st    occurs    in    the    figures    3    and    3    (Ms),    the 
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fii-st  of  which  contains  only  four,  while  the  latter  contains  six  trees,  viz.  the  first  ti-ce, 
the  second,  third  and  fourth  trees,  the  fifth  tree  and  the  sixth  tree  of  fig,  3  (bis) 
correspond  respectively  to  the  first  tree,  the  second  tree,  the  third  ti-ee,  and  the  fourth 
tree  of  fig.  3.  To  derive  fig.  3  (bis)  from  fig.  3,  we  must  fill  up  the  trees  of  fig.  3 
with  U  at  the  root  and  R,  Q,  P  at  the  other  knots  in  every  possible  manner, 
subject  only  to  the  restriction,  that,  reckoning  up  from  the  extremity  of  a  fi-ee  branch 
to  the  root,  there  must  not  be  any  transposition  in  the  oixlei'  of  the  symbols  RQP, 
and  taking  care  to  admit  only  distinct  trees.  Thus  the  firet  tree  of  fig.  3  might  he 
filled  up  in  sis  ways ;  but  the  ti'eea  so  obtained  ai'e  considered  as  one  and  the  same 
tree,  and  we  have  only  the  first  tree  of  fig.  3  (bis).  Again,  on  account  of  the 
restriction,  the  fourth  tree  of  fig.  3  can  be  filled  up  in  one  way  only,  and  we  have 
thus  the  sixth  ti'ee  of  fig.  3  (bis).  And  thus,  in  general,  each  figure  of  the  second 
set  can  be  formed  at  once  from  the  cori'esponding  figure  of  the  first  set ;  or  when 
the  first  set  of  figures  is  given,  the  expression  for  YX...QPU  can  be  fonned  directly 
without  the  assistance  of  the  expression  for  the  preceding  symbol  X. .  .QP U ;  the 
number  of  terms  for  the  nth  figure  of  the  second  set  is  obviously  1.2.3...?i,  and 
consequently  it  is  only  necessary  to  count  the  terms  in  order  to  ascertain  that  no 
admissible  mode  of  filling  up  has  been  omitted. 

The  number  of  parts  in  any  one  of  the  figures  of  the  first  set  is  much  smaller 
than  the  number  of  parts  in  the  con-esponding  figure  of  the  second  set ;  and  the 
law  for  the  number  of  parts,  i.e.  for  the  number  A^  of  the  trees  with  n  blanches, 
is  a  veiy  singular  one.  To  obtain  this  law,  we  must  consider  how  the  trees  with  n 
branches  can  be  fonned  by  means  of  those  of  a  smaller  number  of  branches.  A  tree 
with  n  branches  has  either  a  single  main  branch,  or  else  two  main  branches,  three 
main  branches,  &c...to  n  main  branches.  If  the  tree  has  one  main  bianch,  it  can 
only  be  formed  by  adding  on  to  this  main  branch  a  tree  with  (n  —  1}  branches, 
i.e.  Aa  contains  a  part  An-^.  If  the  ti-ee  has  two  main  branches,  then  p  +  q  being 
a  partition  of  n  —  2,  the  tree  can  be  formed  by  adding  on  to  one  main  bi'anch  a 
tree  of  p  branches,  and  to  the  other  main  branch  a  tree  of  y  branches;  the  number 
of  trees  so  obtained  is  ApA^:  this,  however,  assumes  that  the  pai-ts  p  and  q  are 
unequal ;  if  they  are  equal,  it  is  easy  to  see  that  the  numbei'  of  trees  is  only 
^Ap(Ap  +  l).  Hence  ^  +  5  being  any  partition  of  n  —  2,  A^  contains  the  part  ApA^ 
if  p  and  q  are  unequal,  and  the  part  ^Ap(Ap-i-l)  if  ^  and  q  are  equal.  In  like 
manner,  considering  the  trees  with  three  main  branches,  then  if  ^  +  g  +  r  is  any 
partition  of  n.  —  3,  A-a  contains  the  part  ApA^Ar  if  p,  q,  r  are  unequal;  but  if  two 
of  these  numbers,  e.g.  p  and  q,  are  equal,  then  the  part  ^Ap(Ap  +  l)Ay;  and  if 
p,  q,  r  are  all  equal,  then  the  part  ^Ap  (Ap  + 1)  (Ap  +  2);  and  so  on,  until  lastly  we 
have  a  single  tree  with  n  main  branches,  or  A,t  contains  the  part  unity.  A  little 
consideration  will  show  that  the  preceding  rule  for  the  formation  of  the  number  A,i 
is  completely  expressed  by  the  equation 

(l-a:)-'(l-x')"^>(l-^)-'^'(l~x')-^'...  =  l  +  A,a:  +  A^  +  A^  +  A,ai'  +  &ic., 

and  consequently  that  we  may,  by  means  of  this  equation,  calculate  successively  for 
the  different  values  of  k  the  number  A^  of  the  trees  with  n  branches.     The  calculation 
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may  be  effected  very  easily  as  follows :   [the  table  as  originally  printed  contained   at  the 
end  of  it  some  oiTors  of  calculation  which  were  corrected,  B.A.  Report  for  1875,  p.  258]. 


A  = 

1  (1)  1 

1 

1  1 
1  1 

1 

1 
1 

1 

1 
1 

1 
1 

1 
1 

1 

1 
1 
1 
1 

1 
1 
1 
1 
1 
I 

(l-«r)-' 

■^1  = 

1  1  (2) 

2  3 

2  2 

3 
4 

4 
4 
3 

4 
6 
3 

5 
6 
6 

5 

8 

4 

5 

8 
9 

4 

(1-^)-^ 

/[,= 

1  1  2 

(4)  5 
i 

7 
4 

11 

8 

13 
16 

17 
20 
10 

23 
28 
10 

27 
44 
20 

(1-^)-^ 

'I4- 

1  1  2 

+  {'■>) 

U 
9 

19 
9 

29 
18 

47 
36 

61 
81 

91 
45 

(1-^V 

A  = 

1  I  2 

4  9 

(20) 

28 
20 

47 
20 

83 
40 

142 
80 

235 
180 

(1-^-)- 

A.= 

1   1  2 

4  9 

20 

(48) 

67 

48 

123 
48 

222 
96 

415 
192 

(1 -./)-'" 

A.- 

1  1  2 

4  9 

20 

48 

(115) 

171 
115 

318 
115 

607 
230 

(1-^)-"' 

Js  = 

1  1  2 

4  9 

20 

48 

115 

(286) 

433 
286 

837 
286 

(1-0.-)— 

J„  = 

1  1  2 

4  9 

20 

48 

115 

286 

(719) 

1123 
719 

(I-a.'V 

^,.= 

1 

2 

^ 

9 

20 

« 

115 

286 

719 

1842 

foi-r  = 

1 

^ 

3 

4 

5 

« 

7 

8 

9 

10 

I  have  had  occasion,  for  another  purpose,  to  consider  the  question  of  finding  the 
number  of  trees  with  a  given  number  of  free  branches,  bifurcations  at  least.  Thus, 
when    the   number   of    free    branches   is    three,   the   trees   of   the   form   in   question   are 
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those  in  the   annexed   figure,   and   the   number   is   therefore   two.     It  is   not   difficult   to 
see  that  we  have  in  this  case  (B^  being  the  number  of  such  trees  with  r  free  branches), 

(1  -  x)-'{l  -x^)-^'(l  -  ai^y^'il-afys^...  =  1  +a:+iB^  +  2B^  +  SB^a^  +  &c, ; 
and  a  like  process  of  development  gives : 


forr  = 

1 

2 

• 

33 

90 

2 

3 

4 

5 

6 

7 

I  may  mention,  in  conclusion,  that  I  was  led  to  the  consideration  of  the  foie- 
going  theory  of  trees  by  Professor  Sylvester's  researches  on  the  change  of  the  inde- 
pendent variables  in  the  differential  calculus. 

2,  Stoiie  Buildings,  January  2,  1856. 
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ON   A  PROBLEM   IN    THE   PARTITION   OF   NUMBERS. 


[From  the  Philosophical  Magasine,  vol.  xiii.  (1857),  pp.  245 — 248.] 


It  is  requii'ed  to  find  the  mimbev  of  pai'titions  into  a  given  number  of  paita, 
MiTch  that  the  Jirst  part  is  unity,  and  that  no  part  is  greater  thaii  twice  the  preceding 
pai't. 

Commencing  to  foi-m  the  partitions  in  question,  these  are 
111111      &c. ; 
12     2     2     2 

2     12     3     4 


and  if  we  were  to  proceed  to  the  4-partitions,  each  3-partition  ending  in  1  would  give 
rise  to  two  such  partitions;  each  3-partition  ending  in  2  to  four  such  partitions;  each 
3-partition  ending  in  3  to  six  pai'titions ;  and  each  3-partition  ending  in  4  to  eight 
such  pai"titions.     We  form  in  this  manner  the  Table: 


ending 

in 

Numl>er  of 

1 

2 

3 

4 

5 

6 

7 

8    1  9  i   10 

11 

ii 

13 

14 

15 

ii 

Totals 

1 -partitions 

1 

1 

2-partitions 

1 

1 

2 

3-partitions 

2 

2 

1 

1 

6 

4-partitions 

6 

6 

4 

4 

2 

2 

1 

1 

2G 

5-p*rtitions 

36 

26 

20 

20 

14 

14 

10 

10 

6 

6 

4 

4 

2 

2 

1 

1 

166 
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and  we  are  thns  led  to  the  series 

1, 

1,  2, 

],  %  4,  6, 

1,  2,  4,  %  10,  14,  20,  26, 

&c. ; 

where,  considering  0  as  bhe  first  term  of  each  series,  the  first  differences  of  any  series 
are  the  terms  twice  repeated  of  the  next  preceding  series :  thus  the  diffei'ences  of  the 
fourth  series  are  1,  1,  2,  2,  4,  4,  6,  6.  It  is  moreover  clear  that  the  firet  half  of 
each  series  is  precisely  the  series  which  immediately  precedes  it;  wo  need,  in  fact, 
only  consider  a  single  infinite  series,  1,  2,  4,  6,  &c  It  is  to  he  remained,  moi-eover, 
that  in  the  column  of  totals,  the  total  of  any  line  is  precisely  the  first  number  in  the 
next  succeeding  line. 

Consider   in  general  a   series   A,   B,    (J,  D,   E,   &c.,   and   a   scries   A',  1}',  C,  D\  K\ 
&c  derived  from  it  as  follows ; 

A'  =  \A, 

B'  =  2A, 
C  =2A+B, 
D'  =  2^  -f  2S, 
E'  =  2A+2B  +  C, 
F'  =2A  +  2B  +  2(7, 


viz.   the   first   differences   of  the  series  0,  A',  B",  C,  D',  E',  &c.  are  A,  A,  B,  B,   0,   0, 
&c.     Then  multiplying  by  1,  m,  a?,  &c.  and  adding,  we  have 

A'  +  Bx.  +  C'a?  +  &c.  =  (1  +  2«  +  2*^  + ...) (^  +  B:^^  ^Csf^  &c.) 


uid   if  we   form   in   a   similai-  manner  A",  B",  C",  D",  &c.   from   A',  B',  C,  D',  &-<i.   and 
;o  on,  we  have 

=  1^  \^(^  +  Bx' +  C^  + &e.), 

and    HO    on.     Write    A  —  1,   and    suppose    that    the    pi-ocess    is    repeated 
number  of  times,  we  have 

1  +  JOa^  +  S^^  +  3)a;^  +  &c.  =  rj— „    ,  _  ^    .     ; 
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and   the   coefficients  1,  SB,  6,  3!),  &c.  are  precisely  those  of  the   infinite  series  1,  2,  4,  G, 
&c.     We  have  more  simply 

1  +  Sic  +  ^a^  +  2)a^  +  &c.  = 


(1  -  «)ni  -  fl^)  (1  -  a^)  (1  -  a^)  &c. ' 


which    gives    rise    to   the   following    very   simple   algorithm    for    the    calculation    of   the 
coefficients : 


1, 

0, 

2, 
0; 

3, 
1, 

4, 

5, 

4, 

6, 
6. 

r, 

9, 

8, 
12, 

9, 
16, 

10, 
20, 

11, 

25, 

12, 
30, 

13, 
36, 

14, 
42, 

15, 

49, 

16 

56 

1, 

0, 

2, 
0, 

4, 
0, 

6, 
0; 

9, 
1, 

12, 

2, 

16, 
4, 

20, 
6, 

2,5, 
10, 

30, 
14, 

36, 
20, 

12, 
26, 

49, 
35, 

66, 
44, 

64, 
56, 

72 
68 

1, 

0, 

2. 
0, 

4> 
0, 

6, 
0, 

10. 
0, 

14, 
0, 

20, 
0, 

26, 

0; 

35, 

1, 

44, 
2, 

56, 
4, 

68, 
6, 

84, 
10, 

100, 
14, 

120, 
20, 

140 
26 

1 

2 

4. 

6 

10, 

14, 

20, 

26 

36, 

46, 

60, 

74, 

94, 

114, 

140, 

166 

The  last  line  is  marked  off  into  periods  of  {reckoning  from  the  beginning)  1,  2,  4,  8, 
&c. ;  and  hy  what  has  preceded,  the  series  which  gives  the  number  of  1 -partitions, 
2 -partitions,  3-partitions,  &c.  is  found  by  summing  to  the  end  of  each  period  and 
doubling  the  results;  we  thus,  in  fact,  obtain  (1),  2,  6,  26,  166,  1626,  &c.:  and  the 
same  series  is  also  given  by  means  of  the  last  terms  of  the  several  periods. 


(E^  +  &c.    shows    that    S,    6,    &c.    are    the 
6,   &c.    respectively  into   the   parts   1,  1',  2.  4,  8, 


The    preceding    expression    for    1  -|- 
number    of  partitions    of  1,  2,  S 
&c. :    and  we  are  thus  led  to — 

Theorem.  The  number  of  ^-partitions  (first  part  unity,  no  part  greater  than  twice 
the  preceding  one)  is  equal  to  the  number  of  partitions  of  2*~'  —  1  into  the  parts 
1,  1',  2,  4,...  2"^^.  Or,  again,  it  is  equal  to  twice  the  sum  of  the  number  of  partitions 
of  0,  1,  2,.,,2*---l  respectively  into  the  parts  1,  1',  2,  4,...  2=^^  (where  the  number  of 
partitions  of  0  counts  for  1). 

For  example,  the  partitions  of  0,  1,  2,  3,  &c.  with  the  parts  1,  1',  2,...  are 
(■) 
1.  1', 

1  +  1,  i  +  i;  I'  +  i',  2, 

l+l-Hl,  1  +  1  +  1',  l  +  l'+l',  I'  +  l'+l',  2  +  1,  2  +  1', 

the  numbers  of  which  are  1,  2,  4,  0.  Hence,  by  the  first  part  of  the  theorem,  the 
number  of  S-pai-fcitions  is  6,  and  by  the  second  part  of  the  theorem,  the  number  oi' 
4-partitions  is 

2(l  +  2  +  4  +  6),  =  26. 


,  Stone  Buildings,  March  17,  1857. 
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NOTE  ON  THE  SUMMATION  OF  A  CERTAIN  FACTORIAL 
EXPRESSION. 

[From  the  Philosophical  Magazine,  vol.  xiii.  (1857),  pp.  419 — 423.] 

Mil  KlitKMAX  some  months  ago  communicated  to  me  a  formula  for  the  double 
summation  of  a  factorial  expression,  to  which  formula  he  had  been  led  by  his  researches 
on  the  pai-tition  of  polygons.     The  formula  in  a  slightly  altered  form  is  as  follows :   viz. 

^   [x+y  +  2f  [xf  [r  +  k-x-yf^  [r-l-a^j^-y      2k    [r  +  k+2f  [r]* 
'""  0/  +  !?-^'    by'       [Ic-y]'^  [k-l~yf-'-"       r  +  H    [k  +  ir^    [kf' 

the  summation  extending  from  x  =  0  to  x^r-l,  and  y  =  0  to  7f  =  k-l.  In  the 
particular  case  when  k  —  r,  then  all  the  terms  of  the  series  except  those  in  which 
y  =  x  vanish ;  and  putting  therefore  k  =  r  and  y^x,  and  making  a  alight  change  in 
the  form  of  the  right-hand  side,  the  formula  becomes 

[2»  +  2r  [2r-2».]«- _    [2r+_ir' 
the  summation  extending  from  x  —  Q  to  x  =  r—\. 


We  have,  in  the  notation  of  Gauss,  [?«]'"=  (/[(mi— 1)  ...2.1  =  Tim,  and  a  factorial 
[«i]"  is  expressed  in  terms  of  the  function  IT  by  the  formula  [)?t]"  =  Ilm -Hn(m  — h). 
Write  also 

n,c>-«-(.»-B{>«-f)...f-J. 


we  have 


n2m  -2""     n>Bn,(m-l), 

n  (2m  + 1)  -  2»'+'  nmn,  (m  + 1) ; 
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and  transforming  the  factorials  by  these  formulae,  the  series  becomes 

n(«+2)n(r-«  +  l)         n(r  +  3)    ■ 

the  summation,  as  before,  from  ic  =  0  to  a^  =  r— 1.     This  may  be  written 

n,(^  +  i)      n.  (r-a:-^)         112  U(r+l)     _   Jr(r+^) 

n,(i)      ■    'h,{r-i)      n(a;+2)n(r-a;+l)     (r  +  2)(r+3)' 

the  summation  from  x^O  to  x  =  r  —  l.  The  general  term  does  not  vanish  fui-  x  —  r 
or  x  =  r  +  l,  but  it  vanishes  for  all  greater  values  of  x;  hence  if  we  add  to  the 
right-hand  side  the  two  terms  corresponding  to  x  =  r  and  ie=r+l,  the  summation 
may  be  extended  from  x  =  0  to  x  =  r  +  l,  or  what  is  the  same  thing,  from  a;  =  0 
indefinitely.     The  two  terms  in  question  are 

*(!:+*)  ,-80Mj)_(r+i)    _    -4r(r+i) 
r-\-2    ^    (r  +  2)(r  +  S)     '      (r+2)(r  +  3)' 

and  the  resulting  equation  is 

-n^(^+i)  n(r-^-^)        m  n  (r  + 1)     ^     *r{r  +  ^,) 

n,  (i)     n,  (r  -  0"  n"(^  +  2)  n  (r  -  «  +  :>    (r  +  2)  (r  +  3) ' 

the  summation  from  x  —  0  indefinitely;  or  substituting  for  the  functions  IT  and  n, 
their  values,  the  formula  is 

'  +  8.fr-i)  +  3.4V(r-l)fr-Jj  +  3.4.5.(r-l)(r-l)(,--t)*      '     '(r  +  2)(r  +  3)' 
which  is  a  formula  obviously  belonging  to  the  theory  of  the  hypergeometric  series 


but  the  formula  applicable  to  the  case  in  liand  has  probably  not  been  given.  It 
may  be  pi-oved  ss  follows,  promising  that  I  disregard  all  difficulties  arising  from 
infinite  values  of  the  functions  in  the  definite  integrals,  convergency,  &c.     We  have 

I 'fl-i(l-«)— >-•(!-. »«)»ii« 

n(..-i)n(-»-7-i)/     ../;      ».a  +  i.fl,3-i         \ 
n(--,-i)         1,^1. 7    ^    1.2.7.7-1       ■^■■7- 


Now  we  have 


i/*J/*'*'    ""''"(fl  +  ix/s+a)!)'*^    "**'"    (/i)  +  i)(/3+2)e"+(/3  +  i)»' 


32—2 
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and    hence   multiplying   by   dx    and    integrating   from   so  —  Q,   and   again    multiplying   by 
dx  and  integrating  from  ^  =  0  to  x—\,  we  find 

r  de  .  f-s  (1  -  ^)— T+3+1  ~  r  <^^  ■  ^""'  <1  "  ^)^'"*"'  +  O  +  2)  ( '  rff .  ^°-^  (1  -  ^)— v-i 
(j3  +  l)(^  +  2)n(«-l)n(-a-7-l),^ 

.  ^ rlT^^T)  ^^' 

if  for  shoiiness 

3-7         d. 4. 7.7  —  1 
Substituting  for  the  definite  integrals  their  values, 

n(»-3>n(-a-T+/i  +  i)    n(»-3)n(-»-T-i)  n(.^2)n(-..-,-T) 

n(-y  +  /3-i)  n(-7-3)         +^w  +  ')         n(-7-2) 

_  (S  +  1)  (3  +  2)  nja  -  i)n  (- a  -  7  - 1) ,  <, 

-       -  -n(-7-i)   -      -       **■ 


n(»-3)n(^7-i)  „.n(»-2)    n(-7-i) 

n(a-i)  n(-7-3)^'^       'n(a-i)  ■  n(-7-2)' 

The  second  and  third  terms  are 


which  are 

7  +  1 


,aa^  +  2a-2^  +  7-2). 


(a-l){«-2)^ 
F<ir  the  reduction  of  the  first  tej-m  we  have 

n(-a-7  +  ^+l)  =  [^  +  l-a-7]e+3n(-a-7-l), 

n(^-7-i)        =[^-7-ipn(-7-i); 

anil  we  thus  find 

.,,.      ,^,-      „^o_[' 

[/J-7-l]S 

where,  as  before, 

J  .  7  -i  .  4  . 7 . 7  —  1 
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this  is   the   formula  in   hypergeometiic   series  required   for  the    present   purpose,   and  it 
is  certainly  tnie  when  the  series  is  finite. 


then  the  first  term  is  [1]''+^-h  [^]''+',  which  vanishes  ou  account  of  the  nnmerator,  aiid 
the  second  term  is  -  Jr  (r  +  0,  and  we  have  consequently 

-^r(/-  +  2){r  +  3)i.iS  =  -ir(r  +  i), 
which  gives 

4r  (r  +  ^) 
(r+2)(r  +  3)' 

S  being  here  the  aeries  in  r,  the  sum  of  which  was  required,  and  the  particular  case 
of  Mr  Kirkman's  formula  is  thus  verified.  It  is  probable  that  the  general  ease  might 
be  treated  in  an  analogous  manner  by  first  grouping  together  the  terms  which  coiTe- 
spond  to  a  given  difference  ic~)/,  and  ultimately  summing  the  sums  of  these  partial 
series ;   but  I  have  not  examined  this  question. 

2,  Stone  Buildings,   W.O..  ApHl  18,  1857. 
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NOTE   ON   A  THEOREM   RELATING   TO   THE   RECTANGULAR 
HYPERBOLA. 

[From  the  Philosophical  Magazine,  vol  xiii.  (1857),  p.  423.] 

The  following  theorem  is  given  in  a  slightly  different  form  by  Brianchou  and 
Poncelet,  Gergonne,  vol.  xi.  [1S20],  p.  205.  viz.  Any  conic  whatever  which  passes  through 
the  three  angles  of  a  triangle  and  the  point  of  intersection  of  the  perpendiculars  let 
fall  from  the  angles  of  the  triangle  upon  the  opposite  sides  is  a  rectangular  hyperbola; 
and  there  is  an  elegant  demonstration  depending  on  the  properties  of  the  insciibed 
hexagon.  The  theorem  is,  however,  a  particular  case  of  the  following :  viz.  "Any  conic- 
whatever  which  passes  through  the  four  points  of  intersection  of  two  rectangular 
hj-perbolas  is  a  rectangular  hyperbola."  And  this,  again,  is  a  particular  case  of  the 
following:  viz.  If  there  be  a  conic  il  and  a  line  P,  then  considering  any  two  conies 
U,  V  such  that  the  points  of  intersection  of  P,  U  &ve  harmonics  in  respect  to  the 
points  of  intersection  of  P,  H,  and  the  points  of  P,  V  are  also  harmonics  in  respect 
to  the  points  of  intersection  of  P,  il,  then  any  conic  whatever  W  which  passes  thi-ough 
the  four  points  of  intereection  of  U,  V  will  have  the  like  property,  viz.  the  points 
of  intersection  of  P,  W  will  be  harmonics  in  respect  of  the  points  of  intersection  of 
P,  n ;  a  theorem  which  is  an  immediate  consequence  of  the  theorem  that  three  conies 
which  intersect  in  the  same  four  points  are  intersected  by  any  line  whatever  in  six 
points  which  are  in  involution. 

2,  Stme  Buildings,   W.C.  April  23,  1857. 


y  Google 


207] 


207. 

ANALYTICAL  SOLUTION  OF  THE  PROBLEM  OF  TACTIONS. 

[From  the  Philosophical  Magazine,  vol.  xiii.  (1857).  pp,  :>07— 509.] 

It  is  well  known  that  the  eight  circles,  each  of  which  touches  three  given  circles, 
are  determined  as  follows: — viz.  considering  any  one  in  particulai'  of  the  four  axes  of 
similitude  of  the  given  circles,  and  the  perpendicular  let  fall  from  the  radical  centre 
{or  centre  of  the  orthotomic  circle)  of  the  given  circles,  there  are  two  of  the  required 
tangent  circles  which  have  their  centres  upon  the  perpendicular,  and  pass  through  the 
points  of  interaection  of  the  orthotomic  circle  and  the  axis  of  similitude,  or  in  other 
words,  the  axis  of  similitude  is  a  common  chord  (or  radical  axis)  of  the  orthotomic 
circle  and  the  two  tangent  cLrclea.  This  suggests  the  choice  of  the  radical  centre  for 
the  origin  of  coordinates;  and  the  resulting  formulse  then  take  very  simple  forms,  and 
the  theorem  is  verified  without  difficulty. 

Take  then  the  centre  of  the  orthotomic  circle  as  the  origin  of  coordinates,  and 
let  the  radius  of  this  cirele  he  put  equal  to  unity ;  then  if  (a,  S),  (of,  /3'),  (a",  yS") 
are  the  cooi-dinatea  of  the  centres  of  the  given  circles,  the  equations  of  these  will  be 


ajid  the  radii   of  the  circles  will  be  va-'  +  ^^-],  Va'^  +  ^'^-1,  Va"^  +  ^"--l.     It   will   be 
convenient  to  wiite 


+  1 
+  1 
'  +  1 

~2a  iB- 

-  2«' «  - 

-  2«"it  - 

2/9  s 
2/3' J 

=  0, 

-0; 

vill   be 

-  + 
=  + 

+  /3'-l, 

Va'=  + 

/3--1, 

7 

Vtf  +ff 

-   -1, 

7 

VSm-^ 

'^  -  1, 
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where  the  three  several  signs  +  are  fixed  once  for  all  in  a  determinate  manner.  If, 
however,  all  the  signs  are  reversed,  the  result  is  the  same,  so  that  the  system  is  one 
of  four  (not  of  eight)  different  systems.  The  coordinates  of  a  centre  of  similitude  of 
the  second  and  third  circles  arc 


and  forming  the  coiTcsponding  expressions  for  the  coordinates  of  the  centres  of 
similitude  of  the  third  and  first  circles,  and  of  the  first  and  second  circles,  the  three 
centres  of  similitude  lie  on  a  line  which  will  be  an  axis  of  similitude:  to  find  the 
equation,  write 

h  ~        'yo!  —      y'a  +    y'ai"  —      'y"a'  +      ya  —     7a", 

V  =  oiBY  -  a/3'V  +  a'^V  -  a'/?7"  +  a''^^'  -  a"/3V, 
values  which,  it  will  be  observed,  give 

Aoi  +B0  +Gy  =V, 
Aa'  +BB'  +0y'  =V. 
Aa"  +  B^'+Cy"  ^V; 

then  the  equation  of  the  axis  of  similitude  is  found  to  be 

Ax  +  Bt/-'^  ^0: 

and  hence  the  equation  of  the  perpendicular  let  fall  from  the  radical  centre  upon 
the  axis  of  similitude  is 

Bx-A>/  =  0. 

It  should  therefore  be  possible  to  find  two  circles  having  their  centres  on  the  last- 
mentioned  line  and  touching  the  three  given  circles  Take  A9,  BO  as  the  ccM>rdinates 
of  the  centre  of  one  of  the  two  circles,  and  let  r  be  its  radius ;  the  conditions  of 
tangency  are 

r  =  V(Ad-fx  y+"(Bd-0  y-  ±  7  , 
- ^{Ae-a:y+(Bd-ffy  ±  7' , 
=  •/{A8-a"y+(Be-By  ±  7", 

where  the  sign  +  has  the  same  value  in  each  expression.     We  have  consequently 

(r  +  7)=  =  (AO  -  af  +  {BO  -  ^)' ; 
or,  observing  that  Aci  +  BB  =  'V  —  Cy,  a.nd  reducing, 

r'  -  (A'  +  B-')  d^+zVO-l=:  27  (±r  +  0$). 
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Forming  the  two  analogous  equations,  the  three  equations  will  be  satisfied  if  only 

r^-{A^  +  B')  ^  +  2V^  -  1  =  0, 

±r  +  C0  =0. 

Eliminating  r,  we  have 

(A"-  +  B'-C)6'-2Ve  +  l  =  0. 
which  gives  for  0  the  two  values 

and  then  r  is  determined  linearly  by  the  equation 

r  =  +  ce. 

The  equation  of  the  tangent  circle  is  therefore 

or  reducing, 

x-'  +  y'-l-W{Ax  +  By~'^)  =  i); 

and  recollecting  that  Ax  +  By  —  V  =  0  is  the  equation  of  the  axis  of  similitude,  the 
equation  shows  that  the  axis  of  similitude  is  a  common  chord  or  radical  axis  of  the 
orthotomic  circle  and  the  two  tangent  circles. 

2,  Stone  Buildings,  W.C,  May  15,  1857. 
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NOTE   ON   THE   EQUIPOTENTIAL   CURVE   ™+'-^  =  a 

[From  the  Philosopkioal  Magazine,  vol.  xiv,  (1857),  pp.  142— 14G.] 

The  equation       +-  ,  =  G,  where  m,  m',  G  are  constants,  and  r,  r'  are  the  distances 
r      r 

of   a   point  P   of  the   locus   from    two  given   points  M,   M'  respectively,   expresses   that 

the   potential   of  the   attracting   or  repelhng  masses  m,   m'  has  a   constant  vahie  at   all 

points   of  the   locus.     The   locus  is    obviously   a    surface    of  revolution,   having    the   line 

through   the   points  M,   M'  for   its   axis ;   and   instead   of   the   surface,   we   may   consider 

the   section   by  a  plane  through  the  axis,  or  what  is   the   same  thing,  we  may  consider 

r,  r'  as   the   distances  in  piano  of  a  point  P  of  the  curve  from  the  given  points  M,  M': 

such   curve    may   be    termed    the    equipotential    curve.     I   propose   in   the   present   Note 

to   investigate  in  a  general  manner,  and  without  entering  into  any  analytical  detail,  the 

general  form  of  the  curve  corresponding  to  different  values  of  the  quantity  G. 

It  is  proper  to  remark,  that  the  curve  is  not  altered  by  changing  the  signs  of  each 
or  any  of  the  quantities  m,  m',  G  {in  fact,  analytically  the  distances  r,  r'  are  essentially 
ambiguous  in  sign),  so  that  we  may  without  loss  of  generality  consider  m,  m',  C  as 
all  of  them  positive.  The  different  branches  of  the  complete  analytical  or  geometrical 
cui-ve  have  distinct  mechanical  significancies ;  thus,  r,  r'  being  positive,  H —  =  0  is 
the   curve  for  which  the   potential  of  the   attracting   masses   m,  m'   is   equal   to   G ;    but 

,  =G  is   the   curve  for  which   the   attracting  mass   m,  and   the   repulsive   mass  m', 

have  the  potential  C;  but  this  is  a  distinction  to  which  I  do  not  attend.  I  wi-ite  for 
homogeneity  -  instead  of  G,  where  a  is  the  distance  between  the  points  M,  M' ;  the 
equation  thus  becomes 
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where  a  is  a  positive  distance,  m,  m',  k  may  be  considered  as  positive  abstract  numbers. 
The  curve  is  obviously  a  curve  of  the  eighth  order.  When  k  is  large  in  comparison 
with  m,  m',  then  since  r,  r'  cannot  be  both  of  them  small  in  comparison  of  a  (for 
if  one  be  small,  the  other  will  be  nearly  equal  to  a),  it  is  clear  that  one  of  these 
for   instance   r,   will   be   small,   and   the   other,  r",   nearly  equal   to   a.     We   in 


fact   have   (neglecting  in   the   first   instance   —j    in   comparison  with   — j  — =-,   or  more 

aecuratelv,  —  =  — ~- ,   i.e.   r—i ;,   which    shows   that   a   part   of   the    curve   consists 

^'  r  a  k±m  ^ 

of  two   ovals,  which   are  approximately  concentric  circles,  radii    ■;——- ,  (t,  about  the  point 

M  as   centra     lu   like   manner   a   part   of    the   curve    consists   of   two    ovals,   which   arc 

approximately  concentric   circles,   radii  ^~-     a,   about   the  point  M  as  centre.     I  denote 

by  A,  B,  the  two  ovals  about  M,  viz.  A  is  the  exterior,  and  B  the  interior  oval ;  and 
in  like  manner  by  A',  B'  the  two  ovals  about  W,  viz.  A'  is  the  exterior,  and  B'  the 
interior  ovaL  The  distances  inter  se  of  the  ovals  A  and  B,  or  of  the  ovals  A'  and 
B",  are  small  in  comparison  with  the  radii  of  these  ovals  respectively ;  and  if,  to  fix 
the  ideas,  m'  be  greatei'  than  M,  then  the  ovals  A',  B'  are  greater  than  the  ovals 
A,  B. 

It  is  easy  to  see  that  the  cur\'e  will  have  a  node  or  double  point  on  the  axis 
ii  k  —  (Vm'  +  Vwi)' ;  and  we  must  first  consider  the  case  k  =  (Vm'  +  Vm)l  The  node  lies 
between  the  points  M,  M',  and  its  distances  from  these  points  are  respectively  as 
Vnt  :  Vm',  that  is,  it  is  nearest  to  M.  The  transition  from  the  original  form  is  very 
obvious;  the  exterior  ovals  A,  A'  have  gradually  expanded  until  they  come  in  contact, 
and  at  the  instant  of  doing  so  the  two  ovals  change  themselves  into  a  figure  of 
eight,  AA'.  The  ovals  B,  B'  also  expand  and  change  their  form,  but  they  preserve 
the  genera!  character  of  ovals  enclosing  the  points  M,  M'  respectively.  The  curve 
consists  of  a  figure  of  eight  AA',  and  (inside  of  the  two  divisions  thereof  respectively) 
of  the  ovals  B,  B'  enclosing  the  points  M,  M'.  The  half  of  the  curve  nearest  to  M' 
is,   as   before,   preponderant   in   magnitude. 

The  next  change  when  k  continues  to  diminish  is  an  obvious  one :  the  figure  of 
eight  opens  out  into  an  hourglass-shaped  oval  AA\  while  the  ovals  B,  B'  continue 
increasing  in  magnitude  and  altering  their  form. 

There  will  be  again  a  node  or  double  point  when  k  =  {\m'  —  \mf;  but  to  explain 
the  transition  to  this  special  foim,  it  is  necessary  to  attend  more  particularly  to  the 
change  of  form  in  the  oval  B'  ss  k  approaches  to  the  value  in  question,  viz,  this 
oval  lengthens  out  and  begins  to  twist  itself  round  the  oval  B;  and  when  k'  becomes 
=  (Vm'  —  Vm)',  then  the  oval  B'  has  completely  encircled  B,  the  two  extremities  of 
S"  meeting  together  at  the  double  point,  which  is  a  point  beyond  M  (i,e.  on  the 
other  side  to  M),  such  that  its  distances  from  M,  M'  are  in  the  ratio  of  Vm  :  '^rn'. 
And   at   the   instant   of  contact   there   is,  as   in   the  former  case,   a   modification   of  the 

33—2 
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form  of  the  portions  which  come  into  contact,  so  that  the  node  is  an  ordinaiy  double 
point.  The  oval  B'  has,  in  fact,  become  what  may  be  tennod  a  re-entrant  figure  of 
eight,  fo)  )  ,  the  small  part  of  which  encloses  the  oval  B  which  encloses  the  point 
iV,  while  the  large  part  encloses  the  point  M'.  The  curve  consists  of  the  exterior 
oval  AA'  (which  has  probably  lost  wholly  or  partially  its  houi^lass  foi'm,  and  is  more 
nearly  an  ordinary  oval),  of  the  I'O-enti'ant  figure  of  eight,  5",  and  of  the  enclosed 
oval   B. 

As  k  continues  to  diminish,  the  re-entrant  figure  of  eight,  B',  breaks  up  into 
two  detached  ovals  IB',  mB',  the  larger  of  which,  IB',  encloses  the  other  one  and  also 
the  point  JW;  while  the  smaller  one,  niB',  does  not  enclose  M',  but  encloses  the  oval  B 
which  encloses  M;  the  curve  consists  of  the  exterior  oval  AA',  the  ovals  IB"  and  mB' 
which  have  arisen  out  of  the  ovai  R,  and  the  oval  B.  As  k  further  decreases,  the 
ovals  AA'  and  IB'  continually  increase  in  magnitude,  and  the  ovals  mB'  and  B 
approximate  more  and  more  neai'ly  together ;  and  at  length,  when  k  becomes  —  0,  the 
ovals  AA'  and  IR  disappear  at  infinity,  while  the  ovals  mR  and  B  unite  themselves 
into  a  circle  enclosing   M,  but   not   enclosing  M':   the  equation  of  this  circle   is,  in  fact, 

—  +  ^  =  0 :   or   what    is   the   same   thine,    r°  =  — c  /',   and    the   points    M,   M'   have,    in 

relation  to  this  circle,  the  well-known  relation  that  each  is  the  Image  of  the  other. 

The  preceding  description  is,  I  think,  intelligible  without  the  assistance  of  a  series 
of  figures  illustrating  the  different  forms  of  the  curve,  but  there  is  no  difEculty  in 
actually  tracing  the   curve   for   any  particular   values   of  the   constant   pai'ametei's.     Thus 


(taking  the  distance  MM'  for  unity)  suppose  that  the  equation  of  the  curve  is   -+-i  =  r2; 

(the  value  1'2  was  selected  as  a  value  not  far  from  that  for  which  the   oval  B'  becomes 
a  I'e-entrant  figure  of  eight,  though  the  change  of  fonn  is  so  rapid  that  this  value  shows 
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r       r 

only  the  incipient  tendency  of  the  oval  B'  to  take  the  forai  in  question).  The  form  of 
the  portion  of  the  curve  consisting  of  the  two  ovals  B,  B'  will  be  that  shown  by  the 
figure,  which  was  constructed  by  points  on  a  double  scale  with  some  accuracy. 

The  ease  m  —  m'  is  an  exception,  and  must  be  considered  separately:  the  cuiTe  is 
here  in  all  its  changes  symmetrical  about  a  perpendicular  to  the  axis  midway  between 
the  two  centres  M,  M'.  The  curve  in  the  first  instance,  i.e.  when  k  is  gi'eater 
than  (Vm  +  Vm)=,  =  4m,  consists  of  the  two  ovals  B,  A  about  M,  and  the  two  ovals 
jff,  A'  about  M'.  As  k  decreases  to  4m,  the  two  ovals  A,  A'  gradually  increase  in 
magnitude,  and  at  length  come  together,  as  before,  into  a  figure  of  eight,  AA' ;  and 
as  k  continues  to  diminish,  the  figure  of  eight  opens  out  into  an  hourglass  form  AA', 
which  continues  increasing  in  magnitude,  and  degenerating  into  the  form  of  an  oval. 
The  interior  ovals  B,  B'  approach  more  and  more  nearly  togethei-,  lengthen  out  in  the 
direction  perpendicular  to  the  axis,  and  present  to  each  other  a  more  and  more 
flattened  portion.     The  second  value, 

i  =  (v'^_Vm)=, 

which  in  the  geneiul  case  gives  a  node,  in  the  present  case  only  arises  when  ^  =  0 ; 
and  there  is  not  then  any  node,  but  the  curve  degenerates  in  a  similar  manner  to 
what  happens  for  &  =  0  in  the  general  case;  viz.  the  oval  A  A'  disappears  at  infinity, 
while  the  ovals  B,  B'  coalesce  together  (their  outer  parts  diaappoaiing  at  infinity)  into 
a  pair  of  lines  coincident  with  the  perpendicular  to  the  axis  midway  between  the  two 
centres. 

2,  Staiie  Buildings,  May  31,  1857. 
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A    DEMONSTEATION    OF    SIR   W.   K.    HAMILTON'S    THEOREM    OF 
THE   ISOCHRONISM   OF  THE   CIRCULAR   HODOGRAPH. 


[From  the  Philosophical  Magazine,  vol.  Xiv.  (1857),  pp.  427 — 430.] 

Imagine  a  body  moving  in  piano  under  the  action  of  a  eeutral  foi'ce,  and  let  h 
denote,  as  usual,  the  double  of  the  area  described  in  a  unit  of  time ;  let  P  be  any 
point  of  the  orbit,  then  measuring  off,  on  the  perpendicular  let  fall  from  the  centre 
of  force  0  on  the  tangent  at  P  to  the  orbit,  a  distance  OQ  equal  or  proportional 
to  h  into  the  reciprocal  of  the  perpendicular  on  the  tangent,  the  locus  of  Q  is  the 
hodograph,  and  the  points  P,  Q  are  corresponding  points  of  the  orbit  and  hodograph. 

It  is  easy  to  see  that  the  hodograph  is  the  polar  reciprocal  of  the  orbit  with 
respect  to  a  circle  having  0  for  its  centre,  and  having  its  radius  equal  or  proportional 
to  '^h.  And  it  follows  at  once  that  Q  is  the  pole,  with  respect  to  this  circle,  of  the 
tangent  at  P  to  the  orbit. 

In  the  particular  case  where  the  force  varies  invei-sely  as  the  square  of  the 
distance,  the  hodograph  is  a  circle.  And  if  we  consider  two  elliptic  orbits  described 
about  the  same  centre,  under  the  action  of  the  same  central  force,  and  such  that  the 
major  axes  are  equal,  then  (as  will  be  presently  seen)  the  common  chord  or  radical 
axis  of  the  two  hodographs  passes  through  the  centre  of  force. 

Imagine  an  orthotomic  circle  of  the  two  hodographs  (the  centre  of  this  circle  is 
of  course  on  the  common  chord  or  radical  axis  of  the  two  hodographs),  and  consider 
the  arcs  intercepted  on  the  two  hodographs  respectively  by  the  orthotomic  circle ;  then 
the  theorem  of  the  isoehronism  of  the  circular  hodograph  is  as  follows,  viz.  the  times 
of  hodographic  description  of  the  intercepted  arcs  are  equal ;  in  other  words,  the  times 
of  description  in  the  orbits,  of  the  arcs  which  correspond  to  the  intercepted  ares  of 
the  hodographs,  are  equal.  It  was  remarked  by  Sir  W.  R.  Hamilton,  that  the  theorem 
is   in   ftict   equivalent   to   Lambert's   theorem,   that   the   time   depends   only  on  the  chord 
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of  the  described  arc  and  tlie  sum  of  the  two  radius  vectors.  And  this  remark 
suggests  a  mode  of  investigation  of  the  theorem.  Consider  the  intei-cepted  arc  of  one 
of  the  hodographs :  the  tangents  to  the  hodograph  at  the  extremities  of  this  arc  are 
radii  of  the  orthotomic  circle ;  i.e.  the  con'Osponding  arc  of  the  orbit  is  the  arc  cut  off 
by  the  polar  (in  respect  to  the  directrix  circle  by  which  the  hodograph  is  determined)  of 
the  centre  of  the  orthotomic  circle;  the  portion  of  this  polar  intercepted  by  the  orbit 
is  the  elliptic  chord,  and  this  elliptic  chord  and  the  sum  of  the  radius  vectors  at  the 
two  extremities  of  the  elliptic  chord  determine  the  time  of  description  of  the  arc ; 
and  the  values  of  those  quantities,  viz.  the  elliptic  chord  and  the  sum  of  the  radius 
vectore,  must  be  the  same  in  each  orbit. 

The  analytical   investigation   is   not   difficult.     I   take   as    the    equation    of  the    first 
orbit, 


»(9-,)" 
then  the  polar  of  the  oi'bit  with  respect  to  a  directrix  eu-cle  ? 


and    putting   c'^  =  ^v/cVa(l  —  e-)(whei'e   k  is  a  constant   ijuantity,  i.e.  it   is   the  same  in 
each  orbit),  the  equation  becomes 

ek\'k  ..        ,      L"     ,, 

J , . r  cos  (tf  —  vr) =  0. 

Va(l~e=)  ^  ^      a 

But   since   a   is   supposed   to   be   the   same   in   each  orbit,  we   may  foi'  greater  simplicity 
write  P,fl  =  m-a  ;    it  will  be  convenient  also  to  put  e  — sin  ic ;    we  have  then 

_  a  eos^  IC 

1  +sin  «cos(^  — w) 

for  the  equation  of  the  oi'bit,  r-  =  ma  cos  ic  for  the  equation  of  the  directrix  cii'cle,  and 

r-  —  r .  m  tan  k  cos  {^  —  w)  —  m-  —  0 

for  the  equation  of  the  hodograph. 

We  have  in  like  manner 


for  tlie  equation   of  the  second  oi'bit,  r'^  —  ma  qos  k   for  the  equation  of  the  corresponding 
diiectiix  circle,  and 


for  that  of  the  hodograph. 
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The  equations  of  the  two  hodographs  give  at  once 

tan  ic  cos  (ff  —  ot)  —  tan  k  cos  {9  —  vr')  =  0 

for  the  equation  of  the  common  chord  or  i-adical  axis  of  the  two  hodographs, — an 
equation  which  shows  that,  as  already  noticed,  the  common  chord  passes  through  the 
origin  or  centre  of  force.     This  equation  gives  ^  =  a  if 

tan  K  cos  {a  —  w)  —  tan  «'  cos  {at  —  w')  =  0 ; 

i.e.  a  is  a  quantity  such  that  the  expressions  tan  k  cos  (a  — w)  and  tan  k' cos  (a  —  cr'), 
which  coiTespond  to  each  other  in  the  two  orbits,  are  equal.  We  may  take  if,  a  as 
the  polar  coordinates  of  the  centre  of  the  orthotomie  circle  (where  M  is  arbitrary) ;  the 
equation  of  the  polar  of  this  point  with  respect  to  the  directrix  circle  r^  =  ma  cos  k,  is 
then  at  once  seen  to  be 

, .       ,      ma  cos  IC 
rcos(ti  —  ci)—    — p — , 

which  is  the  equation  of  the  line  cutting  off  the  arc  of  the  elliptic  orbit 


H-sinKBin{^-in-)' 
Writing  $  —  -ex^ff  —  a  +  (a  —  w),  the  two  equations  give 

cos(^-a)  =  4' 


sin  (0-a}  =  -+C. 


_  ma  cos  K 


_  ma  cos  K  cos  (a  —  or) 


if  foi'  shortness 


we  have  therefore 

or,  what  is  the  same  thing, 

and  thence,  if  i^,  /'  are  the  two  values  of  r, 

,       „_       SBC 
"-  +^  -      1  _ (v. ■ 

A'  +  B' 


R       sin(a  — ot)     sin  Ksin(a— ct)' 
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Let  6',  6"  be  the  corresponding  values  of  9,  we   have 

e'-6"=e'-a-(e"~a), 

and  thence 

or  adding   unity  to   each    side,   multiplying  by   r'r",   and   on    the    right-hand    side    sub- 
stituting for  r'  +  r",  //'  their  values 

the    square    of    the    chord    is    r=  -F  r'=  —  2rr'  cos  (9'  —  6"),    or,    what    is    the    same    thing, 

(r'  +  r"f  ~-2r'r"{l  +  cos  {$'—6")) ;  hence  to  prove  the  theorem,  it  is  only  necessary  to  show 

that  r'  +  r"  and  r'r"  (l  +  cos  {0'  —  $"))  have  the   same   values   in   each   orbit,  that   is,  that 

SBC  SC^jl" 

.  _  p:.  and  —        ~^  have  the  same  values  in  each  oibit.     But  observing  that 

1  -sin-«:sin^{a  — ra-)  =  cos-K  +  sin^rtrcos=(a-  ct-)  =  cos^«  {1  +tan=«:cos^(a  — ct)], 
the  values  of  these  expressions  are  respectively 

2«  (mtan k  cos  (a -  or)  —  R) 
H      1+  tan^  K  cos^  (a  —  w) 


R'  1  +  tan-'  K  cos^  («  —  in-) ' 

which  contain  only  the  quantities  m,  a,  R,  tan  k  cos  (a- or),  which  are  the  same  for 
each  orbit,  and  the  theorem  is  therefore  proved,  viz.  it  is  made  to  depend  on  Lambert's 
theorem.  I  may  remaxk,  that  a  geometrical  demonstration  which  does  not  assume 
Lambert's  theorem  is  given  by  Mr  Droop  in  his  paper  "On  the  Isochroniam  of  the 
Circular  Hodograph,"  Quarterly  Mathematical  Journal,  vol.  I.  [1857]  pp.  374—378,  where 
the  dependence  of  the  theorem  on  Lambert's  theorem  is  also  shown. 

By  what  precedes,  the  theorem  may  be  stated  in  a  geometrical  form  as  follows: — 
"  Imagine  two  ellipses  having  a  common  focus,  and  their  major  axes  equal ;  describe 
about  the  focus  two  directrix  circles  having  their  radii  proportional  to  the  square  roots 
of  the  minor  axes  of  the  ellipses  respectively ;  the  polar  reciprocal  oi'  each  ellipse  in 
respect  to  its  own  directrix  circle  will  be  a  circle  (the  hodograph),  and  the  common 
chord  or  radical  axis  of  the  two  hodographs  will  pass  through  the  focus.  Consider 
any  point  on  the  common  chord,  and  take  the  polar  with  respect  to  each  directrix 
circle ;  such  polai'  will  cut  off  an  arc  of  the  corresponding  ellipse ;  and  then,  theorem, 
the  elliptic  chord,  and  the  sum  of  the  radius  vectors  through  the  two  extremities  of 
the  chord,  will  be  respectively  the  same  for  each  ellipse," 


2,  Stme  Buildings,   W.G.,  June  24,  1857. 
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ON  THE  CUBIC  TRANSFOEMATION  OF  AN  ELLIPTIC  FUNCTION. 

[From  the  Philosophical  Magazine,  vol.  xv.  (1858),  pp.  363—364.] 

Let 

_((t',  h\  c',  d'\x,  \y 
^~    {a,  b,  e.  dja;.  If 

be  any  cubic  fi'action  whatever  of  x,  then  it  is  always  puaaiblc  to  find  quartic  functions 
of  s,  a:  respectively,  such  that 

^^  __  do: 

This  depends  upon  the  following  theorem,  viz.  putting  for  shortness, 
U  —{a ,  h ,  c,  d  JiK,  ?/)', 
U' =  {a',  b',  c',  d'5*',  y)', 
and  representing  by  the  notation 

Aisct.  {aJf-a-U,     bU'-b'U,     cU'-c'U,     dU'-d'U); 

or  more  shoi'tly  by 

disct.  {aW ~a'U.,..), 

the  discriminant  in  rcgai'd  to  the  facients  (A.,  /i)  of  the  ciibic  function 

(aU'-a'U,     bU--b-U,    clT-c'U,     dlT -  d'VJX,  ft)'; 

or  what  is  the  same  thing,  the  cobic  function 

(a,  b,  a,  dj\,  ^)^(«',  b',  c',  d''$j>:,  yf 
-(a',  b',  c',  d'\X,  f>.y.{a,  b,  c,  d'^x,  yf; 

and  hy  J{U,  IT)  the  functional  determinant,  or  Jacobian,  of  the  two  cubics  IT,  JJ' ; 
the  theorem  is  that  the  discriminant  contains  as  a  factor  the  square  of  the  Jacobian, 
or  that  we  have 

disct.  {aU'~a'U,..:)='{J(U,   U'}Y.{A,  B,  C,  D,  E^^x,  y)\ 
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For  assuming  this  to  be  the  case,  then  (disregarding  a  mere  numerical  Victor)  we  have 

UdU'-U-dU  =  J(U,   U')  iydx - xdy). 
and  the  two  equations  give 

UdW-U'dU        _  ydx- xdy  

Vdisct.(fflE7'-a"^;:T)  ~  V(^,  B,  0.  D,  EJx,  yY ' 
whence  writing  z  for  U'-i-  U,  and  putting  y  equal  to  unity,  we  have 

d^  _  dx 

Vdisct.  (cu:'-~¥~) ~  ~^{A,  B,  'G',''DrE'^7Vf ' 
where  disct.  (az  —  a', ...),  or  at  full  length, 

disct.  {az  —  a',  hz  —  b',  cz  —  c' ,  dz  —  d'), 
is  a  given  quartie  function  of  z, 

=  (a,  b,  e,  d,  ejs,  1)* 
suppose ;   and  this  proves  the  theorem  of  transformation. 

The   assumed   subsidiary  theorem    may  be   thus   proved :  suppose  that  the  parameter 
8  is  determined  so  that  the  cubic 

u+eu' 

may  have  a  square  factor,  tlie  cubic  may  be  written 

(a  +  da,  h  +  6h',  c  +  8c',  d  +  ed'\x,  yf, 

and  the  requisite  condition  is 

disct.  (a+ea',...)  =  0; 

there  are  consec^uently  foui'  roots;  and  calling  these  0^,  0^,  0^,  0^,  we  have  identically 

disct.  (a  +  6a',...)  =  K(0~e,)(0-0.;)(0-0,)(0-0,), 
or  what  is  the  same  thing, 

disct  (aU' ~  a' U,...)  =  K  (11+0,17)  {U+0,U')(U+ &,V)(V'+0>U')- 
Now   any  double   factor   of    U  or    U'   (that   is   the   linear  factor  which  enters  t\vice  into 
U  or    V)   is   a  simple    factor    of   J (U,   U'),   and    we   have    J(U,    Wy^JiU,    U+0Jr), 
and  consequently 

J{U,   U-)  =  .T{U,   U+e,U')  =  Sic.; 

hence  the  double  factors  of  each  of  the  expressions  U  +  6iU',  U+d.,ir,  U  +  0^ V, 
U  +  0iU'  are  simple  factors  of  J(U,  U'},  or  what  is  the  same  thing,  J{U,  If)  is  the 
product  of  four  linear  factors,  which  are  respectively  double  factors  of  the  product 

(U  +  0,W)(U+0,U')iir+0,U')(,U+0,V), 
or  this  product  contains  the  factor  {/(fT,  If)]",  which  proves  the  theorem. 
2,  Stone  Buildings,   ^¥.C.,  March  5,  1858. 

34—2 


y  Google 


[211 


211. 

ON   A   THEOREM  RELATING   TO    HYPERGEOMETRIC   SERIES. 

[From  the  Philosophical  Magazine,  vol.  XVI.  {1858),  pp.  356 — 357.] 

In  attempting  to  verify  a  foimula  of  Hansen's  relating  to  the  development  of 
the  disturbing  function  in  the  planetary  theoiy,  I  was  led  to  a  theorem  in  hyper- 
geometric  series:    viz.  writing,  as  usual 

Fi,.  A  ,,  .)  ^  I  + 1^^.+ »-.ftM4+J  ,= ,  ... 

1.7  1.2.7.7  +  1 

then  the  product 

F{a,  0,  7  +  i  x)F(y-ct,  y  -  0,  7  +  i,  x) 
is  connected  with 

(l-a;)-(T-»-^).F(2a,  2ft  2y,  w) 
by  a  simple  relation ;   for  if  the  last- mentioned  expression  is  put  equal  to 

1  +  Bx +€%''  + Da.^+... 
then  the  product  in  question  is  equal  to 

7  +  1  7  +  2-7  +  4  7  +  5'7  +  2'7  +  f 

The  form  of  the  identity  thus  arrived  at  will  be  best  perceived  by  considering  a 
particular  case.     Thus,  comparing  the  coefficients  of  a/',  \\c  have 
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».«  +  !  .11  +  2. 13. e  +  1. 13+2 
1.2.a.y  +  i.')  +  i.y  +  i         ' 

^•x.„  +  l.ff./3  +  l 


1.2.7  +  i.7  +  i 


2g  .  2tt  + 1 .  2a  +  2 .  2/3 .  2ff  + 1  ■  2ff  +  2   , 


-7-/3 


1.2 

3.27.27+1. 

27  + 

2 

■ 

,^ 

.  2a  +  1 .  2^  .  20  +  1 

7^ 

"r 

-_s 

1.2 

.27.27  +  1 

2a 

28 

7- 

-n- 

-/3.7- 

a 

'    1 

1.2 

^  -  a  +  I.7-/J. 7-/3  +  1 

r.2. 7+1.7+^ 

'-a  +  1.7-a  +  2.7-ff.7-^+l.T-/3  +  2 
1.  2".  ¥.7  +  1.  7  + 1.7  +  1 


__7 . 7  +1-7  +  2 
7  +  i  ■  7  +  f  ■  7  +  2 


1.2.3 

It  may  be  observed  that  the  function  on  the  right-hand  side  is,  as  regards  a,  a 
rational  and  integral  function  of  the  degree  3,  and  as  such  may  be  expanded  in  the 
forni 

y1  a,  c<  +  1 .  a  +  2 


VBa  .«  +  1 


.  7  — a 


+  D  .7  —  a.7  —  a+1.7  —  a  +  2, 

and  that  the  laat   coefficient  D   can  be   obtained   at   onee  by  writing  a  =  0 ;   this   in    fact 
gives 


i>7.7  +  l  .7  +  2  = 


1-2     7.7  +  1  .7  +  2 
7  +  i-7  +  f -7  +  5' 


D  = 


■7  +  i-7  +  |-7  +  Y 


which  agrees  with  the  left-hand  side  of  the  equation :  and  the  value  of  the  fii'St 
coefficient  A  may  be  obtained  in  like  manner  with  a  little  more  difficulty ;  but  I  have 
not  succeeded  in  obtaining  a  dkect  proof  of  the  equation.  The  form  of  the  equation 
shows  that  the  left-hand  side  should  vanish  for  7  =  -  2,  which  may  be  at  once  verified. 

Orassmei'e,  August  25,  1858. 
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A    MEMOIR    ON    THE    PROBLEM    OF    DISTURBED    ELLIPTIC 
MOTION. 


[From    the    Memoirs   of   the   Royal   Astronomical   Society,   vol.    xxvii.,    1859,   pp.    1- — 20. 
Kead  March  9,  18.58.] 

I  VENTURE  to  take  up  the  problem  of  disturbed  elliptic  motion,  for  the  sake  of 
a  further  elaboration  of  the  analytical  theory.  The  points  which  present  difficulty  are 
the  measurement  of  longitudes  in  the  varying  plane  of  the  orbit,  and  (in  the  lunar 
theory)  the  determination  of  the  position  of  the  orbit  by  reference  to  the  varying 
plane  of  the  sun's  orbit;  it  is,  in  memoirs  and  works  on  the  lunar  and  planetary 
theories,  often  difficult  to  discover  where  or  how  (or  whether  at  all)  account  is  taken  of 
these  variations,  and  the  analytical  mode  of  treatment  is  for  the  most  part  very  imperfect. 
I  must  except  always  Hansen's  Fundamenta  Nova  [mvestigaHonis  orfntce  vera}  quani 
Ltima  perlustrat,  Gotha  1838]  where  the  points  referred  to  are  treated  in  a  perfectly 
rigorous  manner.  There  is,  however,  a  want  of  clearness  in  the  form  under  which  his 
investigations  are  presented ;  and  the  comprehension  of  them  is  greatly  facilitated  by 
Jacobi's  remarks,  published  under  the  title  "Auszug  zweier  Schreiben  des  Prof  Jacobi 
an  Herrn  Director  Hansen"  (Grelle,  t.  XLII.  pp.  12 — 31  (1851)).  Jacobi  obsei'ves 
that  the  integration  of  Hansen's  system  of  differential  equations  introduces  seven 
arbitrary  constants,  which,  in  the  expressions  for  the  cooi-dinates  referred  to  fixed  axes, 
reduce  themselves  to  six.  The  seventh  constant,  neglecting  the  disturbing  forces,  is 
in  fact  a  constant  which  determines  the  position  in  the  orbit  of  the  arbitrary  origin 
from  which  the  longitudes  in  orbit  are  reckoned.  I  have,  in  my  paper  "On  Hansen's 
Lunar  Theory,"  Quarterly  Mathematical  Journal,  vol.  i.  pp.  112 — 125  (1855),  [163], 
termed  this  origin  "  the  departure -point,"  and  longitudes  measured  from  it  "  departures." 
The  seventh  constant  may  be  taken  to  be  the  departure  of  the  node.  I  reproduce  in 
the  present  memoir  the  explanation  of  what  is  meant  by  the  departure  when  the  plane 
of  the  orbit  is  variable.  If  the  problem  is  treated  by  the  method  of  the  variation  of  the 
elements,  the  seventh  constant  becomes,  like  the  other  elements,  variable ;    and  we   have 
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thiia  a  seventh  vaiiable  element,  the  departure  of  the  node.  The  element  just  referred 
to  (the  departure  of  the  node)  forms,  with  the  longitude  of  the  node  and  the  inclination, 
a  group  of  three  elements,  which  determine  the  position  of  the  orbit  and  of  the 
departure -point.  The  coordinates  of  the  planet  are  in  the  first  instance  taken  to  be 
the  radius  vector,  longitude,  and  latitude;  but  the  before-mentioned  three  elements 
being  considered  as  given,  the  position  of  the  planet  depends  only  on  the  radius  vector 
and  the  departui-c.  These  may  be  then  expressed  in  terms  of  the  remaining  foiir 
elements;  as  to  the  choice  of  these  four  elements,  it  is  to  be  remarked  that  there  is 
one  element  which  only  enters  through  the  mean  anomaly,  and  that  there  is  great  con- 
venience in  representing  M'ith  Hansen  the  mean  anomaly  by  a  single  letter;  and  that  in 
the  various  formulEe  we  may  use,  in  the  place  of  the  element  implicitly  involved  in  the 
mean  anomaly,  the  mean  anomaly  itself,  or  treat  the  mean  anomaly  as  an  element ;  the 
four  elements  may  be  taken  to  be  the  semi-axis  major,  the  eccentricity,  the  mean 
anomaly,  and  the  departure  of  the  pericentre.  And  joining  to  these  the  before-mentioned 
three  elements,  we  have  the  system  of  elements  represented  in  the  memoir  by 
a,  e,  g,  ot,  a-,  6,  0.  It  has  been  assumed  so  far  that  the  three  elements  determine 
the  position  of  the  orbit  and  departure-point  in  reference  to  a  fixed  plane  and  origin  of 
longitudes ;  but  we  may  suppose  more  generally  that,  instead  of  the  fixed  plane  and 
origin  of  longitudes,  we  have  a  variable  plane  or  orbit  of  reference  and  a  departure- 
point  in  this  variable  orbit  of  reference.  The  quantities  which  determine  the  orbit  of 
reference  and  departure-point  are  naturally  taken  to  be  the  departure  of  the  node, 
longitude  of  the  node,  and  inclination ;  these  are  assumed  to  be  given  functions  of  the 
time,  and  they  are  in  the  memoir  represented  by  ct',  &',  ^'.  The  three  elements  of  the 
planet's  orbit  (viz.  departure  of  node,  longitude  of  node,  and  inclination)  in  relation  to 
the  orbit  of  reference  and  departure-point  therein,  are  in  the  memoir  represented  by 
2,  0,  4",  and  the  system  of  elements  ultimately  adopted  is  therefore  a,  e,  g,  w,  S,  ©,  *. 
I  obtain  formula  for  the  variations  of  these  elements  under  two  different  modes  of 
expression  of  the  disturbing  function :  first,  when  the  disturbing  function  is  expressed 
in  terms  of  the  radius  vector  and  departure  and  of  the  three  elements  X,  0,  ■!» ; 
secondly,  when  the  disturbing  function  is  expressed  in  terms  of  the  seven  elements 
«,  e,  g,  or,  S,  ©,  •!>.  The  establishment  of  the  two  sets  of  formula  just  referred  to 
constitutes  the  chief  object  of  the  memoir;  but  the  memoir  contains  some  other  inves- 
tigations and  formula  in  relation  to  the  general  subject. 

The  coordinates  of  the  planet  are 

J',  the  radius  vector, 
V,  the  longitude, 
y,  the  latitude. 
The  attractive  force   at   distance  unity  is  for  convenience  represented  by  n^d',  which 
denotes,  therefore,  an  absolute  constant ;    but  the  significations   of   n   and   a   are   not    yet 
defined. 

The   disturbing   function,  as   used   by  Lagi'ange,   is   denoted   by  fi,  that   is  H^  —  R, 
if  R  be  the  disturbing  function  of  the  Alecanique  Celeste. 
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The  equations  of  motion  are 

d  dr  „     fdvV        fdyV     Tea?     rffi 

dt  dt-'''''-y[dt)  -'\di]  ^  —  --dr  ' 

d  (  ^      .,     dii\  do. 

dtv~'''nt)  -dv' 


dt  [  (It)  ^ 


^  cos  1/  sill  7/ 


/rf^Y         _dq 

\dt)  ~  dy  ' 


where   il   is   regaixJed   as   a   function   of  r,   v,   y,   or   (as    this   may    be   expressed)   where 
11  =  n  (t-,  V,  y). 

If  we  neglect  the  disturbing  forces,  the  planet  moves  in  an  ellipse;  and  taking 
a  to  represent  the  semi-axis  major,  the  mean  motion  will  be  n.  The  mean  anomaly, 
which  I  call  g,  will  be  a  function  of  the  form  nt  +  c;  but  as  c  only  enters  through  g, 
it  will  be  convenient  to  use  the  mean  anomaly  g  (considered  as  implicitly  involving 
an  arbitrary  constant  c)  in  the  place  of  an  element,  and  I  write 

a,  the  semi-axis  major, 

e,  the  eccentricity, 

g,  the  mean  anomaly, 

6,  the  longitude  of  node, 

0,  the  inclination, 

C,  the  distance  of  peiicentre  from  node. 

I  assume  also 

/,  the  true  anomaly, 

z,  the  distance  of  planet  from  node, 

X,  the  reduced  distance  from  node. 

We  have  then  r  and  /  given  functions  of  t  and  the  elements,  viz.  we  may  wiite 

r^a  clqr  (e,  g), 

/-      elta  (e,  g), 

(read      elqr.     elliptic     quotient     radius,     and     elta.     elliptic     anomaly).        These     values 

satisfy  i"^-,— -f-     Moreover  z,  x,  y,   are   the   hypothenuse,   base,   and   perpendicular 

of  a  right-angled   spherical   triangle,   the  base  angle  whereof  is  0 ;   the  equations  which 
connect  these  quantities  are  therefore 

tan  X  =  tan  z  cos  <^, 
sin  J/  =  sin  2  sin  0, 
tan  y  —  sm  X  tan  0, 
COS  s  —  cos  X  cos  y, 
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equivalent,   of  course,   to    two    equations.     The   firet   and   second    of    tiiem    give   in   fact 
w,  y,  in  terms  of  z  and  i^. 

The  value  of  z  is 

r  =  t+/. 

SO   that  X  and   y   are   given   functions,  and   the   longitude  v  is  given  in  terms  of  x  and 
6  by  the  equation 

and   consequently   the   three   coordinates   r,  v,  y,   are   by   the   system   of  equations  given 
in  terms  of  t  and  the  elements. 

From    the    equations   which    connect    z,    x,    y,   <J3,   treating    all    these    quantities   as 
variable  we  deduce 

see'  x  dx  =  cos  <j>  sec''  zds  —  tan  z  sin  0  d^, 

cos  ydy=  sin  ^  cos  s-  ds  +  sin  s  cos  ^  d^, 
sec^  ydy  =  tan  0  cos  xdx  +  sin  x  sec  0  d0, 
sin  zdz  =  cos  i/  sin  xdx  +  cos  a:  sin  y  di/ , 

equivalent   of  coui-se   to   two   equations ;   and   the   system   is   easily  reduced  to   the   moi'e 

convenient    form 

dx  =  cos  0  sec°  ydz  —  tan  z  cos-  x  sin  ^  d0, 

dy  =  sin  0  cos  xdz  +  cos  ic  tan  .s  eos  <()  di/>, 

da;  =  cot  0  sec  x  sec^  ydy—       tan  s  cosec  0  di/>, 
da  =  cos  0dfl;+  cosa^sin^d^, 

joining  to  these  equations  the 

da  =  dC  +  df, 

dv  =  dx  +  d0, 
and  considering  at  present  the  mere  analytical  forms,  first  if  d0  =  0,  dC  =  0,  we  have 
die  =  cos  <^  sec'  y  dz, 
dy  =  sin  0  cos  x  dz, 
dz  =df, 
dv  =dx. 
Next,  if  dy  =  0,  dv^  0,  we  have 

dx  =  —  tan  .3  cosec  ^  d^, 
dz  =  —  tan  s  cot    (f>  d<f>, 
dz  ~  cos  tf>  dx, 
dw=-  dd, 
dz  +  cos  <^d8  —  0. 

I  remark  also  tliat  the  equation,  tan  y^sinx  tan  <f),  may  be  written  in  the  form 

cos-  0  sec^  y  +  sin''  0  cos'  a;  =  1 . 
c.  IIL  35 
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The  equations 


r  = 

=  aelqi-(e,  «/), 

/= 

=    elta  (e,  g). 

treating  all 

the  , 

:[uantities  as  variable,  give 

*  = 

ae  sin  /"  ,           1  -  e^       , 

^   ,-..     -   da  + „  da  -  (1 

Vl-^   ^      l  +  ecos/ 

',  cos fde, 

df' 

.<>-«^jf)-*.«'«/(^:-/).. 

to  which  is 

to  be  joined 

* = ?,'i""'' ?/■'/+  ,4^ ''« + 2(^^-ii-'-»»/)  i, 

(1  +  e  cos/)=    ■'      l+e  cos/  (1  +  e  msff  ' 

all   which   fomiiilEe   will   be   useful. 

If  we  treat  the  elements  as  constant,  then  in  the  foregoing  expressions  for  dr 
and  df,  ive  must  attend  only  to  the  part  involving  dg,  and  must  put  this  equal  to 
ndt;    the   values   first   obtained   for  dx,   dy,   dz,    dv,   correspond   to   this   assumption,  and 


and  we  then  deduce 


dr     naemnf 

dt       Vl-e"' 

df    na?'Jl~tS' 

dt~         r- 

d3     naWl-^ 

dt             r'         • 

dx                     wiWl-e^ 

at-'"*"^!'        r'        ■ 

dv            .       ,    nil''  \'l-e^ 

^^-co,4,>ic-,j         ^         . 

dy       .    ^           mtWi-tf 

dt        '^             f 

d   dr                      na''ecoHf 

dt  dt                   ^        ,'       ■ 

j,(-»'4:)-. 

d    /    dy\                             .                 li^a- 

'(1-en 

dtV^di)            =- CO.- -^  sin  2/ secy  — 

r' 

d   fd/\                     iH'a^e  cos/ 
dt  [dtj                            7- 

values  which  satisfy  the  undisturbed  equations. 
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The  disturbed  equations  may  be  dealt  with  in  the  usual  manner  by  the  method 
of  the  variation  of  the  elements,  and  attending  only  to  the  variations  of  the  elements 
we  liave 

dr  -  0, 
dv  =  0, 
dy^i), 
-.dr     dil,^ 

,  /  „     .    t^A     da  . 


or,  what  is  the  same  thing, 

dr  =  0, 

dv=0. 

%  =  0, 

,7iaesin  f    dil  , 

d—. •'  =-j-dt, 

\/l  -  e=      rf'- 

rfnKWl-e^cos  A=  -.    dt, 
^      dv 

d  nop  Vl  -  e*  sin  d  cos  «  =  t-  dt, 
^  dy 

whore  as  before  li  =  il  (r,  v,  y). 

In  virtue  of  the  relations  dv  =0,  dy=  0,  we  have  the  above-mentioned  equations, 

d,x  —  —  tan  z  cosec  ^  rf^, 

dz  =  —  tan  2  cot     ^  d<f>, 

dz  =      cos  0  dre, 

dx  =  -  dO, 

dr     +  cos  <f>d6  =  0, 
we  have 

d  sin  tf>  cos  tc  =  —  sin  i^  sin  xda:  +  cos  x  cos  0  d4>, 
=     cos  X  cos  tf}  sec^  z  dtp, 
=     sec  X  cos  ip  sec"  y  <?0  ; 

and  the  last  two  equations  for  the  variations  become 

d  na^  Vl  -  e''  cos  0  —na^'JX-^  sin  0  d^  =  -3-  rf(. 


(Z  )ia°  VI  —  e^  sin  1^  cos  x  -I-  ?(a^  Vl  —  e°  sec  x  cos  0  sec^  y  d 
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and  attending  to  the  equations  coa^^sec'^y  +  siii^  0cos^x  =  l  we  deduce  at  once 
d  lid'  Vl  —  e^  =  cos  0  soc-  y  -,    dt  +  sin  </i  cos  x  -^  dt, 


I  —  sm  0  cos^  x-j-  d,t-\-  cos  <p  cos  a;  -5-  at  I , 


naWl-eA  ^  dv  '  ^  dy 

Now  the  position  of  the  planet  may  be  determined  by  the  quantities  i-,  z,  0,  <p,  or 
we  may  consider  li  as  a  function  of  the  last-mentioned  quantities.  And  if  on  the 
right-hand  side  fl  =  fl  (r,  v,  y)  as  before,  the  formulae  of  ti-ansfonnation  arc 

dfi ,     dfi ,     dn  ,     dn,    dn^     dD,  ,„    dn  , , 

,-  dr  +  ^-  dv  +~j-  ay  =  -J-  dr  +  -j-  dz  +  js  dO -v -j^  d<i> 
dr  dv  dy    ^      dr  ds  dO  d<p     ^ 

where 

dv  =  COS  0  sec-  ydz  —  tan  z  cos^  x  sin  ^d^-\-  d6, 

dy  =  sin  </i  cos  *■  dz  +  tan  ^:  cos  x  cos  ^  rf^, 
and  we  have 

dxi_dn 

dfi\ 
da  I        .     ,  (in     ■    .        <Jf\ 

where  on  the  left-hand  side  £i  =  il  {r,  z,  ^,  ^) ;    and  these  equations  give 

cot.^.cot*^-co»e*^j,, 
an  equation  which  is  satisfied  by  il  =  fi  ir,  z,  &,  0).     We  have  thus 

dv  =  0, 
d]l-0, 


i'^SSL^   = 
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which  may  be  replaced  by 

dr  =0, 

,,         cosee  d>     dn  ,, 

do  = 7^=-=-     ,j  at, 

««W1  —  e-  «9 


de  = 

«ffl 

^Vl^?  #     ' 

,  nae  sin/ 
VI -^^ 

f-. 

rfnaWl^^  = 

s* 

rfi^  = 

«a 

cots        dil  ,^ 

where  a-i  before  fl  =  H  (r,  ?,  fi^,  0). 

I   remark   that   in   the   case   of  any  central    force  whatever,  we    have   an    element  h 
30]*responding  to  na^  Vl  —  e'^  in  the  elliptic  theory,  and  the  system  for  the  variations  is 


d9-  = 

dij} 

i=^ 

*^dt 

d4,"' 

dr 

-** 

dh  = 

f* 

'§-. 

where  a  =  £l  (r,  s,  6,  4>). 

Imagine    a    point    in    the    orbit,    which    I    call    the    departure-point,    the    angular 
distances  froni  this  point  are  teraied  departures.     And  I  m-ite 

]),    the  depai'ture  of  planet, 

■57,  the  departure  of  pericentre, 

cr,  the  departure  of  node, 
so  that  we  have 
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I  write  also 
s,  the  longitude  in  orbit  of  departure-point,  or,   as  it  maj-  be  termed,  the  adjustment ; 


In  the  undisturbed  motion  the  departure-point  is  simply  a  fixed  point  in  the 
orbit,  but  when  the  orbit  is  variable,  the  departure-point  is  taken  to  be  the  point 
of  intersection  of  the  orbit  with  any  orthogonal  trajectory  of  the  successive  positions 
of  the  orbit,  a  definition  which  is  expressed  analytically  by  the  equation, 

da-  =  cos  (f>  dd. 
The  equation,  z  =  ^  —  it,  gives 

da  =  d]>  ^  da- —  dp  —  cos  ((>  dB, 
or,  what  is  the  same  thing, 

d\>  =  dz  +  cos  0  dO. 

But  we  have  dz  +  cos^dd  =  0,  and  consequently  dp  —  0,  an  equation  which  expresses 
that  the  increment  of  departure,  in  so  far  as  such  increment  ai-ises  from  the  variation 
of  the  elements,  is  equal  to  aero.  Or,  what  is  the  same  thing,  the  total  increment 
of  departure  is  equal  to  the  infinitesimal  angle  between  two  consecutive  radius  vectors 
of  the  planet. 

I  pi-opose  to  consider  the  departure -point  as  a  point  which  is  constantly  defined 
as  above,  viz.,  when  the  orbit  is  variable,  the  depai'ture -point  is  the  point  of  inter- 
section of  the  orbit  with  any  orthogonal  trajectory  of  the  successive  positions  of  the 
orbit;  and  as  a  particular  case  of  the  definition,  when  the  orbit  is  fixed,  the 
dcpiituie  point  is  simply  a  fixed  point  on  the  orbit.  The  orbit  here  considered  is 
that  of  the  planet  and  the  position  of  the  planet  is  determined  by  the  departiu-e  and 
radius  vector  (the  latitude  being  zero),  and  this  is  assumed  to  be  the  case  whenever 
the  departure  is  spoken  of,  and  it  is  such  departure  which  is  denoted  by  the  letter  b. 
But  we  might  consider  a  departure-point  (defined  as  above),  upon  any  other  orbit 
whitevei  and  use  such  departure-point  as  an  origin  of  longitude  (for  instance,  in  the 
hmai    theoiy  we  might   consider  a   longitude   measured   along  the   variable   plane  of  the 
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sun's  orbit  fi'om  a  departure-point,  defined  as  above,  in  that  orbit),  and  the  position 
of  the  planet  would  then  be  determined  by  means  of  the  longitude,  latitude,  and 
I'adius  vector.  The  term  sidereal  longitude  is,  I  think,  used  in  Physical  Astronomy 
rather  loosely  to  denote  the  longitude  in  the  mean  ecliptic  from  the  mean  equinox, 
less  the  precession  ;  so  defined  it  is  not  practically  different  from,  and  may  I  think 
in  al]  cases  be  replaced  by  the  longitude  as  measured  from  a  departure-point  in  the 
mean   ecliptic. 


Returning  from  this  digi-ession,  the  assumed  equation,  d<T  =  cos  4>dO,  gives  the 
expi'ession  for  the  vai-iation  dir  of  the  departure  of  the  node,  and  we  now  have  in 
the  place  of  the  former  six  equations  the  seven  equations 


4- 

0, 

nae  sin/ 

s* 

^/^^ii  = 

f* 

#  = 

cots 

dSl 

d<j  = 

COt0 

na^^l  -e 

•"^M 
J^* 

dO  = 

cosec  <f> 

where  as  before  il  =  £2  (r,  z,  B,  <^). 

But  the   value   of  z  is   z  =  ^-a;   and    ii    can   be   expressed,   and   that   in   a   single 

way  only,  viz.   by   means  of  the  substitution    of  |7  -  u   in    the   place   of  s,   in   the   form 

fl  =  fl  (r,  J>,  a-,  0,  4>),  and  if  on  the  right-hand  side  ii  =  fl  (c,  z,  8,  <j})  as  before,  then  we 
have 


cin 

dn 

* 

dr' 

dn 
4 

dz' 

dn 

A?" 

dn 

dz' 

dtt 
dj,  ~ 

dn 

dn 

dn 

V  Google 


280  A   MEMOIR    ON    THE    PROBLEM    OF    DISTURBED    ELLIPTIC    MOTION.  [212 

where    on    the    left-hand    side   fl  =  Xi  (r,    ]>,    <t,    0,    <^).     The    fimction    £1    so    expressed 
satisfies,  of  course,  the  partial  differential  equation 

d\>      da 

(which    conversely   implies   that   |>,   tr    only   enters    through   the    function    p  —  a),   and    it 
also  satisfies  the  paitial  differential  equation  obtained  from  the  befoi'e-mentioned  equation 

,     dVl        ,  jrfii  ±dil       .  a    xw 

cot^-j-r  =cot<p-T  —  cosec  9 -ja  >     [il^il  {r,  z,  ff,  tj>)j, 

by   the   introduction   of   the   transformed   expressions   of   the   differential   coefficients,  and 
which  may  be  written 

dil  ^,dil  ^dn. 

cot  3  , ,  — —  cot  d>  T cosec  <&  -, .- , 

d<p  ^  da  ^  dd 

where  €i.  =  0.(r,  p,  a,  6,  0). 

Using   the   iast-mentioned   equation   to   transform   the   value    of  d^,  the    expressions 
for  the  variations  become 


*=0, 

d(>  =  0, 

f-- 

%-■ 

dil 

-J-:  at, 

d(f> 

/hero  n. 

.a  (i 

I-,  (>,  <r.  e,  <l>)  as  before. 

I  suppose  now  that  the  orbit  of  the  planet,  instead  of  being  refeiTed  to  a  fixed 
plane,  is  referred  to  a  moveable  plane  or  orbit  of  reference.  It  is  assumed  that  the 
longitudes  in  the  orbit  of  reference  are  measured  from  a  departure-point  defined  as 
above, — that  is,  from  the  point  in  which  the  orbit  of  reference  is  intersected  by  any 
orthogonal   trajectoiy   of   the    successive    positions    of   the    orbit    of    reference.     And  the 
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position  io  regard  to  the  fixed  plane,  of  the  orbit  of  reference,  and  of  the  dcpai'ture- 
point  in  this  oi'bit,  are  determined  by  &,  a-',  <p', — that  is,  we  have  for  the  orbit  of 
reference, 

6',  the  longitude  of  node, 
o-',  the  departure  of  node, 
0',  the  inclination. 

The  position  of  the  planet's  orbit  in  relation  to  the  moveable  orbit  of  refer- 
ence is  determined  in  like  manner  by  %,  X,  ^, — that  is,  we  have  for  the  planet's  orbit 
in  relation  to  the  orbit  of  reference, 

©,  the  longitude  of  node, 
2,  the  departure  of  node, 
^,  the  inclination. 

Hence  if,  as  before,  6,  a,  ip,  belong  to  the  orbit  of  the  planet  considered  in  relation 
to  the  fixed  plane,  S  —  cr,  ©  —  cr',  6  —  &,  will  be  the  sides  of  a  spherical  triangle,  the 
opposite  angles  of  which  are  i^',  ISO'— <^  and  •!>. 


Putting  for  shortness  S  =  S-(r,  fi"  =  @-(r',  Q^d-ff,  SO  that  these  symbols  denote 
S ,  the  distance  of  node,  along  planet's  orbit,  from  fixed  plane, 
yS",  the  distance  of  node,  along  orbit  of  reference,  from  fixed  plane, 
G,  the  distance  in  fixed  plane  of  the  nodes  on  fixed  plane, 

the  sides  of  the  spherical  triangle  are  S,  S',  G,  and  the  opposite  angles  ai^e  ip',  ISO"— 0,  0. 
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Calling   the  sides   A,  S,   G,   and   the   opposite   angles  a,  b,  c,  the  genei-al  formula   for  a 
spherical  tiiangle  give  without  difficulty, 

dG  = 


.1  ^^^^        J  A 

da  =  -■—ri    dA 


sin  C  sin  0  sin  C 

sin  B  cos  a 


sin  C 
and  ('onverscly 


"<?S4 


dc  =  cos  Bda+  cos  Adb  +  — -. — 7= dC, 

sin  C 

,.                 sill  jB  cose  sin  ^  „             sin  a  cos  fi,™ 

dA  =  ~. —  da-     ; db—        — ^- dO, 

sm  e  sm  c                          sin  c 

™^^^^:^  g  sinjl   ,,               sin  6  cos  ^   ,~ 

--  da+  —. —  do  —         — ^~  dC, 


sine 
which,  in  the  present  case,  become 

d^=  cosSd-p- 


sin  * 


jd'                sm  S  ,,     cosdsinS   ,,,  sin<6cos6  , 

do  =  —         ^^tt<pH ^— Ts — dA  +  ——■-^^r—  d 

sm  <P    ^          sin  q>        ^  sm  * 

jr,         cosAsiniSf,,              sinjS'  ,,,  sinA'cosS'  , 

dS= T-^  dA  +           -. — -  dA  +  -  -T-  ,  -    d 


dG=  cos  >p' dS'- 

J,  sinA'  ,„      cosGsinA  ,„  sin/Seosdi'  ,-. 

dA  =  -       ^—^  dS'  + -—rr-  dS  +  — .—  ^--  d^, 

^  sin  G  sin  G  smG 

J,,         cosGsind' ,£,/  sin  d  ,„  siniSfcosd  ,, 

dA  =-  ■   -.— -^-^  dS+  -^—J,  dS  + „  -^  dA, 

^  sin  G  sm  G  sm  (?        ^' 

and  we  have  also 

d8=d%~da-, 

dS'  =  d@~di7', 

dG^de-dff. 

Hence,    observing    that    sinSsin^  =  sinS'sin^',    the    preceding   equations    may    be 
written 

d0  =  cos  Sdip-  cos  iS'  d4>'  +     sin  S  sin  ^d0  —  sin  S'  sin  <f)'  d& 

d%  =  da—  cosec  *  sin  8d^+     cot  0  sin  S'  rf0'  +  cosec  <l'  sin  0'  cos  jS  (dd  —  d6'), 
d1=da-    cot  <i>  sin  8d<{>+  cosec  0  sin  S'  (^0'  +  cosec  <i>  sin  0'  cos  8'  {dd  -  dO'), 
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and 

dd  =de'+  cos  <f>'  {d@  -  d<r')  -  cos  ^  (rfS  -  drr)  +  sin  S  sin  4,  d^, 

d^  =       -cosecGsm0'(rf0-(;(r')+     cot  G  sin  ^  (rf2  -  do-)  +  cosec  ft  siii  iST  cos  0' d<&, 

d4>  =        -    cot  G  sin  0'  {dM  -  da')  +  cosec  G  sin  0  (dS  -  d<r)  +  cosee  (3  sin  S  cos  0  (i*, 

and   it   is  proper  to   remark,  that   in   obtaining   these   equations   no   use   has  been   made 
of  the   equations   da  =  cos^d6,  da-' =  cos  <f)'  d6'. 

The   tenn  in  d&   which   contains   da',  &e.  may  be  written 

(da'  —  cos  if)'  dd'}  +  cos  -p'  dff  +  cot  €>  sin  S'  d^'  —  cosec  *  sin  ^  cos  S  d8', 
which   is  equal  to 

(d(/  -  cos  ^'  dff)  +  cot  <t>  (sin  S'  d^.'  -  cos  S'  sin  i^'  t?^) ; 
and  the  term  in  d^  which  contains  da,  &c.  may  be  written 

(da  —  COB  (f>  dO)  +  cos  ^dO—  cot  <!>  sin  Sdij)  +  cosec  ^  sin  <|j'  (?^, 
which  is  equal  to 

(da  —  cos  0  d0)  -  cot  ^  (sin  Sd<f>-  cos  S  sin  0  dB)  ; 
reductions  which  depend  on 

cos  0'  -  cosec  •!>  sin  0  cos  S  =  —  cot  *  sin  0'  cos  yS', 
cos  0  +  cosee  3>  sin  0'  cos  S"  =  ~  cot  <^  sin  0  cos  iS , 
or,  what  is  the  same  thing, 

cos  0'  sin  •!>  —  sin  0'  cos  4>  cos  S'  =     sin  0  cos  S, 
cos  0  sin  *  —  sin  0  cos  "^  cos  S  =  —  sin  0'  cos  S", 

which   are   relations    between   the   sides   and  angles   of    the   spherical   triangle.     And   we 
then   have 

d<E»=  (cos  Sd(f)  +  sin  S  sin  0  dff)  -  (cos  S'  d0'+  sin  8'  sin  0'  (?^'), 

d0=(rf<r'  —  cos  tfi'dff')  —  cosec  *  (sin  Sdtft  —  cos  iSsin  0  d^)  +     cot  <£>  (sin  tS'  dtfi'—  cos  iS'  sin  ^'d$'), 

d%  =(da  —  cos  0  d^  )  -     cot  <I>  (sin  Sd4>~-  cos  jS  sin  0  d^)  +  cosec  ^  (sin  jS"  d0'—  cos  jS^  sin  0'  d^), 

expressions    which     may   be    simplified    by    omitting    the    terms    (da  —  cos  0'  dO')   and 
(da  —  cos  0  dO). 

Next  substituting  for  da,  d<jj,  dO,  theii'  values,  we  obtain, 

dr  =0, 


,  nae  sin  /         dH  . 

d  -,    — -•'       =  -;-  dt, 

VI  —  e-  1^'' 
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_dn 


j^^-  I BinS-,-f-cosSfcot<^T    +cosec^  ,7fl))'^*~  (siii*S"(-;^'+sinS'sin0'(?^'), 


d2  = i-^_.. ,  [cosS  ,T+sin  iSfcot  iA-;-+cosecii-f7r)  M(+cosec4>(sinS'dii'— cosS'ainA'rf^'), 

i^ft  = --— _-^(  cos  S  -,-7  +ain  H  (cot  A  -r-+  coseerfi  ,^  |  W(+    cot<&(smS'rfd)'— eosS'siniA'rf^'), 

m^  VI  -  e=  \  «0  V  rf<^  rf^^V  \  T  r       '. 

where  11  =  Jl  {r,  )>,  tr,  ^,  ^),  as  before. 

But  li  may  be  expressed  in  the  form  li  =  il  ()-,  \,  £,  0,  ■!>,  a',  &,  rp'),  or  dis- 
regarding o-',  i9',  0',  in  the  form  H  =  n(r,  \>,  2,  ©,  *),  and  to  effect  the  transfoiination 
<jf  the  differential  coefficients  we  must  write, 

d^  =  cos  Sd(]3  +  sin  8  sin  ^  d^, 

d®  =  —  cosec  <I>  (aiu  Sd<p—  cos  S  sin  ^  rf^), 

(?S  =  {da-  —  cos  0  dd)  —  cot  *  (sin  Sd(ft~  cos  S  sin  <f)  dO), 

01',  what  Ls  the  same  thing, 

d<ji  =  cos  Sd(f>  —  miS  sin  *  (^©, 

dfl  =  cosec  ^  (sin  S  dO  +  cos  S  sin  <I>  d©), 

(^o- =  rfS  ~  cos  <£>  (^0  +  cot  0  (sin  iS  c^*  +  cos  yS  sin  *  rfO), 

and  siibstitviting  in 

J    fflf  +  -jr  a>  +  J-  da-  +  3 .  d^  +  ,-:  deb 
dr  d\    '^      da  dd  d^    ^ 

if  on  the  right-hand  side  fl  =  H  (r,  ]>,  a,  &,  <{>)  as  before,  then  we  have 

dD,_dil 
dr      dr  ' 

dndn 
da_dfi 

d%~    d<T' 

dfi      ,  .         ,   ,         r,   ■    ^ ,  dil  ,         r,  -    J.  dil       ■.,-..  dil 

,„  —  (—  cos  <P  -I-  cot  0  cos  iS  sin  <P)  -j-  +  cosec  A  cos  S  sm  5>  -7:;  -  sin  S  sin  <p  ,— , 
(tr)  ^  du  ^  dd  dib 


da,  ^  .  .  ^dn  ,  .  „(ia  -,dn 

-,=■  =  cot  0  sm  b  T — h  cosec  A  siii  &  -,-^  +  cos  o  -, ,  . 

where  on  the  left-hand  side  fi  =  fi  (r,  ]>,  S,  0,  4i). 
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The  last  three  equations  give 


cidd  ,    .    ^/    ^  ,  dO,  ,  dil\     dsi 

COS  b^:  +  sin  j5   cot  0  -,-  +  cosec  <i  -rs    =  ^^  , 

dip  \       ^  d<r  ^  dOJ      d^ 


isb  [eottb^ — I-  cosec  <*-,-;,=  cot  q>  t=  +  cosce  q>  ^7=: , 
\      ^  drr  ^  dOJ  d%  dS' 


md  the  formula  for  the  variations  become 
d)-  =0, 

db  =0, 


nae  sin/'  _  dfl 


-J.-  :r-.^---^dt, 
VI  _  e^       dr 

,     ,  ,-,  — -     dO.  ,, 
dnu'yl  —  e'~   „■  at, 
dy 

,.  -cot<J'    dfl  ,^       cosec^     dO,  ,      ,       „, ,  ,       -     -„  . 

nil?  Vl  -  e^  «2  nci'-Jl-d'  d® 

<-c  cot^       dSl  ,.  ^  ,-    „,-,.,  ™  ■       .  ■,^.. 

rfi  =—-7^:=,-  -T^f-dj  +  cosec <P (am ^MiA  -coso  smAdff), 

j.-i  eosec^     dH  ,,  .     .     ^,,.,  „,  .       ,,,„ 

(^e  =   — ,  , ,-  dt  +  cot  (ii  (sm  8  d4>  —  cos  S  am  6  dO), 

where   fl  =  n  (r-,  |),  2,  ©,  O).     It   will   be  recollected   that   the   value   of  S'  is  =0-o-'. 
It  may  be  noticed  that 

dt  -  cos  <&  de  =  sin  <I>  (sin  &"  d<f>'  -  cos  S'  sin  ,p'  dO'). 

The  system  just  obtained  is,  except  as  I'egards  the  terms  involving  d^'  and  d&, 
precisely  similai'  in  its  form  to  that  in  which  the  planet  is  referred  to  a  fixed  plane, 
or  where  fl  =  H  (r,  |i,  a,  0,  <p),  and  this  is  of  coui'se  as  it  should  be. 

We  have  now 

r  =  «elqr  (e,  g), 

/=    elta  (e,  g), 
so  that  the  position  of  the  planet  is  determined  by  means  of  the  elements  a,  e,  g,  57,  2,  0,  "J*. 
To   find   the    vaiiations   of   these   elements,   substituting  for  r  its   value   in   terms   of  /, 
the  fii'st,  third,  and  fourth  equations  ai'e 


1  +  e  cos/ 

,  nae  sin  f       dil  ,. 

d  —,--     ''     =  -r  f^. 

Vl  -  e*         o,T 
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which  give 


e  sin  fdf — 


~T ~ — ■-  de  + ^  da  =  0, 

1  —  e^  a 

_'/l—e^  d(l  ,      na^ VI  —  e"  dfl  , 


ecos/d/+  sin  fde 


na       dr  esiny      d|f     ' 


and  we  thence  obtain 


<i„  =  ^!Jtl         f-  it  +  2  a  +  .cos/).  .Kl 

Vr^e-sin/    dn  .  e  +  2eos/+eeosV«Mi  ,. 

na             dr  na^  VI  -  e=          «|' 

me           rfr  ?!a=Vl-e=        d^ 

the  last  of  which  equations,  combined  with 

(1+ecos/)^       ^  (1+^  CO./)  sin/ 

■'          (1-e^)^        ^  1-e' 

gives 

,       (l-e^)(-2e  +  cos/+ecosy)  (^li  ,,  (2  +  ecos/)sin/dfl  , 

ao  — Tz ^^  ■— -■ — -  -^ —  at  —       1 ~ir  at. 

"                nae  (l  +  e  cos/)              dr  na's              ap 

The  fourth  equation  of  the  formulte  for  the  variations,  viz.,  d^  =  0,  gives  0  =  rfcr  +  rf/i 
and  therefore  dm  =  —  df,  that  is, 

Vl  —  e^  cos/  rfn  ,  (2  +  e  cos/)  sin/  rfQ  , 

Ctw  ^  —  ■-" ,    -  ttt  +  ,  — -  "11"  ***) 

nae          dr  y,(i^^i-^       dp 
and  the  complete  system  becomes  therefore 

2esinf   dil  „  2(1 +ecos/)^  dn  ,^ 

nVl-e"  dr  na  (1  -  e')*      a}" 


^  (1  -  eP  (-2e  +  cos/+  e  cos'/)  ^  ^,  _  (2  +  e  cos/)  sin/  dn  , 
wae{l+ecos/)               rfr  na'e  rfj*     ' 

Vl-e^  sin/  dfl  {2  4-  e  cos/)  sin/  rfn  , 

=  — —  -J—  at  + ; -jr  uit, 

nae  dr  na^e  dp 
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,,         -cot*     dfi,  , 

cosec  <J»    dn  ,^ 

na-'Jl-e'd^ 

(cos  S'  dj.'  +  sin  ,S'  sin  <i>  dd'), 
+  cosec  4>  (rtin  S'  rf0'  -  cos  S'  sin  ^'  rf^'), 
+     eot*(sin5'i^<^'-cosS'sin0'(^t)'), 


where,  as  before,  fl  =  il  (r,  p,  S,  0,  O).     This   is   the   first   form   of  the   expressions   for 
the  vaiiations  of  the  elements. 

But   we   may   in  the   disturbing  function   fl   replace  r,   )j,  by   their   values  in   terms 
of  a,  e,  g,  sr,  and  if  on  the  right-hand  side  li  has  the  last  preceding  value,  we  have 


(jn  ,  d^  , 
-^  da  +  — .—  a 
da  de 


¥  —  d 
dg 


da     _^dn,^dQ,^    da,, 

dor  dS  dB  d^ 


dn  -      dil  ,^     dn  ,„     dil  ,^     dil  , . 
-^r'^'+^^^-^M^^-'M'^^+-d^'^'^' 

where   on   the   left-hand   side  Xi  =  fl  (a,  e,  g,  m,  X,  ©,  'J') ;    and   the   expressions   for   the 
differentials  dr  and  d];,  are 

ae  sin  /  , 

^  1-e^  (l_e)t        ^ 

and  we  have  therefore 


da 

1  +  e 

CO./  *  ■ 

dSl 

-»cos/f  + 

(i 

+  ecos/)sm/dn 

1  -  «■         4  ' 

dCl 
dg- 

ae 

vr 

-e"  dr 

(1  +  e  008/7  <in 
(l-e-)l       4' 

dil 

da 

(Jn 

dj,' 

da 

da 

(i* 

df 

dCl 

da 

di 

c 

d®  d& 

where  on  the  left-hand  side  £1  =  il  (a,  e,  g, 
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Lud  we  thence  obtain  for  the  variations  the  new  system  of  forranlie, 

+      -  -  ■  -J-  «'. 


■f—    .-  -i   at, 
tm^e     de 


-cot^   dil,       cosec  *  "^^jj 

(cos  S'd4.'  +  sin  S'  sin  ^'dff), 

cot  <1>     rffl  , 
+ T^- ,wAi 

+  eosec  <I»  (sin  5^0'  -  cos  S'  sin  0'd^'). 
cosec  $    (Zn  , 


+     cot  O  (sin  5"(?0'  -  cos  ^  sin  ^'i^^'), 

where,  as  before,  fl  =  H  (a,  e,  ^,  vr,  2,  0,  *).  This  is  the  second  form  of  the  expressions 
for  the  variations  of  the  elements.  It  is  hardly  necessary  to  remark,  that  if  in  either 
system  of  formulEe  we  omit  the  terms  involving  dff  and  d^',  and  in  the  place  of 
S,  0,  ^,  write  0-,  6,  (ft,  we  have  the  formute  for  the  variation  of  the  elements  when 
the  orbit  of  the  planet  is  referred  to  a  fixed  plane,  and  the  disturbing  function  is 
given  under  the  form  H  =  il  (r,  \>,  a;  8,  (t>),  or  fi  =  li  {a,  e,  g,  -sj,  a;  6,  <j>). 

The  demonstration  of  the  two  preceding  systems  forms,  as  before  remarked,  the 
object  of  the  present  Memoir.  But  it  is  proper  to  give  also  the  systems  for  the 
variations  of  the  elements  in  the  form  in  which  they  would  have  been  obtained,  if 
the  notion  of  the  departure  had  not  been  introduced  into  the  investigation.  To  do  this 
I  revert  to  a  preceding  system  of  equations,  which  may  be  written 

dr  =  0, 


(2  Vl  -  e^  d4> 
—  cot  0     rfil  , 

f^vn^  d<i> 

,-  dt, 

dr 
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fa. 

dz 


c0  <m. 


cot  ^     (?fi 


—-^~  —         ^-— ^^  —  rfi  /*  =      cots        ria  ,  \ 

where  a  =  ii(r,  z,  6,  (f>). 

Substitutiiitr    in    these    equations    for    r,    z,    the    values    z~^   —  ■-„   and    C  -•-  /. 

1  +  eeos/  ■' 

obtain 

^^  _  J» sin^  ia  ^^ ^  2(1+£C<»^-  ^ 

H  VI  -  e^  dr  „CT  (1  _  ^-f      dz 

,  Vl  - e=  sin /■  <?il  ,.     e+ 2  cos/+ecosVdfl  > 

rfe  =        — — <    --  d(  +  ^ ■;         — ^-  -T-  (i(, 

i\a  dr  M«=vl  —  e^  cf^; 

da  =      (1  -  ^)  (-  2e  +  coB/4-ecosV)  4^^  ^,  _  (2  +  e  cos/)  sin/  rfn 
Ktte  (1  +  e  cos/)  d)-  nct^e  t^s 


cosec  0     dfj 


cosec  A     rfn  . 
«a=  V 1  -  e=  »?■ 


whore   ii  =  fi   (r,  s,  6,  tf)),  as   before ;    and    which    is  the   first   system   for  the   variations 
of  the  six  elements,  a,  e,  g,  C,  9,  (j>. 

But  if   in   the    disturbing    function   we   replace  r,   z    by   their    values,   then   if    on 
the  left-hand  side  fl  =  H  {r,  z,  0,  tf)),  as  before,  we  find 


l-e-      dn 
1  +  e  cos/  dr 

<in 

,  dn 

-  a  cos/  -T^  + 

(2  + 

ecos 

f) 

sm/ 

rfn 

1- 

e^ 

de  ■ 

aesin/  dCl 

(1  + 

eco»/y 

da 

dn 

(1 

-« 

)* 

dfi 

(iO 

_dn 

d^  ' 

(in 

dn 

dSl 

d'e 

dn 
de  • 

where  on  the  right-hand  side  £1  =  11  (a,  e,  g,  C,  0,  <p). 
c.  III. 
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The  formuiie  for  the  variations  thus  become 

da  =  —  j-dt. 


ie  - 

1-f-dn.      •Jl-i'da 
iiii'e  %            nafe   dS     ' 

ds  — 

2  da  , 

nada 

-     '-^f-dt. 

na?e   de 

dC- 

cot  ^    dn. 

tl4>  = 

cot0      do,  , 

cosec  <f>    dil 
na^'/r^r^dO 

dO  - 

+  - 

co.ec*    .fl. 

where,  as   before,  fl  =  fi   (a,  e,  g,  B,  0,  <f)).     This   is   the   second   system   of  formulie   for 
the  variations  of  the  six  elements  «,  e,  g,  C,  d,  0. 

The   last-mentioned  system   may   be   easily   deduced   from   Jacobi's   canonical   system 
of  formula,  viz,  putting 

91,  the  constant  of  vis  viva, 

^,  the  constant  of  areas, 

S,  the  constant  of  the  reduced  area, 

5,  the  constant  attached  to  the  time, 

0,  the  angular  distance  of  perieentre  from  node, 

^,  the  longitude  of  node ; 

then  the  canonical  system  is 


d%  = 

g* 

<i8  = 

s* 

«  = 

<«-■ 

->■ 

«  = 

->■ 

<*$  =  ■ 

-i* 
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and  the  expressions  for  9(,  &c.  in  terms  of  the  elements  a,  e,  g,  C,  6,  <}>,  are 

91 i«W, 

58  =     na^  Vl^e'', 

S  =     na^  VI  —e^  cos  0, 

3=    Ig-i- 
@=    c, 
■&=    ^, 

and  the  transformation  can  be  effected  without  the  slightest  difficulty. 

1   shall   conclude   with   the   demonstration    of  a   formula   which   occurs   implicitly   in 
Hansen's  Lunar  Theory,  and  which  may  probably  be  useful  for  other  purposes. 

Write 

p,  the  radius  vector,  t  for  t, 

i|r,  the  true  anomaly,  r  for  (, 

that  is,  let  p,  i/r,  be  what  r,  f,  become  when  the  time  (,  in  so  far  as  it  enters 
explicitly  in  ff,  and  not  through  the  vaiiabie  elements,  is  replaced  by  an  arbitiury 
quantity,  t. 

And  suppose,  in  like  manner, 

7,  the  mean  anomaly,  t  for  (, 
X,  the  departure,  t  for  (, 

and  let  Ip  denote  the  logaiithm  of  p ;  then  we  have,  attending  only  to  the  variation 
of  (,  in  so  far  as  it  enters  through  the  variable  elements, 


df  ■■ 


(2 +»  cos/)  sin/  (l+ecos/y 


, ,  (2  +  e  COS  -Jr)  sin  ifr  ,  (I  4-  e  cos  -JrV  , 

^  1-6=  (1  _  e^)*         '' 


dip  =  - 
We  hence  deduce, 


{1  +  e  cos  i|i")  cos  '•jr  ,       (1  +  e  cos  i^)  e  si 


1  ,       esini/'siTi/(2  +  ecos/)  — cosT^  — 2e  — e-cusi/r  esm-\lr{l+ecos/y   , 

a    "'^  (!-«")  (1  +  ecos'f)  '  ^  (I  -  e'}*  (1  +  e  coaf)   ' 

37— 
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the  coefficient  of  di  being  zero.     And  substituting  for  da,  de,  dg  their  values,  viz. 

2e  sin  f  dil  .  2  (1  +  e  cos  ff  dO.  ,, 

^^  Vl  -  e=  dr  na  (1  -  e^*     '^i' 

,  Vl  —  e^ sin  ^ dli  ,      e  + 2co8/^+ecos^/^dii  „ 

de  =  —  ■     - — --  -J-  dt+  T-  Ji.  ^^' 

na  dr  jj^a  ^j  _  g2  tip 

^  (l-^)i-2e  +  cosf+ecos-f)  dCl  ^^  _^    (2 +  e  cos/)  sin/  dO.  ^ 
nae  (1+e  cos/)  dr  na'c  d]> 

the  equation  becomes 


dip+^i;^^(df-d^) 

—  —  ^   sm  ( /  —  -Jr)  -J-  dt 

na(l  +  e  cos  ■f)        ^-^       ^'  dr 

-\ ;^r:^ — — — -  ^2  +  e  COS  1^  -  COS  (/-  ■Jr){2  +  e  cos/)t  -j^  dt. 

«aWl-e»(H-eco8^)l  ^  ^■'      ^'^  ^14 

But  we  have  {'  =  w+/  X  =  OT  +  i/r,  and,  consequently, /— i^  =  ]i  —  \,  and  the  equatioi 
becomes 


[2  +  e  cos  ^  -  cos  ({,  -  X)  (2  +  e  cos/)|  ^^  dt, 

which  is  the  equation  referred  to;  the  expression  on  the  right-hand  side,  omitting 
the  factor  dt,  is,  in  fact,  the  portion  not  involving  the  arbitrary  functions  11,  F,  of 
Hansen's  function  R  {Fund.  p.  43),  viz.  it  is  in  Hansen's  notation. 


-Vl 

-6= 

ln(j7-; 

n«(l  +  ecosi^)'" 
1 

no 

'.^■^1- 

e^(l+ecos'f) 

- 12 COS (v^~\)~l  +  — f^, [cos (v, - X) - l]l  T-?^  ^ 
[r       ^'       -^  ([(l-g=)'-       ^'  ■'JVl-e^rff 


-   ^«-(«,-M 


^Lcos^.,-^;-.j|^-_^ 
dfi 


where   a,  n,  e,  r,  p,  v,  X,  fl   (Hansen),  correspond    to   a,  n,  e,  r,  p,  ]>,  X,  n~-  ar^  H,  of  the 
present  Memoir. 

2,  Stone  Buildings,   W.  C,  3  March,  1858. 
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ON   THE   DEVELOPMENT    OF    THE    DISTURBING   FUNCTION    IN 
THE   LUNAR   THEORY. 


[From   tho   Memoirs  of  the  Royal   Astronomical   Society,  vol.    xxvii.,  (1859),  pp.    69 — 95. 
Read  November  12,  1858.] 

The  development  of  the  disturbing  function  for  the  lunar  theory  ia  effected  in 
a  very  elegant  manner  in  Hansen's  Fwndammta  Nova,  and  it  requires  only  a  single 
easy  step  to  exhibit  the  result  in  a  perfectly  explicit  form,  and  to  compare  it  with 
those  of  other  geometers.  To  do  this  is  the  immediate  object  of  the  present  memoir, 
and  the  mode  of  development  is  a  mere  reproduction  of  that  made  use  of  by  Hansen. 
But  the  memoir  is  written  with  a  view  to  the  development  of  and  application  to  the 
lunar  theory,  of  the  theory  contained  in  my  "  Memoir  on  the  Problem  of  Disturbed 
Elliptic  Motion,"  amte  pp.  1 — 29,  [212],  and  the  notation  adopted  (differing  from  Hansen's 
very  slightly)  is  consequently  that  of  the  memoir  just  referred  to. 

Taking,  as  usual,  li  to  denote  the  disturbing  function  with  the  sign  employed 
by  Lagrange  (n,  =  —  R,  if  iJ  be  the  disturbing  function  of  the  Mdcaniqvs  Celeste),  then 


m',  the  mass  of  the  sun, 

r  ,  the  radius  vector  of  the  moon, 

/  ,  the  radius  vector  of  the  sun, 

ff,  the  angular  distance  of  the  sun  and  moon, 

the  earth  being,  of  course,  taken  as  the  centre  of  motion ;  (Hansen's  fi  is  the  above 
value  divided  by  M  +  m,  where  M  and  m  are  the  masses  of  the  earth  and  moon 
respectively;  that  is,  the  disturbing  function  here  represented  by  U  is  Hansen's  11 
multiplied  into  M+m). 
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Write  also 

/  ,  the  true  anomaly  of  the  moon, 

f  ,  the  true  anomaly  of  the  sun, 

C  ,  the  distance  of  moon's  perieentre  from  ascending  node  of  moon's  orbit, 

C,  the  distance  of  sun's  perieentre  from  same  node, 

^ ,  the  inclination  of  moon's  orbit  to  that  of  the  sun, 

where  the  orbits  referred  to  are  the  true  or  instantaneous  orbits.  Then  the  angidar 
distance  H  is  the  thii-d  side  of  a  spherical  triangle,  the  other  two  sides  whereof  are 
/+C,  /'  +  C,  the  included  angle  between  them  being  <[>,  that  is,  we  have 

cos  H  =  cos  {/+  C)  cos  (/'  +  C)  +  cos  '1'  sin  (/+  C)  sin  (/'  +  C) 
and  in  this  equation,  if  we  write 

g ,    the  mean  anomaly  of  the  moon, 

a,    the  serai-axis  major  of  the  moon's  orbit, 

e  ,    the  eccentricity  ; 
and  in  like  mannei', 

ff',    the  mean  anomaly  of  the  sun, 

a',    the  semi-axis  major  of  the  sun's  orbit, 

e',    the  eccentricity; 

then  )■,  /,  and  r',  f,  are  respectively  given  functions  of  a,  e,  g,  and  a',  e',  ff',  viz.,  we 
have 

r  =  w  elqr  (e ,  (J  ), 

/=      elta  (e,  (c), 

/  =  a'  elqr  (/,  g"), 

/'=       elta(e', /), 

and  introducing,  instead  of  the  inclination,  the  quantity 

1}  {—  sin  J4>),  the  sine  of  the  semi-inclination  ; 

the  disturbing  function  fi  becomes  a  function  of  a,  e,  g,  C,  a\  e',  g',  C,  i;,  and  the 
required  development  is  a  development  in  multiple  cosines  of  g,  g',  C,  C,  the  coefficients 
being  of  course  functions  of  the  remaining  quantities  a,  e,  a',  e',  ij.  The  single  symbols 
C,  C  (which  denote  the  distances  of  the  pericentres  of  the  Innai'  and  solar  orbits  from 
the  mutual  node)  will  be  retained  throughout  the  memou' ;  but  if  we  write 

•w,    the  departure  of  moon's  perieentre, 

S,   the  departure  of  moon's  ascending  node  ; 
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these  departures  being  measured  on  the  moon's  orbit;  and,  in  like  manner,  measured 
on  the  sun's  orbit  from  a  d&parture  point  on  this  orbit,  but  called  for  distinction 
"  longitudes,"  instead  of  departures, 

■st',  the  longitude  of  the  sun's  peiicentre, 
0 ,  the  longitude  of  the  moon's  ascending  node ; 
then  we  have 

and  the  disturbing  function  li,  so  far  as  it  depends  on  the  position  of  the  moon,  is 
a  function  of  the  seven  elements  a,  e,  g,  =i,  i?,  2,  ©,  and  it  contains  also  the  quantities 
d,  e',  g',  -is',  which  relate  to  the  sun. 

Proceeding  now  to  develops  li  in  ascending  powers  of     ,,  we  have 
n  =  ni  |-,  +  ^,  [|  cos^  H~  i]  +  ^,  [f  cos=  if  -  I  cos  i/]  +  ^,  p^  cos*  H-if  cos'^  H+-^  +  &c,l 

where,  howevei',  the  last  term  is  neglected  in  the  sequel,  and  since  we  are  only  con- 
cerned  ivitb   the   differential    coefficients    of    fi    in    regard    to    the    lunar    elements,   the 

first  term  mi'  ->  which   depends   only  on   the   solar   elements   may  also   be   neglected ;   we 

have 


008  H-         008>  1* 

C08(/-/  +  C-C') 

+    sin-  ^O 

008(/+/'  +  C+C'), 

and  thence 

cos- if  =         005' i* 

eo8'(/-/'+C-C') 

+  2oos"i*sii 

n-J* 

cos  (/-/'  +  C-C')   cos  (/+/'  +  C  +  C') 

+     .in'!* 

cos^(/+/'  +  C  +  C'), 

co^^  //  =        COS"  4*  COS'  (/-/'  +  C  -  C) 

+  3cos^J*sinH*  cos=  (/-/'+ C-C)   cos  (/+/'  + C +0') 

+  3  cos= -i*  sin*  ^<I>  cos  (/-/'+ C-C)   coa^(/-l-/'-F  C+C) 
+                 sinH*  eos^(/-i-/'  +  C+C'), 

and  converting  the  powers  of  the  cosines  of  /-/'  +  C  -  C,  /+/'  +  C  -|-C  into  multiple 
cosines,   and  expressing   the   coefficients   in  terms   of  ij  (=  sin  ^*)   and   neglecting  if,  we 
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COS  /r=  -li-  C03      f-   f  +    C-     C 

+  ^''  COS      /+   /'+    C+     C, 


S-if-     4- 
+  i- 


+     IV 
-      V' 


iV 


Hence 


+        I V  -  3  V 
+        }  1"  -  }  V 


XI  =  m'  ^  multiplied  into 


COS  2/- 2/"  +  2C  -  2C' 

cos  2/  +2C 

cos  2/'  +  2C' 

cos  2/+ 2/' +  2C  +  2C'. 

cos  /-  /'  +    C  -    C 

cos  3/- 3/' +  3C  -  3C' 

cos  /+  /'  +   C  +    C 

cos  3/-  /'  +  3C-    C 

cos  /-3/'+   C-3C' 

J  V     cos  3/+  /'+3C+    C 

}  V      cos  /+  3/'  +   C  +  3C'. 


+  f 


-  f  1"  +  f  ■)' 
I V  -  f  V 
§  V  -  I  V 


,r^ 


multiplied  into 


cos  2/- 2/' +  2C  -  2C' 

cos  2/  +  2C 

cos  2;"  +  2C' 

cos  2/+2/'  +  2C  +  2C 


i—W  +  ^l'  cos  /■-/'+    C-    C 

+  i-"-l'  +  ¥l'  «»s  3/- 3/' +  3C  -  SC 

+         Sf'-W  cos  /+  /'+    C+    C 

+        Vi'-tl'  cos  3/-/'  +  3B-    C 

+        V-V-W  cos  /-3/'+    C-3C' 

+                   Vl'  cos  3/+  /■  +  3C+    C 

+                   -V-  V  cos  /+  3/'  +    C  +  3C', 


[213 


V  Google 


^13]  IN    THE    LUNAR    THEORY.  297 

but    the    last    two    terms    of    the   part    multiplied   by   m  —^  (which   are   besides   of    the 
fourth  oi-der  in  tj)  are  neglected  in  the  sequel. 

Now  i,  i'  denoting   integer  numbers,  and  writing   down  only  the   general  terms  (the 
summatory  sign  2J1  being  in  each  case  understood),  we  may  put 


^c„.2/=ft.-o„»,>,  ; 

sin  2/  -ft'  sin,-.,. 

S              =P-    CO,.., 

°^,  COS  2/'  =  0,'  cos  ty,     ?!, 

sin  2/'  =  G/  sin  i'g', 

^            =i^coa.y. 

^;cos/=j,.cosij,  ;; 

sin  /  ^^/sin.y, 

—^  cos  3/  =  B/  cos  ig ,     - 

sin3/-B,'sini<,, 

-,,  cos  /'  =  C/  cos  i'g',    \ 

sin  /'  =  G/  sin  .y, 

?J;'oos3/'  =  D/oosiy,     2r. 

sin  3/'=  A' sin  .y 

0,'=    ft-',    G/-    Gr' 

^,'-     yl,-',  &c- 

«.'  =  -«,-',   e/.-G.-'- 

A'--A-',  &o. 

P'=     P-',     K'  -     Z-'-. 

Then  by  a  known  rule  for  the  multiplication  of  doubly  infinite  sine  or  cosine  series, 
and  after  an  easy  transformation  of  the  original  form  of  the  coefficients,  we  obtain, 
for  instance, 

-'',■  cos  (2/-  2/'  +  2C  -  2C')  =  ^  (Q/  +  Q/)  (G„''  -  G/)  cos  ({<?  +  »>'  +  2C  -  2C') 

where  only  the  general  term  is  written  down,  but  the  indices  i,  i',  each  of  them 
extend  from  -co  to  +  cc ,  zero  included,  or  the  summatory  sign  2"^  S-^,  is  to  be 
understood;   and  similarly  for  the  other  terms  of  fl.     And  we  may  write 
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a'     *       ^     '         '   ' 


il,  = 

a,  = 


^^  i-i  r,'+  ^v'    Qc'  +  QJ  G/-G/  cos  i</ +  ^y  +  2C  - 2C', 

^  t  'j'  -  t  'j'  Q«'  +  ft'  A"''  cos  ig  +  %fj  +  2C 

^3  I  '?^  -  f  'J^  -P'  ft''  +  Gt  COS  i^  +  ^ij            +  2C', 

^3  f  if  Q.C  +  Q/  G,''  +  Gi'  cos  i£r+  i'l/'  +  20  +  2S:', 

;^  5  -  ¥  'j'  +  ■'b^  'j'  -^..■"  +  ^s*  t;/'  -  C/'  cos  iri  + 1'^'  +    C  -    C, 

^4  fi  -  ¥  >?'  +  ¥ »?'  5«'  +  JJ/  -0/'  -  -D/  cos  ig  +  ^'^^  +  3C  -  3C', 

^4  I  'j''  -  -5^  if  ^i  +  -^s'  C^*'  +  C„''  cos  ijr  +  i'g'  +    C  +    C, 

^4  ^<?  ^'  -  V  'j'  -B/  +  £/    (^c'"  -  cv  cos  i^f  +  *y  +  m  -  C, 


jO/'  -  D^    cos  ii;  4 


-3C', 


The  values  of  P',  ft',  Q^',  &c,  ai-e  made  to  depend  ultimately  upon  the  develop- 
inent  in  multiple  cosines  of  the  square  of  the  radius  vector  and  the  development  in 
multiple  sines  of  the  ti-ue  anomaly.  And  the  actual  values  of  P'",  Q„\  ft',  he,  expanded 
in  powers  of  e  or  e',  are  given  pp.  174—179  of  the  work  above  referred  to.  I  have 
verified  all  these  values  by  a  different  process,  and  have  discovered  only  a  single 
inaccuracy,  which,  however,  is  rather  an  important  one,  as  it  affects  the  evection,  viz., 
the  value  of  ft^  should  be  -fe  +  f|e'+&c.  instead  of  (Hansen)  -|e  +  ||e^  +  &c' 
The  formation  of  the  sums  or  differences  ft'  +  Q,'  is  of  course  perfectly  easy,  and  we 
thus  obtain  the  actual  developed  expression  of  the  disturbing  function,  which  I 
represent   under   the  following   form,  viz.: — 
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-  i;*J  multiplied  into 


Lunai-  part  infi'fi. 

1773  „., 

77  y4 

16 

53    .., 
16 

4          4 
2         16 

48 

256 

*  Exact  value  is  (i-e'^)-^ 

-S'J 
-Z9' 

-  2?' 

-  9' 
Off' 

+       9' 
+   2/ 

+  3  5-' 
+  5?' 

!'• 

Solar  part  supra. 

-  63 

-5? 

12          15 

-4? 

s-'-i" 

-33 

4          12          96 

-  2? 

'+8'" -19^^' 

-     </ 

I  +  ^e'  (exact) 

o,V 

"l-'-.i"' 

+     9 

r'^'.''-^5- 

+   2if 

i"*:k'- 

+  3? 

12          15 

+  4? 

2  5   ., 
384 

+  5? 

1- 

+  6p 

V  Google 


ON   THK   DEVELOPMENT    OP   THE   DISTURBING    FUXOTION 


[213 


Lunav  part  infr^. 

22S347  ... 
3S40    ■ 
533,., 

»45  ,, 
48 

17    „.2         115      ., 
2                    6 

. 

-7^ 
-6ff 

-  4? 

^•-^«■■ 

-3? 

-2C' 

.-S...£|.. 

-   2CJ 

-;''*r6'" 

-     <J 

0  (ex.ot) 

Off 

i'" 

+     !/ 

24 

+   23 

-y^«- 

Solar  part  supra. 

-4? 

^S.- 

-  3<f 

-h-'-ii'' 

-  ^(1 

24         384 

-     <J 

^  e=  (exact) 

°'J 

3«  +  -8-'  +19=' 

+     9 

-!«--3"-sV- 

+  2g 

.+  2C 

-^-n:'" 

-  3ff 

='-i<'*^<' 

+  4? 

24          384 
8'       80"' 

+  S? 
+  6</ 

2401  ^ 
1920' 

45 

+  7i/ 

20  —  20     variation. 
2  C  ~  2  C'   evection. 
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flj  =  m'  ^^  (^  ij=  -  ^  tjA  multiplied  into 


Lunar  part  infra. 

256 

21. ■' 
16 

53  „.. 
16 

4          4 

4          4 

*Exact  value  is  (i-e'^*)"* 

-  S'j' 

-4</ 

-  3'j' 

-  !/' 
°</ 

+      </ 

+   2!/' 

+  S'/ 
+  4'/ 
+  5!/' 

-   "   # 
7ZO 

Solar  part  supril. 

-  4  !J 

17    ., 
640 

-Z'J 

"i6''~48o'' 

-29 

7     s      47    , 
24         384 

-   y 

5,.  (exact) 

°9 

--¥-4.'' 

+    y 

-f-^fl-'-ls- 

+  Zi? 

.+  r:C 

'-¥"-5'' 

+  3,'/ 

«--3-+-4°8'' 

+  4i/ 

24         384 
8         80 

+  $9 
+  6y 

+  7!/ 
+  Sy 
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il,  =  m'   ',J~V'—     n^j  multiplied  into 
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Lunar  part  infra. 

24 

48''" 
0  (exact) 

-  2/ 

-  <!' 

+     !/' 
+  2y' 

^■-^'' 

+  3'/ 

+  2C' 

3             6 

+  A9' 

845  .., 
43 

+  S9' 

533   .1 
16    ' 

+  (xj 

228347    ,- 
3840 

+  19' 

~.fe«- 

Solar  part  supra. 

-6,/ 

384 

-5? 

12         15 

-4& 

-r'^.ls^' 

-39 

-~-/^T2^'-^(,'^ 

-29 

_  e  +  I  e^  _  .  L  «> 
8          193 

-     9 

1  +  ^  e-  (exact) 

°9 

-e  +  gg^-^-^^e-' 

+     ff 

4         12         96 

+  2;/ 

-r+7^8^ 

+  39 

12         IS 

+  49 

-3!^" 

+  59 

-7^- 

+  0g 
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Hb^  ni'-7^|  -  yj  multiplied  into 


Lunar  p<att  infra. 

24 

48°' 
0  (exact) 

2       ■  16- 

-  3^/ 

+    ;/ 
+  2y 

\''--S'" 

+  3ff 

+  2C' 

k^-'V'^ 

+  4? 

48  ' 

+  5i/ 

533  .'4 
16 

+  6j, 

228347   ,5 
3840 

+  7i/ 

720 

Solar  part  supra. 

-   4^ 

^7     .5 

640' 

-3i/ 

-A'*-iS.'* 

-  ^y 

24        384 

-   y 

|.' (exact) 

oy 

-3"'s^'-,i'' 

+   y 

'--|'-fi"--a- 

+  zy 

■  +  2C 

'    T*^*  64 

+  3? 

^■-f-'+Ts'-^ 

+  4? 

24         38+  • 

9,.     =!*■   . 
s'  ^i"' 

+  5^ 
+  6,9 

+  7? 
+  8y 

, 
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Tj-  +  -    ^^  j  multiplied  into 


Lunar  part  infr^. 

77    .. 
6 

COS 

-  4?' 
-3i/' 

-2'/ 

,^2," 

-     9 

-C 

.,'*5,- 

09 

y"" 

+     9' 

^^.. 

+  2g' 

*  Exact  value  is  e'  (i  -  e'')-4 

7     i 

128^ 

Solar  part  supra. 

-39 

^e» 

-a. 

"I    1      7    1 

-     9 

^|.-a„.(e„„,) 

Off 

64 

+     9 

■  +1G 

^i...^' 

.^, 

-i''+s'' 

+  Iff 

24 

+  4? 

'$-/ 

+  5? 

g  —  g'  -vX)  —Xi'  paraUactie  equation. 
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^7  —  in'  —,{o  — ^  v'  +  ~o-  V^j  multiplied  into 


Lunar  part  iiilVa. 

•A3,-.. 

4 

^^7    .- 
8     ' 

S.'-2  2.- 

cos 

-6^' 

-5S'' 
-A9' 

I  -  6e-' 

-39' 

-3C' 

-e'^^e- 

—  ^ff 

4 

s"" 

-     9' 

0  (exact) 

Off' 

75  „j 
128 

Soliir  part  supra. 

-    9 

-  ^  e^  (exact) 

°ff 

57, s     6s 
8  ^      16 

2         4 

+  29 

64 

+  39 

*3C 

3,-57,:. 
2         8 

+  49 

¥'--f'' 

+  59 

9^-. 

4  ' 

+  6^ 

343-, 

138 

+  7  .7 
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ng  —  m'    .fl-v^ V^i  multiplied  into 


[213 


Lunar  part  infra. 

cos 

I  +  '2e'^ 

■      *^' 

4 

+  ^'j' 

53  .-2 

+  3'/ 

77  ..., 
6    ' 

+  4<y 

*Exact  value  is«'{i-«'-)-^ 

7    ,1 
i»8 

Solar  part  aupri. 

-31/ 

i"- 

-^^ 

'i''*i" 

-     •/ 

-;<-y  «'(»"•««) 

oy 

64' 

+    i/ 

+  c 

-i.  +  <c 

+  2.7 

-i-^^;- 

+  3t/ 

-i' 

+  4^ 

344 

+  5.'/ 
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n^^m'  —^(-—i)' ~v  j  multiplied  into 


LmiiU'  part  infra. 

77  „■■! 

8 

3'' -7" 

*  b'  +  5  e'^ 

"8  ^^ 
tie" 
*Exact  value  is e'(i-0"^ 

-4/' 
"Si/' 
-  2^' 
"     9' 

-C 

-!i'- 

Solar  part  suprS. 

-     'J             '' 

-^e--   (exiict) 

0, 

8          i6 

+      ? 

a         4 

+  21/ 

64 

+  3ff 

+  3C 

3  „     57   . 

2         8 

-4S' 

8  *       16" 

+  5? 

9g< 
4 

+  ^9 

343,, 
128 

-i-  7i/ 
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n,„  =  wi'  — ^  j  -5- 1?^ -TjA  multiplied  into 


Lunar  part  infra. 

1^3,, 
4 

■?'■■ 

5(!'-22e" 

cos 

'5!/' 

-  4<y 

1-6.- 

-3'/ 

~3C' 

4 

-  2,y 

8^'" 

-    y 

0  (exact) 

°'j' . 

ris-' 

Solar  part  snpra. 

-3!/ 

s"' 

-  2? 

'i'-*i'- 

-    y 

-;«-y«'  (e><"<*) 

°y 

64 

+    'J 

H-C 

-~e+e^ 

+   2d 

-'r'^T? 

*3<J 

24 

.4. 

95  ,. 
-384' 

+  5.V 
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Tho  ari'angement  of  the  tables  hardly  requires  any  explanation ;  oach  line  of  the 
upper  half  of  a  table  is  to  be  read  in  combination  with  each  line  of  the  lower  half 
of  the  same  table.     Thus  a  term  of  ila  is 

'«'  5  (i  -W  +  W}{'  i^'  -  31.^1^0(1  -  ¥' + W)  <^os  i-y-  y + 2C  -  ac). 

It  is  to  be  observed  that  in  the  table  for  Hi  {where  the  arguments  depend  only 
on  the  mean  anomalies),  the  several  terms  (other  than  the  constant  term)  occur  in 
pairs  of  equal  terms,  having  respectively  the  arguments  ig +i'g'  and  —ig~i'g';  such 
equai  terms  are  to  be  united  together,  or,  what  is  the  same  thing,  the  coefficients 
must  be  multiplied  by  2,     Thus  we  have  the  two  terms 

™'  J.  (i  -  It  +  %0  (-  ih^')  { "^Ve'O    cos  {-  %  -  rx/) 

Ditto  cos  (     Qg+  og') 

or,  what  is  the  same  thing,  the  term  is 

"i'  5  (i  -  W  +  W)  (-  T^e=)  ( '^'Jie")  2  cos  (     6g  +  bg"). 

This  is  the  case  even  when  either  i  or  i'  vanishes ;  but,  as  already  noticed,  it  is 
not  the  case  for  the  constant  term  where  i  and  i'  both  vanish.  There  are  not  any 
such  equal  pairs  in  the  tables  for  fl.j,  &c.,  where  all  the  arguments  contain  a  part 
independent  of  the  mean  anomalies.  The  quantity  C  occurs  in  the  upper  or  solar 
half  of  the  table ;  but  it  is  to  be  recollected  that  C  (—  vs'  —  ®)  involves  0,  which  is 
an  element  of  the  moon's  orbit. 

The  peculiar  form  in  which  the  coefficients  are  exhibited,  viz.  as  the  product  of 
a  term  depending  on  the  inclination,  a  term  depending  on  the  eccentricity  of  the 
moon's  orbit,  and  a  term  depending  on  the  eccentricity  of  the  sun's  orbit  is  not  to  be 
considered  as  a  want  of  completion  of  the  development ;  it  is,  on  the  contrary,  an 
important  advantage. 

[The   En-ata   in   the    Tables,   noticed   Mem.   R.   Ast.   Soc.  vol.   xxviii.   p.   21(>,   have 

been    corrected.      The    values    of    P',    Qc',    Qs\    &c.    used    in  the    cons  traction    of    the 

Tables  ante  p.  298  may  also  be  obtained  from  the  Tables  of  the  Developments  of 
Functions  in   The   Theory   of  Elliptic   Motion,   216.] 


Addition. 

I  deduce  from  the  preceding  an  expression  for  the  disturbing  function  in  a  form 
similai'  to  and  easily  comparable  with  the  forms  given  by  Sir  J.  W.  Lubbock  in  his 
work  On  the  Theory  of  the  Moon  &c.  (London,  1834),  pp.  30 — 3-5,  and  by  Pont^coulant 
in  the  Tkeorie  Analytiqve  dti  Syst^me  du  Monde,  t.  iv.  (Paris,  1840),  pp.  58 — 61.  The 
several  notations  are  as  follows,  viz.: 
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S 

J-jr'  +  C-C 

5  +  B 

2i,Vl -,"-!- (1-2,") 


Lubbock. 

Poiiticouimt. 

f, 

*, 

r. 

*'. 

7. 


7' 

=    V+12,' 

7' 

=  lGtf, 

T 

-b'-fuT-. 

1' 

=Ay. 

(7,  the  tangent   of  tho   inclination,  is  employed  by  the  above-named   two  authors  voi 
of  1),  the   sine   of  the   semi-inclination,  the   relation   between  these   two  quantities  j 

to    rf   or    7]*, 


and  conversely, 


which  arc  useful  for  replacing  one  of  these  quantities  by  the  other).  Tho  disturbing 
function  is  taken  by  Lubbock  with  the  contrary  sign,  and  he  includes  in  the  before- 
mentioned  omitted  term  depending  only  on  the  sun's  radius  vector,  that  is,  R  (Lubbock) 

=  —  m'  -,  —  il ;   he   uses  also,  in   reference   to  the  Bun,  subscript  strokes  instead  of  accents 

(so  that,  in  referring  to  his  notation,  f,  should  properly  be  here  used  in  the  place 
of  I',  but  this  difference  is  obviously  immaterial).  Pont^coulant's  disturbing  function  is 
taken   with   the   same  sign  as  in  the  present  memoir,  or  we  have   R  (Pont^coulant)  =  li. 

Lubbock   and   Pontecoulant   give   in   the  principal  terms   the  part  involving  Vi' —^,  which 

depends  on  the  square  of  the  parallax,  and  which  was  disregarded  in  the  preceding 
development.  I  have  in  the  sequel  inserted  these  terms  from  Lubbock's  expression. 
We  have,  in  fact ; 
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.„„.    1 

P.»ia™™. 

Argumen 

ta  ut  suprA. 

Argaments. 

Nob. 

Nob. 

4*8     +8          ,6              r-                      [ 

0 

0 

,3,_2,.._2,..,|,.A-    J 

^yi--'i'^'*'i^*'4^-'-^Z''-\ 

.» 

3r 

' 

3f 

30 

2y-2j/' 

+  3C-2C' 

^3,,.;i,....ll,...3v.i=lJ 

2        i6         4                                   lOft' 

f 

* 

' 

y 

3r-      f 

3T+       f 

3 

4 

2f+       * 

32 

3.-.'i 

.|.  3  C  -  2  c 

.J..|.,.,£|,,_2,..        .MJ, 

f 

5 

*' 

6 

.</• 

8          rf            64          4   '         320" 

3r-     f 

6 

it-       *' 

33 

..-3.') 

+  2C-2C' 

8        16           64         4  '               33  «" 

3r+     f 

' 

2f+       <).' 

34 

^^-     W 

-r'-ii'-^A^-'-^l'-^' 

2^ 

8 

2* 

' 

2ff 

3T-3f 
3T+3£ 

9 

3«-2* 
3f+3* 

35 
36 

-3/ 

4?--33' 

+  3  C  -  3  C 

_3„.  +  j,.,.^^?  „..  +  .?,.„, 
4             33              32              ' 

£+      i' 

" 

*+       *■ 

9 

;?+;/' 

_5lw  +  H3,.,,^>»7„,^l3    ,,,, 
8             64               64               4    ' 

2r-       S-f 

" 

3£-       *-,(,' 

37 

S-Si/' 

+  3  C  -  3  C 

8           64            64            4  ' 

3T+       f+f 

'3 

3f+       -^     +   -f.' 

40 

iy-   it' 

^3„,^i,.,._£2„,^9^,^ 
4            32              33              3   ' 

f-       f 

.4 

*-       *' 

8 

11-     !/ 

+  8"      64            64"       4'" 

2T-       S+f 
2T+       f-f 

■s 
16 

3S-       *+.(,■ 

3  4  +     *  -  +' 

3« 
39 

H-     !/ 

+  2  C  -  3  C 

^i--^I-'--i'--?'-'" 

3f 

■' 

2*' 

7 

^il' 

-i;'-f'-'--^'"-¥'-- 

3r-3f 

18 

2S-3*' 

41 

ig-t'J 

+  2  C  -  3  C 
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LnBBOCK. 

PONIECOULAK 

Arguments  ut  auprS. 

Aigument.. 

Noa. 

Argnmut.. 

Nos. 

-is'- 

CO. 

3S 

.0 

3* 

3 

3? 

32 

2.-3* 

2, 

»«-3* 

43 

-     !/-'2'j'] 

2r  +  34 

22 

2S+3* 

44 

,L+2C-2B' 

5?- 2;/') 

i6 

2f+     f 

23 

2*+     *■ 

" 

2?+     '/ 

+  ^5^,' 

lr-2f-    f 

24 

2i-   a*-    *• 

45 

-3'/ 

-|... 

+  2C-2C' 

2r+2f  +    f 

25 

2*+2^+      0' 

48 

4.7-     ,/ 

3     "„- 
i6 

2i-     f 

26 

2*-    *' 

■.0 

2y-  ;/ 

^;^-' 

2r-2f+      f 

27 

2f-2,.,' 

46 

^^.■^.' 

2T+2f    -     f 

28 

2^  +  2^  -  <;,' 

47 

4^-3.'/) 

9  „  /.. 
8 

l+2f 

29 

>i>+2<f>- 

13 

.*2, 

-■f"- 

2T-       f-2f 

30 

2i~       <f.-2<f.- 

49 

y-43'     +2C-2C' 

-I"" 

«    -Jf 

3^ 

.^-2^- 

r2 

^-3' 

-f"- 

2r+     |-2f 

34 

2.*^     .^-2f 

51 

3y-4ff'   +2t;-2C' 

+  51,'. 
32 

3f 

35 

3.'/ 

64 

2T-3f' 

36 

2  i/  -  5  ?■ 

.+ZC-2C' 

64 

2r  +  3f 

37 

2?+       y' 

24 

4? 

38 

4? 

32 

2r-4i 

3r  +  4* 

39 

40 

2^-4* 

52 

32 

3«+    f 

41 

3^+     *' 

17 

3y-     .'/ 

49  .1.' 
64 

2'  -3£-    i' 

42 

2f-3*  -    -i' 

53 

-     f/-3!/     +2C-2C' 

V  Google 


213j 

0  {cmiinued)  =  m'  — , 


IN    THE   LUNAit   THEOEY. 

multiplied  into 


Lubbock. 

PONTECODI.AKT. 

Arguments  ut  eupr^. 

AcgumentB. 

So.. 

Arguments. 

Nos. 

2S„.„. 
64 

COB 

2T*3|+     f 

43 

$'J-   9' 

+  2C-2C' 

32 

3f-    f 

44 

S't'-     </*' 

16 

z-j-  9' 

^//'' 
^■i'-' 

»r-3i+    (■ 
2Tt3f-    «' 

45 
46 

2^-3^+    <(.' 

54 

-     9-    9 
S9-i9 

...-,.. 

9  g=g'= 
32 

2«+2f 

47 

z^+zf 

15 

2g^2g 

*f'- 

2T-2f   -2f 

48 

2^-20-2^ 

55 

-49 

+  2C-2B' 

32 

a^-jf 

50 

2<^-2f 

14 

^9-^9 

.3...... 

a,  +  2l-2S' 

52 

49-49 

+  2B-2E' 

32 

S+3f 

53 

9  +  Z9 

64 

2T-      |-3l' 

54 

9-59 

1  +  2  B  -  2  B' 

+64"" 

2T+      S    +3S' 

55 

39+     9 

) 

32 

f-3f 

56 

9-39 

3       ., 
64 

2T-      f+3f 

57 

9+     9 

+  2  E  -  2  B' 

64 

2T+      i-3f 

S8 

59-59 

33 

4f 

59 

49 

+  '599  g.4 
64 

2r-4f 

60 

29-69 

L2E-2B' 

32  ' 

2T+4f 

61 

29  +  ^9'^ 

+  S,--ii,=  ,.  +  2f.'^3,' 

zi; 

62 

21) 

18 

2g               +.C 

.3,.,?^..-Ii,..'.-5,. 

2T-21J      rev. 

63 

2^-2,,      rev. 

57 

23'                   +2C' 

--ij-f 

1-2,      rCT. 

65 

.^-2  1)     rev. 

19 

.  +  2C 

+  ^n'e 

<+2, 

66 

.^  +  2^ 

39         \ 
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LUBEOOK. 

PoNlfecOULANr. 

Arguments  ut  supra. 

Arguments. 

N03. 

Aigumente. 

Nos. 

-f,'. 

CO, 

2T-     ^-3^      rev. 

67 

2i-    +^2,  rev. 

59 

+  2C 

-f^« 

2  T  +      ^  -  Z  IJ        rev. 

69 

2f+    .(,-2,  rev. 

61 

-     ?+2^ 

.i,.. 

j'-2. 

71 

*'-2, 

" 

2!(-    y  1 

U2C 

.a,.. 

f+si 

72 

■(.'+2.1 

22 

2J7+   <r' } 

+  -V'«' 

J,-    f-2,     rev. 

73 

2j-    *'-2,  rev. 

63 

3»' 

+  2C 

-J,.. 

,,+   f-i,      rev. 

75 

2^+    *'-2,  rev. 

65 

/ 

.^,. 

a|-2,              rev. 

77 

2.f.-2.j             rev. 

23 

+  2C 

+  5^.' 

2i+», 

78 

2.^+2, 

24 

4? 

4'- 

2,-2i-i,,     rev. 

79 

2i-2*-2,re.. 

67 

2J+2/) 

+  2S 

-f'"^ 

2T+2^-2j;       I«V. 

81 

2  1+2  ,(,-2,  rev. 

69 

-2?+3(^') 

-^,... 

S+     f~2,     rev. 

83 

.^+    </.'-2.)  rev. 

27 

S'~      ?' 

+  2B 

.2,.,. 

J    +      f+2. 

84 

.^+      <^'+2.J 

28 

33+      ?' 

-"'="■ 

i,-f-f-a,rov. 

85 

i/  +  3&''  1 

+  2C 

i'-' 

2,+|+f-!,rev. 

87 

-  ?  +  ?' ) 

-¥'-■ 

1-    f'-2,     rev. 

89 

,(.-    ,(.■-2,  rev. 

25 

»+  s'l 

1  +  2C 

+!^.«' 

,'-     f  +  21 

go 

*~      0'+2.) 

26 

3?-    »'l 

J,... 

2r-|+f-.,rev. 

91 

S+    !^) 

+  2t; 

-T"'"' 

j^+J-f-    j,„V. 

93 

-    ?+3ff' 

*'i^'" 

af-2. 

95 

29-29' 

+  2C 

.?,... 

2f+2, 

96 

29  +  29' 

^¥'- 

2r~2f-2,     rev. 

97 

49'          +2t:' 
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fi  (continued)  — m'  —^  multiplied  into 


L„o» 

PoNTECOOLiNT. 

Arguments  at  euprsl. 

Arguments. 

Nos. 

Arguments. 

Nob. 

*i^!-!-fv^ 

CO, 

r 

.OX 

70 

9-     9- 

i5„ 
i6 

T-     ^ 

102 

1-     * 

71 

-     9 

3 
16 

T+     f 

103 

i+     * 

72 

2?-    9' 

+2.' 

'-     f 

104 

s-  *■ 

73 

9-^9' 

H'' 

1+     f 

105 

i*     *■ 

74 

9 

-i'- 

r-2( 

106 

1-2* 

75 

-    9~    9- 

64 

,+  2( 

107 

i*2  0 

76 

S9~    9 

+    C-  c 

-re" 

T-       f-f 

108 

s-  ■(.-*■ 

77 

-^^ 

-*"■ 

T+       l+f 

109 

*+       ♦+*' 

79 

2ff 

-f^•■ 

r-     ^  +  f 

I.O 

S-   •*  +  *' 

78 

0  ?  +  0  ?' 

9  „„' 
16 

r+    S-f 

III 

^9-^9^ 

.  159   '. 
""64' 

,-2f 

II. 

9-39' 

*f/- 

r+af 

113 

9+     9  J 

-:-■ 

T  -  2  1)  rev. 

114 

9+9'     +    C  +    C 

.ff 

T+21J 

"S 

39-39'    +3C-  C 

^-^•■"^•■•-¥'- 

3^ 

116 

it 

80 

SS'-S?' 

-lie 
16 

3'-    « 

117 

3«-     * 

81 

29-39' 

3'+   f 

118 

3f+    * 

82 

49-39' 

3'-  e 

119 

3i-    *' 

83 

39-49' 

+  3C-3C' 

8 

3r*     e 

,.0 

3^+     *■ 

84 

3  9-^9' 

64 

3T-2t 

I.I 

3<-2* 

8S 

9-39' 
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) 

LUEBOCK. 

FoNT&COULAtJT. 

Argument 

ut  Bupra. 

Arguments. 

-• 

Arguments. 

N03. 

^g" 

CO, 

3'*'t 

S9-3) 

-T.'"^ 

3T-  i-i' 

123 

2.^-4?' 

15   ... 
16 

,3-+  (*e 

124 

4S-2J 

-S"' 

3'-    «*f 

"5 

»J-«J' 

+  3C-3C' 

^'-^"' 

3-+    t-C 

126 

4.^-4<7' 

*t" 

3T-!f 

127 

3»-S9' 

^f 

3T+2f 

128 

*'i^ 

3'-«1 

129 

H-iff 

+     C-3C' 

where  the  abbreviation  rev.  denotes  that  the  argument  to  which  it  is  attiiched  has 
its  sign  reversed  in  the  third  column  of  arguments:  thus  Arg.  63  (Lubbock),  it  is 
—  (2t  —  2i;)  which  is  equal  to  2g'  +  2C'.  As  the  formula  contains  only  cosines,  there 
is,  of  course,  no  change  in  the  sign  of  the  coefficient. 

On  comparing  with  Lubbock's  value,  I  find  some  differences,  which  are  as  follows : — 
It  will  be  recollected  that  ij  (Lubbock)  =  —  m'  -,  ~  fl,  so  that  the  signs  of  the 
coefficients  of  U  arc  to  be  revei-sed  in  order  to  deduce  the  corresponding  coefficients 
of  R.  The  Nos,  refer  to  Lubbock's  arguments,  and  the  exterior  factor  m'  -^  or  in'  -^ 
is  disregarded  ('). 

Arg.  1.     Lubbock'3  coefficient  (viz.  the  coefficient  in  R)  is 

-i(l-fe'-4e'-  +  ?i  «'  +  ¥«•«'"  +  »«'" +ft°I)»'''t' 

I  I  have  been  favoured  with  a  note  from  Sic  J.  W.  Lubbock,  conflrmiag  my  values  of  the  ooefiicienta 
for  the  arguments  8,  18,  58,  101  and  123— Added  15th  Feb.  1859,  A,  C. 
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which,    substituting    for    cos*  ^t,    its    value    1  -  ^7-  +  /gT*  —  &c.,    and    developing    to    the 
fourth  order,  gives 

which,   in    fact,  agi-ees   with   the   value   given   supra.     1   have   only  referred    to  this  term 
in  order  to  make  the  reduction. 


Arg.  8,  Lubboek's  coefficient  is 

-s(l-is=  +  f  e'^-|7=)e-^ 

the   exterior  sign   should   be  +  instead  of  — .     The   term   is  given  with  the  correct  sign, 
Pontecoulant,  Arg.  2. 

Arg.  18,  Lubbock's  coefficient  is 

-¥(l-je'-«#«'"-iv')oos'i. 

which,  developed  to  y,  would  he 

-  V  (1  -  t  e'  -  V^  s"'  -  i% 


I  make  it 


■■■(i- 


--W«'"-iT')- 


The  ]eiiiainmg  differences  £ 


No.  of 
Lubboeli. 

Lubboek's  coefEeiont. 

Coefficient  from  Development  supri. 

58 

^fr' 

64 

59 

+  59^  V4 
64 

-lie'* 
32 

60 

2453   ,4 

128 

64 

61 

<tl''- 

3^ 

*62 

-i('-f-^H^ 

-i{-l"-l'"^f)f 
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No.  of 

Arg. 

Lubbock. 

Lubbock's  eoeffioieDt. 

Coefficient  from  Development  suprit. 

•63 

-Ihl-'-'j-^i^)^ 

-|(..l«.-5,-.-^),. 

95 

~'if'" 

-fjr- 

,6 

-'i-f^' 

-l^- 

..0. 

-i(.*3.'  +  3."-i^f) 

-i(— "'■=-7'') 

"5 

-ly 

-ify 

123 

16    ' 

16 

The  greater  pai-t  of  the  discordant  terms  do  not  occur  m  Pont^coulant's  develop- 
ment, which  is  not  carried  so  far,  and  the  only  differences  which  I  find  in  the 
coefficients  of  Pont^coulant's  iJ  (=  fl)  are,  as  regards  the  arguments  18,  57,  70,  corre- 
sponding respectively  to  Lubbock's  arguments  62,  63,  101,  included  in  the  preceding 
table,  and  for  which  Pont^coulant's  coefficients,  correcting  for  the  change  of  sign, 
correspond  with  those  given  by  Lubbock.  But  I  see  no  room  for  a  mistake  in  the 
preceding  investigation  as  regards  the  coefficients  of  these  three  terms;  the  terms  in 
ti  of  the  coefficients  of  62  and  63  are  simply  the  quantity  (|>j^  — fij')'  which  forms 
the  exterior  factor  of  lij  and  fl^  respectively,  and  which,  putting  for  if  and  »)',  theii- 
values,  is  equal  to  1(1—7')'/',  and  as  regards  the  coefficient  of  101,  the  portion 
1  +  2e^  +  2e''  of  this  coefficient  is  obtained  by  the  mere  multiplication  of  the  factors 
l4-2e^-&c.  and  1  +  2e'-  set  opposite  to  ,'7  +  C  and  0/  — C  respectively  in  the  table 
for  fi„. 


2,  Stone  Buildings,   W.O.,  1th  July,  185S. 


V  Google 


214] 


214 

THE  FIRST  PART  OF  A  MEMOIR  ON  THE  DEVELOPMENT  OF  THE 
DISTURBING  FUNCTION  IN  THE  LUNAR  AND  PLANETARY 
THEORIES. 


[From  the  Memoirs  of  Hie  Royal  Astronomical  Society,  vol.  xxviii.  (ISfif;),  pp.  187 — 215. 
Read  November  10,  1858.] 

The  development,  aa  is  well  known,  depends  upon  that  of  the  reciprocal  of 
the  distance  of  the  two  planets :  and  Hansen's  Memoir  "  Entwiekelung  der  negativen 
imd  ungeraden  Potenzen  der  Quadratwurzel  der  Function  r^  +  r'^  ~  2rr' (cos  U  eoa  W  + 
sin  U &m  U' cos  J),"  Abk.  der  K.  Sachs.  Qes.  su  Leipzig,  t.  Ii.,  pp.  286—376  (1854), 
contains  a  formula  which  is  truly  fundamental,  viz.  the  expression  of  the  coefficient 
of  the  general  term 

of  the  development  of  the  reciprocal  of  the  distance  as  expressed  in  the  ahove- 
mentioned  form,  where  r,  /  are  the  radius  vectors  of  the  inferior  and  superior  planets 
respectively,  and    U,    W    are    the    angular    distances    from    the    mutual    node.      In    the 

lunar  theory,   where   the   higher   powers   of    — ,   are   neglected,   wc   have   in   this   manner 

a  small  number  of  terms  each  of  which  is  to  he  separately  developed  in  multiple 
cosines  of  the  mean  anomalies.  This  can  be  effected  as  in  the  Fundamenta  Nova, 
and  my  "Memoir  on  the  Development  of  the  Disturbing  Function  in  the  Lunar 
Theory,"  R.  Ast.  Soc.  Mem.,  t.  xxvii.,  1859,  [213],  which  is  a  mere  completion  of 
Hanson's  process(').      In   fact   if  /,  /'  ai-c   the   true    anomalies,  and  C,  C  the  distances 

'  I  take  the  oppoctnnity  of  mentioning  the  memoir  of  Hansen's  which  immediately  precedes  that  above 
referred  to,  viz.  "Entwiekelung  des  Products  einec  Potenz  des  Eadias  Vectors  mit  dem  Sinus  oder  Cosinua 
eines  Vielfaoheii  der  wahren  Anomalie  in  Eeihen  die  naoh  den  Sinuasen  odet  CosinuBsen  der  Vielfaehen  der 
wahren  der  escentrisehen  oder  mittleren  Anomalie  fortsehreiten,"  t.  ii.,  pp.  183 — 281  (1653). 
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of   the    periceiitres    from    the    mutual    node,   then    we    have     U=f+ti,    f/' =/' +  C, 
and  the  general  term  is 

where  r,  f  are  given   functions  of  the  mean  anomaly  (j,  and  v' ,  /'   are  the  like  functions 
of  the  mean  anomaly  g'.     And  the  development  depends  upon  those  of 


which  (if  we  consider  as  well  negative  as  positive  values  of  the  index  ti)  are  each 
of  the  form 

7-"  .     \f, 
sm  •" 

and  when  the  developments  of  these  expressions  are  known,  we  obtain  at  once  Lj- 
the  mere  addition  and  subtraction  of  the  coefficients  of  the  cosines  and  sines  of  the 
different  multiples  of  g  and  g',  the  development  of 


/Ti+i  cos  {jf+i'f  H-jC  +j'C') 

in  the  tabular  form  employed  in  my  memoir  just  referred  to.  In  the  planetary 
theory  we  must  unite  together  the  terms  containing  the  different  powers  of  ,  so  as 
to   form  the   entire   coefficient   D(j,j)  of  cos  (jU+fW);   if  then  we  write 

r  =  «(l  +  ^),  r'  =  a'{l+x'), 

and  develope  the  coefficient  in  powers  of  x,  a/  we  have  the  general  term 

x"  x'"  cos  {jU  +j'U') 

which  admits  of  development  in  multiple  cosines  of  the  mean  finomalies,  in  the  same 
manner  precisely  as  the  before -mentioned  general  term 

in  the  lunar  theory.  It  is  proper  to  remark  that  this  method  is  really  identical  with 
that  commonly  made  use  of  in  the  planetary  theory:  the  only  difference  is,  that  by 
Hansen's  fundamental  formula,  we  have  the  complete  expression  of  the  coefficient 
D(j,  f)  developed  in  powers  of  sin  or  of  tan^^,  instead  of  (as  in  the  ordinary  methods) 
the  first  two  or  three  terms  of  this  development. 
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The  required  development  of 

x-x' cos (j If -\-j'U') 
or,  what  is  the  same  thing, 

;c" a;'"'  cos {jf+j'f  +jC  +/C') 
depends  on  the  developments  of 

These  are  functions  of  the  same  form,  and  we  may  consider  only 

The  value  of  »  is  ( 1]  and  we  could  of  course  calculate 

(--A''"' if 

\a        I    sin-^ 

by   the   methods   of   the   Fundamenta   Nova   or   the   memoir   of  Hansen's  referred   to   in 

the   foot-note.     But   if  we   write  f=ff  +  y  (y   is   the  equation   of   the   centre),   then   the 

required  expressions  depend  on 

cos  , 

of-   .    -ly 

sm'''' 

which  are  actually  calculated  as  far  as  e'  for  a  =  0,  1,  2. ..7,  and  j  an  undetermined 
symbol,  by  Leverrier  in  the  Annates  de  I'Observatoire  de  Paris,  t.  i,  pp.  346 — 348 
(1855).  Hence,  by  the  mere  substitution,  in  Lever rier's  fonnula,  of  the  numerical 
values  of  j  and  /,  and  by  the  addition  and  subtraction  of  the  coefficients  of  the 
cosines  or  sines  of  the  different  multiples  of  g  and  g',  we  may  obtain  the  develop- 
ment of 

Wx'^' cos  {jf+j'f +  j^  +j'^') 

in  a  tabular  form  similar  to  that  employed  in  my  memoir  already  referred  to. 

I  have  thought  it  desirable  to  put  together  the  various  results  above  referred  to, 
and  to  investigate  by  a  different  process  the  expression  for  Hansen's  coeiScient,  which 
in  his  memoir  is  obtained  by  means  of  a  long  series  of  transformations  which  it  is 
not  very  easy  to  follow,  and  is  not  exhibited  in  quite  the  most  simple  form.  And 
this  is  what  I  have  done  in  the  present  first  part  of  a  memoir  on  the  development 
of  the  disturbing  function.  My  object  has  been  to  exhibit,  in  as  complete  a  form  as 
possible,  the  preliminary  development  in  multiple  cosines  of  the  true  anomalies ;  and 
to  indicate  the  process  of  the  ulterior  development  in  multiple  cosines  of  the  mean 
anomalies. 

C.  III.  41 
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Let  9)i  be  the  inferior,  W  the  superior  of  the  two  planets  (in  the  lunar  theory 
SB  is  the  moon,  gjl"  the  sun)  and  let  the  quantities  relating  to  the  two  bodies  be, 
for  ^If!, 

r  ,  the  radius- vector, 
U,  the  distance  from  node, 
C,  the  distance  of  pericentre  fram  node, 
/ ,  the  true  anomaly, 
g  ,  the  mean  anomaly, 
a ,  the  mean  distance, 
e  ,  the  eccentricity, 
and  for  9)}'  the  accented  letters,  r,  &c.,  in  the  like  significations. 

The  node  referred  to  is  the  ascending  node  of  the  orbit  of  ?)i  upon  that  of  9)1', 
and  I  write  also 

4>,  the  inclination  of  the  orbit  of  5)!  to  that  of  ?ijf', 
I) ,  =  sin  ^<1>. 
The   disturbing   function   is   in   the   first  instance   given   as   a   function   of  r,   r',  H, 
where 

cosI£=  cos  IT  cos  U'  +  sin  f  /  sin  W  cos  ■!>, 

that  is,  as  a  function  of  r,  r',  U,  U',  ^,  or,  what  is  the  same  thing,  of  r,  r',  U,  U',  tj. 
And  the  preliminary  development  is  a  development  in  multiple  cosines  of  U,  W.  We 
have  then 

and  finally 

r  =a  elqr (e ,  g), 

f  =     elta  (e .  ^r ), 

r'  =(i'elqr(e',  ^f"), 

/  =     elta(e',  g'). 

and  the  ulterior  development  is  a  development  in  multiple  cosines  of  g,  g',  C,  C,  the 
coefficients  involving,  as  before,  ij,  and  also  a,  e,  a,  e'.  But  as  usual  it  is  not 
attempted  to  caiTy  the  development  further,  by  introducing  in  the  coefficients  in  place 
of  the  relative  quantities  C,  C,  tj,  the  remaining  elements  of  the  two  orbits,  which, 
if  it  were  necessary  to  use  them,  would  be 

for  m, 

8 ,  the  longitude  of  node, 

<T,  the  departure  of  node, 

4>,  the  inclination, 

cr,  the  departure  of  pericentre, 

and  for  W,  the  like  accented  quantities,  the  orbit  of  reference  being  any  fixed  or 
moveable  oi'bit  whatever. 
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The    expression    for    the    disturbing    function    on    W    (that    is,   when    the    superior 
planet  disturbs  the  inferior)  is 

(  r'         V^-^  +  r' - Irr  cos H\ 


and   that   for  the   disturbing    function   on  9)1'   (that  is,  when  the  inferior  planet  disturbs 
the  superior)  is 

oil)  f     '■'  "^os  -^  1  "I 


i  r-  \/)-2  -I-  f"'  _  2r)''  cos  H.) 

where    the    disturbing    function    is    taken    with    Lagrange's    sign    (=  —  ii,   if   B,    he    the 
disturbing  function  of  the  Mecanique  Giles  te). 

But   we   may   in   the   first   instance    consider   the   development   of   the   reciprocal   of 
the  distance  of  the  two  planets 

1 


The  preceding  expression  for  cos  H  may  be  written 

cos  if  =  cos  [/"cos  0"  +  sin  Usm  U'  (1  —  2jj^), 
or  in  either  of  the  two  forms 

cos  H  =  cos  (U -  U')  -  lyf  sin  JJ sin  V , 

cos  if  -  (1  -  ^^)  cos(U-  U')  +  v^  cos  ( (7  +  fT). 

Now    imagine    the    function    developed    in    ascending    powci-s    of    ~, ,   the    coefficient    of 

-;— -  will   contain   cos^-H,  cos"~=i/',...  to  cosif  or  1  accordina:  as  n  is  even   or   odd;  and 
r  "+^  ° 

if    we   then    substitute    for  cos  H  the   last   given   expression,   and  express    the   different 

powers    of   eos  H    in    multiple    cosines    of     U  —  U'    and     U+W,  and    make    the    final 

expression   contain    the  cosines  of   opposite   arguments    each   with  the   same   coeflieient, 

it  is  easy  to  see  that  the  form  of  the  general  term  is 

where  _?, /,  each  of  them  extend  through  the  values  n,  Ji  — 2, ...—«,  and  where 
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Thus   ill   pai'tieular   for  k  =  0,  1,  2,  3,  the   combinations  (j,  j')   belonging   to   the   several 
arguments  are, 


3.      3 

1,      3 

-1-3 

-3.     3 

3-      I 

.,   . 

-3.     I 

3.  -I 

.,-. 

-.,-1 

~3.-i 

3,-3 

I.  -3 

-I. -3 

-3- -3 

But  as  the  coefficients  G  satisfy  the  condition  G{-j,  —j')=C(J,  j'),  the  two  terms 
^(j'  j'}'^^(j^+J^')  ^^"^  ^(— i>  -j')'^^(.—j^-j'^'>  *re  equal  to  eaeh  other,  and  they 
may  be  combined  together  into  a  single  term.  The  general  tei-m  may  consequently  he 
written 

-£^2C,0-,/)coi.(ii7+/n 


where  j  has  only  the  values  n,  n  — 2,..,1  or  0,  and  /  has  as  before  the  values 
It,  n  —  2,...  —  n;  except  (which  occurs  only  when  n  is  even)  for  j  =  0,  when  /  has  only 
the  values  n,  n  —  2,...0:  and  in  the  particular  case  j=j'  =  0,  the  last-mentioned 
expression  for  the  general  term  must  be  multiplied  by  ^,  or,  what  is  the  same  thing, 
the  factor  2  must  be  omitted.  In  particular  for  n  =  0,  1,  2,  3,  4,  the  combinations 
(j,  j')  belonging  to  the  several  arguments  ai"e 


o    o,  0 


3.     3 

I.    3i 

I4,    4   2.    4 
4,    3:2,    2 
4,    0    2,    0 

4,- 2  '2,- 2 
4,-4    2,-4 

0,     4 



3.     I 
3>-i 

=,  . 



r,-: 

11 

3,-3 

I.-3 

I   remark   that   in   a  series   K (j,  j)    .    jU+j'W,  where  each  argument  occurs  positively 
and   negatively,  and  K{-j,  -3')=  ±K {j,  j')   according   as  the   series   is   one   of  > 
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or   of  sines,   we  may   say   that   the   discrete  general   term   is   K{j,  j')   .    (jU+fW),   or 

that  K(j,  j')  is  the  discrete  coefficient  of  the  cosine  or  sine,  but  if  we  unite 
together    the     terms     with     opposite     arguments     so     as     to     form     the     general    term 

2-ff'O',  f)   -iJU  +j'U'),    then    this    may    be    called    the    concrete    general    term,    and 

2^(i.  /)  may  be  said  to  be  the  concrete  coefficient  of  the  cosine  or  sine.  In  a  sine 
series  the  term  coiTesponding  to  the  argument  zero  vanishes;  in  a  cosine  series  this 
is  not  in  genera!  the  case,  and  the  concrete  term  corresponding  to  the  argument  zero 
must  be  multiplied  by  J. 

Returning  to   the   question   in   hand,   from   the   symmetry   of    the    expression    to   be 
developed,  we  have 

o.u.n-o.ij.j), 

and  it  follows  that  the  only  coefficients  which  need  be  calculated  are  those  for  which 
j  is  not  negative,  and  not  less  in  absolute  magnitude  than  f;  the  remaining  coefficients 
are  respectively  equal  to  coefficients  which  satisfy  these  conditions.  Thus  for  n  =  0,  1,  2,  3,  4, 
the  combinations  (j,  j')  corresponding  to  the  coefficients  in  question  are. 


3.    3  ,  ^  4.    4  I 

3,     I     I,     I  j  4.     z  2,     2 

3.-3  ■  4,-2  2,-2 

4,-4  2,-4  I 


and  we  have,  for  instance,  0(2,  4)  =  (7(4,  2),  0 (- 2,  -4)  =  (?(2,  4)  =  C(4,  2),  &c.  Under 
the  preceding  restriction,  viz.  j  not  negative,  and  not  less  in  absolute  magnitude 
than  f,  the  expression  for  G^ij,  f)  (deduced  from  the  formulte  of  Hansen's  Memoir) 
is  as  follows;  viz.  putting  as  usual  nic  =  1.2.3...jc,  and  also  IT, (i(;--^)  =  ^.|.f...(a;-^), 
and  representing  the  hypergeometric  series 


1+1 

by  F{a,  /3,  y,  x),  we  have 

C(i,/)  = 


a ,  a  +  1.13.0+1 
1\'    2  .     7  .  7  + 1  "^ 


2M'n.a(»+j)-i)n.  (1  (»+/)-» 

ni(»-i)ni(»-/)no-+/) 
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which,  it  is  to  be  noticed,  is  a  ratioudl  and  integral  function  of  17,  the  highest  power 
being  jj^",  and  the  lowest  power  or  order  of  the  coefficient  being  Tf+f.  I  reserve  the 
demonstration  of  this  formula  for  a  separate  paragraph. 

Let  the  discrete  genera!  term  involving  cosijU+jW)  be  represented  by 

we  have,  in  like  manner  as  for  the  coefficients  C,  D{—j,  —j'}  =  D  {j,j'),  D(j',  j)  =D{j,  /), 
and  consequently  D{j,  j')  will  be  known,  if  we  know  its  value  when  the  before- 
mentioned  conditions  are  satisfied;  viz.,  if  j  be  not  negative  and  not  less  in  absolute 
magnitude  than  /;  and  collecting  together  the  different  terms  which  involve  the  cosine 
in  question,  we  find  at  once,  the  conditions  being  satisfied, 

D  (j.  i)  =  ^,  c,  U.  /)  +  %  c,„  U,  /)  +  &«- .  ■ 

so  that  the  value  of  D  (j,  f)  is  known.  A  transformation  of  this  expression  will  be 
given  in  the  sequel. 


Ill 

The  conci'ete  general  term  is 

2i)(j,/)co»0-[f+/D')i 
in  particular  the  concrete  terms  involving  the  arguments   U-  U',   U+  U',  are 

2i>(l,-l)cos(t/"-;7'), 

2U(1,  l)cos(t7+  U'X 
or,  substituting  for  the  D  coefficients  their  values,  the  terms  are 

2  1 0,  (1,  -  1)  +  ^,  C,  (1,  -  1)  +  ...j  cos  (U-  U'X 

2  l^v,  0,  (1,     1)  +  f^  0,  (I,     1)  +  ...I  cos  (f/"+  IT). 

So    far    I    have    considered    the    reciprocal    of    the    radius    vector ;    but   if    we   consider, 
instead,  the  disturbing  functions,  the  only  difference  will  be  that  we  must  add  the  term 
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acTOrding   as   the   superior  planet   disturbs   the    inferior   one,   or   the    inferior    planet   the 
superior  one.     The  value  of  cos  H  is 

(l-f)cos(ff-f70+        n"         cos{U+  U'), 
=  2C,(l,-l)cos{[/'-?/')  +  2C,(l,  l)cos(t7+  U'l 
observing  that 

C,  (1,-1)  =  1(1-,'),  C,(l,  l)  =  h>; 

and   the   terms   to   be  added  are   consequently,   when    the    superior    planet   disturbs   the 
inferior, 

~2-,-,G,{\,-\)cos{l!-U') 
-2^^C;(1,     l)eos(f/+r7'), 

the   effect   of  which   is  simply  to   destroy   the   same   tenns   contained   with  the   opposite 
sign  in  the  reciprocal  of  the  distance; 

and   when  the  inferior  planet  disturbs  the  superior  one,  the  terms  to  be  added  are 

-2-[(7i(l,-l)cos((7-[7') 

-2^-G,0.,      l)cos(U+U'), 

which   are   not  equal  to   any   terms   in   the   reciprocal   of   the   distance.     We   may   write 
as  follows  : 
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Reciprocal  of  Distance  is, 
Disturbing  function  -;-  Mass  of  Disturbing  Planet  is, 


I>(o, 

•>) 

+ 

^(1, 

-I) 

<■)[- 

%'>.c 

>,  -1) 

0[- 

4" 

1,   -1) 

+ 

a*(I, 

1) 

(,[- 

'p.c- 

(i.   ■) 

(■)[- 

^''f «('.  ■) 

+ 

'B(2, 

-2) 

+ 

zl>(z, 

o) 

+ 

D{o, 

2) 

+ 

/)(2, 

») 

+ 

I'd. 

-3) 

+ 

'0(3, 

~I) 

+ 

D(,. 

-3) 

+ 

0(3, 

I) 

+ 

.!)(,, 

3) 

-h 

»«(3, 

3) 

+ 

!-0(4, 

"4) 

+ 

«fl(4, 

-') 

+ 

!-»(», 

-4) 

+ 

^(4. 

"} 

+ 

i)(o, 

4) 

+ 

o{,. 

2) 

+ 

«(., 

4) 

+ 

-0(4, 

4) 

'  Only  to  be  inBerted   for    the   disturbing   function   when  the   euparior   planet   diaturbs    the    interior,   and 
having  the  effect  of  deetroying  portions  of  the  eoefiieients  of  the  n 


2  Only  to  he  inserted  for  the  disturbiug  function  when  the  inferior  planet  disturbs  the  superior  o 


V  Google 


214]      DISTURBING  FUNCTION    IN  THE  LUNAR  AND  PLANETARY  THEORIES.        329 

For  the  lunar   theory,  to  the   extent   to  which  it  is  necessary  to  carry  the  develop- 
ment, and    to    which    it    is    carried    in    Hansen's    Fundamenta    Nma,    and 
before  referred  to,  we  might  simply  write, 


my    memoir 


Disturbing  function  -;-  Sun's  Mass  is 


(!) 
(6) 
(8) 
(") 
(3) 
(4) 
(5) 
(7) 
(9) 
(,o) 


f  €.(•>, 

°) 

cos 

o 

o 

+     f-^Ao, 

=) 

o 

o 

*'pC,{,, 

-.) 

. 

-. 

*40.i,. 

.) 

. 

, 

+  »5'-'-<'' 

-=) 

-a 

*''p-.c,U. 

=) 

' 

° 

..Sc.<o, 

») 

o 

. 

-;.ft(=, 

i) 

! 

2 

-.?.C.(, 

3) 

3 

-  3 

*\lc,(3. 

-.) 

3 

*4.o-i- 

-3) 

. 

-  3 

■^'i.c.d. 

.) 

3 

. 

-'^.CA.. 

3) 

■ 

3 

where  the  prefixed  numbers  are  those  of  Hansen's  ten  parts  Xii,  ^^...0,,^;  or  omitting 
the  first  term  which  depends  only  on  the  sun's  radius  vector,  and  the  last  two  terms 
which  are  ultimately  neglected,  and  substituting  for  the  coefficients  0  their  values  we 
have, 
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Disturbing  function  -i-  Sun's  Mass  is 


(3) 
<4) 
(5) 
{«) 
(7) 
(«) 
(9) 
(■o) 


If   the    same    form    be    adopted    for   the   planetary   theory,   the   expressions   for  the 
leading  coefficients  will  be, 


r  ;'■+  ;'' 

CO. 

o 

= 

i-  Ir.  \, 

7s 

^- 

= 

b'~  ;'' 

r= 

^ 

- 

;'■-  ;'' 

7i 

° 

' 

!" 

^ 

^ 

' 

i^f '■-¥'• 

■ 

i-¥'--¥'' 

/4 

3    - 

3 

4-''-T'' 

1 

. 

¥''-^'' 

3   - 

■ 

^'■-^'' 

?■'■' 

3 

0,  (0,  0), 


11(0,  0). 


1 


1 


+  7.  id-    6,-+        6^') 

+  !l        ^  (1  -  20  )7^  +      00  ij'  -    140  jj»  +      70  ^) 
+  C     *{l-''2;i'+   120,'- 1680^'+ 3150<..) 
+  ?,  iron  (1  - '2  y  +  1260  >,•- 9210 .)'- 346o0  ,■.. .) 


+  :s. 


n.(p-Bn.(y-« 


njin^ 


"-?^_P(_2p,  2p+l,  1,  ,"); 
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C.(l,  -1),  />(!.  -1).     ,-;       id-,') 

3  +  '\     Jj  (1  -  ,")  (1  -  10  V  +    15  >)•) 

5  +-'«    t^{1-^=)(1-28t3'^  +168V-   33Gt,"+  210j?8) 
'  +  Js  itffe  (1  - 1")  (1  -  54  T   +  675  ,'  -  3100  ,•  +  7125  ,') 

c.(i.  1),  jj{i,  1)=    ^:;5     i,- 

7  +-''^:iS|^,"(l_18,"  +  !J5>,"-330,') 

^P+1  +:;;;   2S.(P^^»g.(>-^«,,^(_,„  ,,,3,  3.  ,,; 

C,(2,  -2),  i)(2,  -2)=     ^^        i(l-.rt' 

*  +^      A(l-l')'(l-l*'!'+    28,") 

6  +^  Vm(l-l')'(l-367"+270y-660,'  +  195  5'> 
2o  +   "*    n,  (p  + 1)  n.  (j)  - 1)  „            _ 

^i"  +/.ff.-n(y+l)n(y-i)  (i-'))''(-2p  +  2.2).-i-3,i,,), 

C.(2.  0),  i)(2,  0)-     ^.      {,.(!_,.) 

*  +t.   Si'd-i'Xi-^i'+Vi') 

6  +  ^  gf  .)■  (1  -  y)  (1  -  12  <i'  +  15  ,•  -  66  ^' . . .) 
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C.(0,  2)  =  C.(2,  0),  11(0,  2)- H  (2,  0); 

C.  (2,  2),  D  (2,  2)  =     -1,       j ,« 

6  +5*#1*(l-¥l'+18l*) 

2»  I   "^  ,g.(y+«n,(y  +  i)    „.  . 

*  +  r»«  *   n(y-l)n(p-l)  lF{-2p+2.2p  +  3,  o,  ,■) ; 

C.(3.  -3).  fl(3,  -3)=     J,    Aa-I? 

'  +7,a(l-l")"(l-lV  +  *5,') 

C,(3  -1),  B(3,  -1)=     ^.    i|,=  (l-,.). 

»  +^,  ■a'>l'(l-'?-)Hl-6')'+¥l*) 

C„  (1,  -  3)  .  0,  (3,  - 1).  Z>  (1,  -  3)  =  H  (3,  -  1) ; 

0.(3,  1),  _D(3,  1)=      ^.     .}i,'(l-,-) 

°  +5Sf'Ci-'?')(i--'#i'  +  3^) 

-^^U  !M(|^>,-(i-y)^(-2p+2, 2,+6.  a,,.); 

C,.(l,  3)  =  C,(3.  1),  i)(l,  S)  =  D(:i,  1); 

C.(3  3),  -0(3,3).     ^    A," 

■'  +?.  Wi'(i  +  -i,«i--.) 
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IV. 

But  for  the  planetary  theory  it  is  more  suitable  to  airaiige  the  expression  of 
D  (j,  j')  according  to  the  powers  of  ij.  We  have,  under  the  before-mentioned  conditions, 
j  not  negative  and  not  less  in  absolute  magnitude  than  j'. 


^jiS(J)''<^«(i./) 


where  X  extends  from  0  to  x> ;  and,  writing  in  the  expression  of  C„  (j,  j'),  j  +  2X 
for  n,  we  find 

r    <i  n    ^"'nO'+^-i>".tt(j+j')+^-«F,  ,,  2;+2x  +  i  ;j-,-+i  ,'i 
Ci«(j.j) nxn(i(i-i')+i)no-+/) — '^'-'^^  2j  +  2x  +  i,j+j +i,,), 

or,  substituting  for  the  hypergeometrie  series  its  value, 

P    ,  ,■  n  -  ^  ^*''  "■  (i  +  ^  -  ti  "■  a  (i  +  j") + J^  -  i)  (-)•  px]'  [2j  +  2x  4-  q- 
4«o.^)-i.      nxn(i(j-/)  +  x)n(i+/)  [(r|.  [  j +/ +  ej.     ' 

_    (-)<  aw  n,  ( j + X  -  »  n,  ft  (i  +/) + x  -  «  n  2x  n  (2j  +  2x  +  g) 
^'  nxnft(i-/)+x)no+/+»)nfln(2x-9)n(2i+2x)"' 

from  ^  =  0  to  0^'J^.  Substituting  in  the  numeraf-jr  for  11 2X,  2^nxn,(X-i),  and 
in  the  denominator  for  11  (2j  +  2X),  2^-^  11  { j  +  X)  U,  ( j  +  X  -  ^),  and  reducing,  this 
becomes 

n    ,;  n    <        <->'""         1   n.a(.?+/)+x-Bn(2j  +  2x+9)n.(x-B 
w+a  u.  J )    ^«  ij  (j  +  J  +  «)  ne  2J^■       n  ft  (,/  -/)  +  x')  n  (j + x)  n  (2x  -  «) 

and  substituting  this  expression  in  D  (j,  j'},  we  find 

X  /"lii (i+j')Ay -J) n (gj+2x  +  g)n.(x-i)  /r\»\ 
"r     nft"(i-/Hx)no-+x)n(2x-e)       V)  J 

from   X  =  0   to   X  =  00    and   ^  =  0   to   ^  =  00;   which   is   the  required  expression.     It  is  to 

be   remarked   that  the   series  in   i-A   which   multiplies  t)^   is  not  in 

as  a  hypergeometde  series.  If,  however,  we  attend  only  to  the  leading  term  in  rj, 
or  write  ^  =  0,  we  find  for  D  {j,  j')  the  value 

1      ■..-/,  1,-  'r    r3  1 


,  /n.tt(j+/)+x-i)n(2j  +  2x)n.(x-B /r\-'\ 
-'[      "na(j-/)+x)no+x)"n2x        [■/>  J 
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which    may    be    aimphficd    by   putting    in    the    numerator    for    Tl(2j  +  2\), 

2^+A  n  (j  +  X)  n.  (i  +  X  -  i), 

and  in  the  denominator  for  Il(_j+j'), 

and  for  11  2X,  2=*  II^II,  (X.  ~  ^).     We  thus  obtain  the  value 

~}+f  n  _  ^su  'J-J'i  —  = ~- — 

V   {^    1)       /wnj(j+/)n(io+/)-B 

V  n.(i(i+/)+x-«n,(i  +  x-a  TV' 

which  is  equal  to 

^tf  (1  _ ,.)i •!-„  jL ".(i-i) 


s  [j  ( J + J">  +  ^  -  HH j  +  >^  -  H'  f'y^ 


[K.)"-i')+irW' 

or  finally  we  have,  as  regards  the  leading  term  in  ^, 


^  (i  (i  +/) + i.  J  +  4,  i  (i  - /)  + 1.  ?.)  ^ 


I  remark  that  if  in  general 

T^r'"  (r^  +  r'=  -  2)t'  eos  ^)-^-i  =  %RJ  cos  ?:&,     i?^-'  -  S^' 
then,  writing  a(i— /)  for  i  and  ^{j'+j')  for  m,  wc  have 

n.(j-i) 

and  the  last-mentioned  expression  for  I){j,  j'),  as  regaixis  the  leading  tenn  in  t), 
becomes  therefore 

-"U.J)     1      U     •!)  iii(j+f)      ^IllVf 

and  wc  have  in  general 

-0  (i,  /)  =  ¥*'  (1  -  ,-)» «•'  {"'tf(jf  j-y*  -K!^;'|  +  to™  !""  "}  ■ 

As  a  verification,  it  may  be  noticed  that  for  i+./'  =  0  we  have  D{j,  — /)  =  (1— VV 
(iio^  +  terms  in  ij),  and  for  i;  =  0,  D  {j,  -  j)  =  RJ,  which  is  right,  since  the  two  sides 
each  denote  the  coefficient  of  eos_?^  in  (r^  + /^  —  Stt' cos  S-)""*,  There  is  reason  to 
believe  that  the  expression  for  D  (j,  j')  might  be  further  reduced  so  as  to  obtain  in 
a  convenient  form  the  coefficients  of  the  successive  powers  of  t] ;  but  I  have  not  yet 
accomplished  this. 
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V. 


leiing  now  D(j,  j')  as  a  given  function  of  r  and  r',  we  must  in  the 
planetary  theory  write  r  =  a(l+«),  /  =  ffl' (]  4- aOi  ^^^  devolope  in  powers  of  s;  and 
ic'.     The  general  term  is,  of  course, 

nana  *■'  ■' ' 

where  B  (j,  j')  is  what  D  (j,  j')  becomes  when  a,  a'  are  substituted  for  r,  r' ;  and, 
writing  f +  tj,  /'  +  C',  for  U,  U',  we  see  that  in  the  planetary  theory  the  terms  to 
be  developed  are  of  the  form 

ai"*'"'  cos  (jf  +  j'f  +jtj+  j"C), 

while,  from  what  has  preceded,  the  form  for  the  lunar  theory  is 

?■"/»'  cos  (jf  +  j'f  +p  +/C'), 

In'  is  always  =  — w— 1,  except  in  the  terms  —cos ((7+  V)) 
the  values  which  have  to  be  substituted  being 

r  =a  elqr (e,  g),        x  =  elqr {e,  ^ ) -  1, 

/  -^      eita(e,  g'), 

r'  =  a!  elqr  (e',  g'),        x'  =  elqr  (e',  g')  -  1, 

/'=     elta(e',i;')- 
Suppose  that  in  the  former  ease  the  developments  of 

x"  cos  jf,    afsmjf,    x'''' cos  j'f,    x'''dnj'f' 
and  in  the  latter  case  the  developments  of 

S  [cos]'  cos  ig,    2  [sin]'  sin  ig,    X  [cos]''  cos  i'g',    S  [sin]'"  sin  i'g', 

where  the  summations  extend  from  i  or  i'  =  —  x  to  oo ,  and  where  the  coefficients 
[cos]',  [sin]'  satisfy 

[cos]"*  =  [cos]*,     [sin]-'  =  -  [sin]', 

and  in  like  manner  the  coefficients  [cos]'',  [sin]''  satisfy 

[cos]-''  =  [cos]'",     [sin]-'"  =  —  [sin]'". 

It    is    to    be    observed    that    [cos]',    [sin]*    are    functions    of    e,    and    [cos]'',    [sin]' 
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functions    of    e' ;    the    accents    to    the    indices    i    and   t'  are    sufficient   to   indicate   this. 
Hence  observing  that 

X  [cos]'  cos  ig  .  S  [cos]''  cos  i'g'  =     S2  [cos]'  [cos]*'  cos  (ig  +  i'g'), 

S  [cos]'  COS  ig  .  2  [sin]^"  sin  i'g'  =     2S  [cos]'  [sin]'"  sin  (ig  +  i'g'), 

2  [sin]'  sin  i^  .  2  [cos]''  cos  i'g'  =      22  [sin]*  [cos]*'  sin  (ig  +  i'g'), 

2  [sin]'  sin  ig  .  2  [sin]''  sin  i'ff'  =  —  22  [sin]'  [sin]''  cos  (ig  +  i'g'), 

we  have  for  the  products  of  x°-x''',  or  as  the  ease  may  be  f-j    {-,1    into 

<^os  ( jy+iy")'  t^i^  values  22([cos]'[cos]'' +  [sin]'[sin]'')cos()!fr  + i'/), 
sin  (jf+JT).  •:  22  ([sin]'  [cos]'"  +  [cos]'  [sin]')  sin  (ig+i'g'). 

and  thence  observing  that 

cos  (jC  +j"C')  22  P''^  cos  (ig  +  i'/)  =  22  F''-*'  cos  {ig  +  i'g'  +jtj  +j'C'), 
—  sin  (jC  +j'tj')  22  Q''''  sin  (ig  +  i'g')  =  22  Q*-''  cos  (ig  +  i'g'  +jti  +  j'C), 

provided  only   that   p-'.-'"  =  i*'i-'',    Q-^'-^' —  ~  Q'.'~ ,   we   find   for   the   product   of  a^'a;'"'   or 
as  the  case  may  be   l-j    (-,)     into  cos(Jf+j'f'+j^+f^')  the  expression 

22  ([cos]'  [cos]''  +  [sin]*  [sin]''  +  [sin]'  [cos]'"  +  [cos]'  [sin]'')  cos  (ig  +  i'g'  +jtj  +/C) 

or,  finally,  the  expression 

22  ([cos]'  +  [sin]')  ([cos]''  +  [sin]'')  cos  (ig  +  i'g'  +jt  +j"C') 

which   is   the   required   development   of    the    general    term    in    multiple    cosines    of    the 
mean  anomalies. 


Investigation  of  the  coefficient  C„  (j,  /). 

It  is  possible  that  there  might  be  some  advantage  in  developing  in  the  first 
instance  according  to  the  powers  of  cos  H,  a  pi-oceas  which,  as  it  has  been  seen, 
leads  very  readily  to  the  form  of  the  general  term ;  but  the  mode  which  I  have 
adopted  is  to  developc  in  the  first  instance  according  to  the  powers  of  ■r/.  I  put 
therefore 

cos  if  =  cos  ( (7  —  U')  —  2't}'sm  (7  sin  V, 

and  we  have  then  for  the  reciprocal  of  the  distance, 

{r'  +  r''-2rr' cos  (U-  f7') - rr' (- 4  sin  !JsmU')vT- 
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which  is  to  be  developed  in  ascending  powers  of  -, ,  and  we  have  for  the  discrete 
general  term  of  the  development 

which  is  the  definition  of  C„  (j,  f),  the  coefficient  the  value  of  which  is  sought  for. 
It  has  been  seen  that  j.  f,  are  each  of  them  of  the  same  parity  with  n  (even  or 
odd  according  as  w  is  even  or  odd),  and  it  has  been  seen  also  that  it  is  sufficient 
to  consider  the  case  where  j  is  not  negative  and  not  inferior  in  absolute  magnitude 
to  /. 

Expanding  in  powers  of  i),  and  putting  as  before 

n^=i.2.3...^,  n,(^-i)  =  i|.|...{^-^) 

the  general  term  is 

'^^~      ^r'''  [{t-^  +  r'=  -  2rr'  cos  ( [T -  U')\-^i (-  4  sin  ff sin  U'f  i^ 

where  X  extends  from  0  to  cc. 

The  factor  (—4  sin  f/sin  V'Y  consists  of  a  series  of  multiple  cosines,  and  as  usual 
it  is  assumed  that  the  cosines  to  opposite  arguments  are  made  to  occur  with  equal 
coefficients.  The  form  of  the  general  term  is  cos(Xt7'  + VE/'),  where  \  X'  have  each 
of  them  the  values  x,  a:-%  x-i,  ... -x,  that  is,  \,  \'  are  each  of  them  of  the 
same  parity  with  x.  Hence  j,  j'  being  as  before  of  the  same  parity  with  each  other, 
and  ^  being  even  or  odd  according  as  j,  /  and  x  are  of  the  same  parity  or  of 
opposite  parities,  the  development  of  (~  4  sin  C/"  sin  fT"')"  will  contain  a  series  of  terms 
cos[{j  +  ^)U+(j' —  %)U'],  which  (since  the  other  factor  contains  only  multiple  cosines 
of  U—U')  are  the  only  terms  which  give  rise  to  a  term  cos(j[/'+/(7').  I  represent 
the  discrete  term  of  (-4 sin  [/"sin  U'f  which  contains  the  before- mentioned  argument  by 

i//  cos  [(i  -I-  S»)  U+  (j  -  a)  U'l 

On  the  before-mentioned  assumption,  j  not  negative  and  not  less  in  absolute 
magnitude  than  j',  we  have  j  +  /  and  j  -  /,  each  of  them  not  negative.  We  must 
have  _/-l-S-3-«  and  /  -  &  >  a;,  that  is  ^:|>(a;-j)  and  -i.  ~  {x  -  j'),  consequently 
tc-j  <-(!C-/)  or  2a;<tj+/.  And  this  relation  being  assumed,  a  extends  from  the 
inferior  limit  -(«-/)  to  the  superior  limit  {x-j)  by  steps  of  two  units,  the  extreme 
terms  being 

^  =  -  (a^  ~  j'),     M^^  cos  {{j  +j'  -~x)U  +  xU'l 
&=     (x-j),    M^''cos[xU+(j+j'-x)U'l 

the  coefiicient  of  (/increasing  from  j-|-/  — a;  to  x,  and  that  of  U'  diminishing  from 
x  to  j+f  —  X  by  steps  of  two  units. 

c.  III.  43 
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Now  expanding  in  ascending  powers  of  -, ,  wnte 

r^r^^  {(r^  +  r'^-^n^  COS  (U-U')]-^i=-ZR^^  cos  i(U-U-) 

where  i  extends  fi-om  —  x  to  +  oc  and  Rx'~^  —  RJ;  so  that  JJjc'cos*((7— [/"')  is  the 
discrete  general  term  of  the  development.  The  term  iJ/ cos  ^  ( f  —  tT"')  in  combina- 
tion with  the  term  M^^  cos  [(j-v'i)  U  +  (j' -"i)  If]  gives  rise  to  M^^ R^^  cos  {jU+j'U), 
and  restoring  the  multiplier  which  has  been  omitted,  and  giving  to  ^  and  x  the 
different  admissible  values,  we  find  for  the  discrete  general  term  containing  cos(jU+j'U') 
the  vahie 

vn.(^-i)„ 


'-  7)-^  £  (J1//-R/)  cos  UU+j'U') 


where  3-  extends  from  the  infenor  limit  ^  =  -  {ai  -/)  to  the  supeiior  limit  &  =  a;  —j,  by 
steps   of  two   units,   and  a;    extends   from   x  =  ^(j  +/)   to   a;  =  x .     The   portion   of   this 

containing  -7^  cos  (jU  +j'U')  is 

^,C„(j.f)  cos  (jU+j'tT) 
and  we  have  therefore 

Cn(i,/)  =  coeff,  ^X^j  in  £  ^g^D  ^^  £  ( j/^.  jj^^). 

There   is   some  speciality  in   the  case  j+j'^0,  but   the  result  just  obtained  subsists 
without  vaiiation.     To  find  Mx^  we  have 

J// =  Disci-ete  coeff,  cos  [_(j  +  ^)  U+U'-'A)  U']  in  (- 4  sin  [/sin  U'T, 
and  putting  sin  U^-^Ju j,  sin  U'  =  -^.(v' -,]  where  i  =  \/'^  we  have 

(-  4  sin  U sin  U'Y  =  (v-  ^J  (v'  -  ^X , 
and  the  function  on  the  right  hand  contains  the  term 

or  putting 
and  therefore 

/=  1  (* -j  -  a), /'=i  («'-/+»), 

which  give  integer  values  for  /)  /',  since  ^  is  even  or  odd  according  as  ;',  f,  and 
«  are  of  the  same  parity  or  of  opposite  parities,  and  replacing  v^-V  v^'1'  by  the  }Mlf 
of  its  value  2  cos  [( j  +  &)  F  +  (/  -  ^)  [/"'J,  the  ternr  is 


(-)" 


ni  (»■  -i  -  »)  nj  (X  +  j  +  s)  nj  (^  -  /  +  s)  iij  <^  +/  -  a) 

xcos[(j  +  a)fr+(/-a)r]. 
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and  coDsequently, 


ivhich  is  the  expression  for  M^^. 

The    expression    for    BJ  is    found    in    a    similar    manner,   viz.,   by   substitutijig    for 
cos {U—U')  its   exponential  expression,  by  which  means  the  function 

(f  +  /=  -  2rr'  cos(U-  Vj^-i 

breaks  up  into  a  pair  of  factors,  each  of  which  can  bo  separately  expanded;  the  result, 
i  being  positive,  or  zero,  is 

,_  £^  ,    n,(^  +  i  +  m-i)n.(»  +  ,i.-i)    (rf 

'    >■■»+'+'     11  (t + m)  n,  (u  -  J)  n.»  n,  (»  -  J)  v) 

from  m  =  0  to  m  =  oo :   this  may  also  be  written 

writing  now  &  for  i,  and  «  +  a  +  2m  =  )i,  that  is  m  =  ^(n~a;~'^)  (n  is  of  the  same 
parity  with  j,  f,  and  S  is  even  or  odd  according  as  j,  f  and  a.-  are  of  the  same 
parity  or  of  opposite  parities,  m  is  therefore,  as  it  should  be,  an  integer),  B^'^  contains 
the  term 

n.tt(»H-»+a)-i)n.(H«+»-a)-i) 


'ni(»-«+»)n,(»-i)ni(»-a;-<>)n,(»-i)- 
-  4S:,  jr.' 


if  for  shortness 


-i^/^ 


n.(K«+»+a)-Bn.a(n+»-&)-i) 
■nH»-«+!>)n,(«-i)n,i(»-«-*)n,(a.-i)' 


a  formula  which  I  assume  to  subsist  as  well  for  negative  as  for  positive  values  of  ^, 
so  that  Kx~^  =  K^.  It  is  to  be  noticed  that  if  te > ».  then  either  n  —  x-v^  or  n—x  —  ^ 
vanishes,  and  we  have  therefore  K^  =  0. 

Substituting  for  ij.'  its  value  we  have 

P.(;.  /)  =  S T^^ -'  1'  s  (J// if.') 

where  M^,  K^  have  the  values  already  obtained,  and  as  before  ^  extends  to 
a  =  — (a;— j')  to  '^=(x  —  'j)  by  steps  of  two  units,  and  a;  (since  K^  vanishes  for  x<n) 
extends  from  «  =  |( j  +i')  to  x  =  «. 

43—2 
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To  simplify;  write  x  =  ^(j +f)  +  u;  ^  =  -  (a: -/)  +  2s,  =  (a; -/)  -  2(,  so  tliat  s  +  t=ii, 
s  and  t  being  any  integer  values  (zero  not  excluded)  which  satisfy  this  relation,  and 
lastly  u  extends  from  u  =  0  to  u  =  n~^(j  +j').     We  have 

(-..o.j)-")    M     n(j(i+i)+»)    ^*"-*-' 


-(-)• 


nin(}(j+/)+«)  n.n(Hi+/)+f)' 

y-.  n.  ft  (.+/)+.-« n.(H.+i)+i-i) 

"     n  (i  (»  - j)  -  « 11,  (iu  +f) + „  _  J)  n  (i  (.1  -/)  - .)  n,  (i  ( j  +/)+„_  i)  ■ 

and     substituting     these     values,    and     observing     that     the     result     contains     a    factor 

„->,— ^.^,,^ r-j^— /i"7'-~~-^, -^ TT    which    may    be    replaced    by    ,^—r.—7} — s— r    the 

i-esult  is 


C..(J./)  =  2"V+J'2, 


(-)"2^^?^ 

nO'+i'+2») 


s  (n  (Hi +/)+»)  nft(j+jo+»)    i    n.  g  (,,  +/) + .  -  j)  n.  (j  («  +j) + 1  - ;» 
^^tn(iO-+/)  +  .)n(i(j+/)+i)  iisiii     "n(H«-/)-8)nft(«-i)-()     f 

which  is  easily  transformed  into 

^.u.n  y   V     ni(..-i)nj(»-/)n(i+/) 

if  for  shortness  S  = 

,  ,  (-)-8~,-    ya(j+/)+»]-ft(»+/)+»-tf[t(.-j')Tft(j+/)H-«l'[i(»+i)  +  i-i]'[i(—j)] 

■""[i+/+2ir  WW 

s + i = !(,  i( = 0  to  « = Ji  -  H j  +  j') ; 

the  value  of  the  sum  S  is 

S  =  (l-9j-0*'-^-J''  i'(-"+j,  n+j+l,j+j'  +  l,  V), 
and  we  have  consequently 

r  .  ■  .,,  _  2J^/  n,  (1  (^  +j)  -  i)  n,  (j  («  +/)  -  j) 
'^"^■^■■'^       nH'i-i)nic«-/)no-+/) 

the  rer[uired  expression  for  C,,  { j,  f).     It  only  remains  to  prove  the  formula  for  S. 
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For  this  purpose,  observing  the  equation  s  +  t  =  u,  I  form  the  equations 


li  +j  +  2!,]-        [ J  ( j  +/)  +  „] .  [1  ij  +  f)  +  „  -  IJ. 

n  ( i  +  j'l  +  ai.  -  liii+ilti]" 
rt  r  i + i'l  +  «i' .  BO' +/)  +  »']' 

[i  +/+  2»]-  =  ti  (i +/) + "]•  [i  (J  +/)  +  »]' 


"Ba+j')+«-  H"  »o'+i')+»m(i+/)+<r 

and  we  then  have  (putting  also  (—)"  ij™  =  (—)*■'"' 9j™+^), 

<j_s    » (i  +/) + ■']■  ^  (-)•  ft  («  -i'ff  tt  (»  +/) + » -  «■ . ,- 
"[i(i+/)+"-ir  WHO +/)  +  «]'         ' 

,  (.-nUri-j)l[l{<^+j)  +  t-g    . 

M'IHj +/)  +  <]*  '  ■ 

and  it  is  pi-oper  to  remark  that  the  summation  as  regards  u  may  be  continued 
indefinitely ;  for,  if  u  =  s-\-i  be  >«— Hi  +/).  '^^'^  '^'^^  ^t  ^^ast  of  the  relations 
s>^(ji-j),  t>\(yi—j),  must  hold  good,  and  at  least  one  of  the  factorials  [iOi— j)]*, 
[^(n— j)]',  will  vanish.  The  two  factora  in  the  second  sum  are  the  general  terms  of 
two  hypergeonietiic  series.     In  fact,  if  we  put 

l(_„+j)      .a, 

i(i+y)+i=«. 

and  therefore 

i(-»+/)    -.-ft 

and  if,  for  sliortness,  we  use  {aj*  to  denote  tlie  iirctoiial  a(5  +  l)...(a  +  s  — 1)  of  the 
increment  positive  unity,  then  we  have 


S-1, 


tJ£,    WW_ 


-li!M.+il''     HI- (■!+«•    ' 

the  two  hypergeometric  series  being  consequently 

^<«,ft..i,,,    ^.^^^^  -\^f\^dV^^ 
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I  assume  the  truth  of  the  following  remarkable  theorem,  [see  211]  viz.: 
"  The  scries  formed  from  the  product  of  the  two  hypergcomctric  series, 

by  raidtiplying  the  successive   terms  of  the  product  by  1,  - — ~,    ^ — ^-^ — ^,  &c.   respec- 
tively, is 

=  (1^^.).^^-.  ir(2a,  2A  26,  n')" 

Hence,   observing   that   the   general   term   of   iS    is    formed    precisely   in    the   manner  in 
question,  we  have 

;S  =  (l-^=)"+e-  F{2a,  2/3,  2e,  t,0 
or,  substituting  for  a,  /3,  e  their  values 

which  is  the  required  value. 

Ig  is  clear  that  a,  0  are  interchangeable  with  e~a,  e  —  0;   that  is,  we  have 
S  =  (l-v'Y*^-'  F(2ci,  20,  2e,  v') 
=  (l-j,0=-'-^  ^'(Se-Sa,  2e-2y?,  2e,  r) 
or 

^^(26-20:,  2e-2/3,  2e,  ^^)  =  (1 -^^)^+^-='  F(2ai,  2/3,  2e,  r). 
which  is  a  known  property  of  hypergeometric  series.     The  form 

S.{l-,'yM-nF(-n+j',  n+j'  +  l,  j+f  +  l.  ,■) 
is  obviously  less  convenient  than  the  one  above  mentioned,  since  the  new  expression 
is  encumbered  by  a  denominator  (1  — 1]')^'^\  which  really  divides  out,  the  iinite  hj'per- 
geometric  Series  containing  as  a  factor  the  square  of  such  denominator  I  have  only 
noticed  this  for  the  verification  which  it  affords  by  showing  that  j,  f  may  be  inter- 
changed. 

Vll. 

The  above  expression  of  Cn(j,  j')  is  not,  in  its  actual  form,  given  in  Hansen's 
memoir.  The  comparison  with  Hansen's  formula,  is  as  follows: — The  formula  (30), 
p.  329,  is 

e(>.-2/,  -(»-2/-2j)) 

=  7/cos"i/tau«J  J  J'(-(2«-2/-2j),  -2/,  2^  +  1,  -tan>4J) 


where 


7/- 


n(2i.-y)n(2/+2,) 

2"  n  (>i  -/)  n/n  (» -,/ -jr)  n  (/+.,)  n  2^  ■ 
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and  the  formula  (37),  p.  330,  is 

=  <:os~"'+^+"i\J  F{-{2n-y~2g),  2/+2^  +  l,  2^  +  1,  sin'lJ"). 
Oombiuing  these,  and  putting  sm\J=i},  we  have 
C{n-if.-{n~if-ig)) 

=  i/,"(l -,■)-""•'*»  ^(-(2n-2/-2sr),  %f+2,j  +  l,  2j  +  l,  ,'), 
and  then,  putting 

,.-2/         =/, 
-a  +  2/+2(,.j, 

and  for  0  (/,  j),  =C(j,  j'),  writing  d  (J,  /),  we  liave 


where 


2"ni(»+jTn }(«-/)  ni(»+j)ni(»-j)n(j+/)- 


»■,  finally,  since 

n  (n + j)  =  2-+J  n  1  (»  +i)  n,  (j  (»  +  j)  -  «, 
n.  («  +/)  -  2'*r  n  j  («  +  fl  n,  (j  (»  +/)  -  «, 


we  find 


O.(j.f) 


_  21*1'  n,  (i  («  +  j)  -  i)  n,  a  (.  +;>  -  i) 


ni(«-j)ni(,-/)n(i+/) 
x,w(i-y)"«  -f(-»+i,  »+i  +  i,  J+/  +  1, ,'), 

which  is  the  formula  of  the  present  memoir. 
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215. 

A  SUPPLEMENTARY  MEMOIR  ON  THE  PROBLEM  OF  DISTURBED 
ELLIPTIC   MOTION. 


[From    the   Memmrs   of    the    Royal   Astronomical    Society,   vol.    xxviii.    pp.    217 — 234. 
Read  Januarj-  12,  18G0.] 

The  present  memoii'  containa  an  investigation  upon  fundamentally  different  principles 
of  a  system  of  formulce  given  in  my  "  Mcmoii'  on  the  Problem  of  Disturbed  Elliptic 
Motion,"  Ast.  Soc.  Mem.  t.  sxvii.  pp.  1 — 29  (1858),  [212] ;  it  is  shown  how  the  fominlEe 
are  deduced  by  means  of  the  general  equations  of  the  M4canique  Analyttqm,  from  the 
expression  for  the  Vis  viva  function  T,  in  terms  of  the  coordinates  ()■  the  radius 
vector,  ]j  the  departure)  of  the  body  in  its  instantaneous  orbit,  viz.,  the  ultimate  form 
of  this  function  is  TdP  =  ^  (dr^  +  r=(i})=),  but  T  contains  in  the  first  instance  terms,  not 
identically  vanishing,  but  which  are  to  be  equated  to  zero,  thus  furnishing  equations 
of  the  problem  which  could  not  be  obtained  from  the  foregoing  ultimate  form  of  T. 
The  investigation  throws,  I  think,  a  further  light  upon  the  system  of  formulEe,  and 
completes  the  development  which  I  was  anxious  to  give  of  the  dynamical  problem. 
I  have  been  a  great  deal  indebted,  in  the  composition  of  the  memoii',  to  a  cori'e- 
spondence  some  time  ago  \vith  Professor  Donkin  on  the  general  subject. 

The  word  orbit  is  used  to  denote  a  great  circle  of  the  sphere,  and  it  is  assumed 
that  in  any  orbit  there  is  an  origin  of  longitudes ;  the  angular  position  of  a  body  in 
reference  to  the  orbit  is  determined  by  the  longitude  and  latitude.  It  is  ultimately 
assumed  that  the  longitude  is  measured  from  an  origin  which  is  what  I  have  called 
a  departure-point ;  viz.,  in  the  general  case  of  a  variable  orbit  the  departure-point  is 
the  point  of  intersection  of  the  orbit  by  any  orthogonal  trajectory  of  the  successive 
positions  of  the  orbit :  this  includes  the  case  of  a  iixed  orbit,  where  the  departure- 
point  is  simply  a  iixed  point.  As  regards  points  in  the  orbit,  the  word  departure  may 
be  used  instead  of  longitude.  In  the  present  memoir  the  origin  is  in  the  first  instance 
taken  to  be,  not  a  departure-point,  but  an  arbitrarily  varying  point  of  the  orbit. 
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The  mutual  position  of  any  two  orbits  whatever,  say  the  position  of  an  orbit 
a/^  and  of  the  origin  x  therein,  in  reference  to  the  oi'bit  ccy  and  the  origin  x  therein, 
is  determined  by 

Q,  the  longitude  of  node, 
<r,  the  departure  of  node, 
0,  the  inclination, 


where  the  expression  departure  of  node  \%  used  by  way  of  distinction  from  longitude 
of  node,  the  departure  referring  to  the  orbit  scy'  and  origin  a/,  the  positions  of  which 
are  to  be  determined,  and  the  longitude  to  the  orbit  of  reference  xy  and  origin  x. 
And  this  distinction  will  be  preserved  throughout.  It  should  be  recollected  that  it  is 
not  as  yet  assumed  that  the  origins  are  departure -points. 

Consider  now  a  fixed  orbit  ic„y„  and  fixed  origin  «„  therein,  and  suppose  that  the 
orbit  aJi^i  and  origin  a?,  therein  are  determined  in  reference  to  the  orbit  a^o^n  and  origin 
a^a  therein,  by 

& ,  the  longitude  of  node, 

o-',  the  departure  of  node, 

^',  the  inclination, 

the  orbit  ic^ya  and  origin  x^  therein,  in  reference  to  the  orbit  x^iji  and  origin  x^ 
therein,   by 

0,  the  longitude  of  node, 

S,  the  departure  of  node, 

$,  the  inclination, 

and,  finally,  the  position  of  the  body  in  reference  to  the  orbit  x^y^  and  origin  x^ 
therein,   by 

r,  the  radius  vector, 

t,  the  longitude, 

y,  the  latitude. 

It  is  required  to  find  the  expression  of  T,  the   Vis  viva  function,   or  half  square   of 

the   velocity.     We   may  imagine   the   rectangular  axes   x^y^Zt,,  iCiyi^i,  a-'ayj^s,  the  positions 

of  which   are   determined   as   above,  and  the   rectangular  axes  x^y^Zi,  that  of  Xi  passing 

through   the   body,  that   of  y^  lying   in   the   orbit   x.^y^,  90°   in   advance   of  the   body   or 

c.   lil.  44 
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through  the  pole  of  the  latitude  circle,  and  that  of  z^  in  the  latitude  circle 
90°  above  the  body.  Or  considering  3:3,  1/3,  z^,  as  points  of  the  sphere,  their  positions 
in  reference  to  the  orbit  x^y^  and  origin  x^  therein  are  determined  as  follows,  viz., 

for  iCj,  longitude  is       v       ,  and  latitude       y    , 

y.,  „  «;  +  90"  „  0     , 

2:.,  „  V  „  ii  +  W\ 


and  we  may  suppose  that  {xn,  y^,  «(,),  {xt,  iji,  z,),  {x^,  y^,  a,),  {Xi,  y-^,  z-^.  are  the 
coordinates  of  any  point  in  reference  to  these  sets  of  axes  respectively,  the  coordinates 
of  the  body  in  reference  to  the  axes  x^ysZs  being  obviously  (r,  0,  0). 


ispectively  of  a   point   the 


The  displacements  in   the  directions   of  the   axes  Xsy^Zs 
cooi'dinates  of  which  are  x^,  y^,  z^,  are  as  usual 

dxs  +  {~Ryi  +  Qz-:)dt, 

dyi  +  (-Pz„  +  R<>^}dt, 

dz,+{-Qx,  +  Py,)dt, 
where  the  expressions  of  the  rotations  P,  Q,  li  are  as  follows,  viz., 
Pdt  =      win  y  dv 

+  cos  y  [sin  (v  —  2)  sin  4>  (^0  +  cos  (v  —  2)  d't>] 

+  sin  1/  [      —dX  +  cos  <^  d<d  ] 

+  {cos  y  cos  (v-t)  }  [sin  (0  -  .r')  sin  0'  dff'  cos  («  -  <t')  deft'] 

+  [cos  y  sin  (11  -  2)  cos  <I>  -  sin  y  sin  4>|  [cos  (0  -  <r')  sin  1^'  dff  sin  (0  -  a')  d4>'] 

+  [cos  y  sin  {v  —  %')  sin  *  +  sin  y  cos  *}  [       -  da'  +  cos  ^'  dff  ], 
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Qdt=-dy 

+  [cos  {v  "  2)  sin  <I>  rf©  -  sill  (y  -  S)  rf*] 

-  sin  {v  -  2)  [sin  (6  -  (t')  sin  ^'  dff  +  cos  (6  -  it')  di^'] 
+  cos  (w  -  2)  cos  *  [cos  (©  -  a-')  sin  ^'  ri^  -  sin  (0  -  a-')  (^0'] 
+  COS  (v  —  2)  sin  $  [      —  (io-'  +  cos  0'  li^'  ], 

Rdt  =      cos  )/(f ti 

-  sin  y  [sin  (w  —  2)  sin  <I>  rfB  +  cos  {v  —  2}  ri*] 

+  cos  y  [     -  (^2  +  cos  -J"  rf0  ] 

+  {-  sin  y  cos  (n  -  2)  j  [sin  {%  -  a')  sin  ^'  <?^  +  cos  (©  -  o-')  rf0'] 

+  {-  sin  y  sin  (ii  -  2)  cos  *  -  cos )/  sin  *)  [cos  (0  -  £7')  sin  0'  rf^'-  sin  (0  -  a-')  d<f>'] 

+  {- sin  3(  sin  {v  -  2)  sin  *  + cosy  cos  <I>]  [        -  do-'  +  cos  ip'  d6'  ]. 

For  the  body  itself  we  must  write  r,  0,  0,  in  the  place  of  X3,  y^,  z^;   the  displacements 
are  therefore 

dr,    rRdt,     -  rQdt ; 

and  the  expression  for  the   Vis  viva  function  is 

TdP  =  ^  I  dr=  + 1^  (Q'  +  if=)  dt'] 

where  Q,  U  have  the  above-mentioned  values. 

Let  ii  be  a  function  of  the  coordinates  Xg,  y^,  ^d  of  a  point,  il  will  be  a 
function  of  x^,  y^,  z^,  and  also  of  the  quantities  0,  2,  $,  &,  a',  0'  which  determine 
the  positions  of  the  axes  a^,  yt,  s„  and  the  complete  differential  of  il  wil!  be 


dn      ''" 


I  assume  for  the  present  the  truth  of  the  following  proposition,  viz.,  that  when 
fl  is  a  function  of  the  coordinates  of  the  body  (in  which  case,  as  before,  the  values 
of  ^s.  ^31  ^s  ^>^  '".  ^'  ^):  ^e  have 

dn_         dn 

dxs  dr  ' 

dil     1         dil 

-,-  =  -  see  y  -^  , 
dys     r       ""  a,v 

dn  I  dil 
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n  is  here  a  function  of  r,  v,  y,  ©,  S,  *,  ff,  a',  ip',  or,  as  we  may  express  it, 
il  =  iJ(r,  V,  y,  0,  S,  4>,  ^,  a\  0');  and  the  expression  for  the  complete  differentia), 
by  what  precedes,  is 

rfli  =  -i—  rfr  +  Rdt .  sec  y  -^ i^dt  -j-  , 

or,  substituting  for  Q,  R,  their  values,  the  expression  is 


cos  y  dv 
-  sin  J/ [sin  (o  -  2)  sin  *d0  +  cos  (y  -  S)  (f*!'] 
(^jj     +cosy[     —  dS  +  cos  4'd0  ] 

^  ^^^^  ^  W  I  +  [-sinycos(i;-S)  ]  [sin  (0  -  ff')  sin  ^'rffJ'  +  cos  (0  -  ff')  rf^'] 

+  j— sin^sin((;— 2)cos't>~cosi/sin't']  [cos  (0  —  a')  sin  (f>'dd'  -  sin  (0  —  o-')  rf0'] 
+  {— sinj/sin()i-2)sin$+cosi/cos*]  [       —  dff'  +  cos  ij)'d6'  ] 

-dr/ 

|-[eos(o-2)sin4>rf0-sin(i;-2)d*] 

-sin(u-2)  [sin  (©-o-')  sin  <p'de'+cos  (©  -  <r')  d0'] 

+cos(u— 2)  COS  <&  [cos(0— ff')  sin  .^'d^— sin  (0  —  cr')  dtji'] 
+cos(D-2)sin<I»[     -d<T'  +  cos<f>'d$'  ] 


where,   on   the   right-hand    side,   the   terms    involving    the    differentials   of    r,   v,   y,   are, 

,      , ,  ,       do.  ,       dil   ,        rfn  , 
as  they  should  be,  -t-  dr -V  -j-  dv  +    ,—  dy. 

I   have  given   the   complete   expression,   as   it   may   be   useful ;   but   for  the   present 
purpose  it  mil  be  sufficient  to  attisnd  to  the  terras  involving  0,  2,  4>.     We  have 

d0  rfS  d*^ 


^fl  j- sin  7/ [sin  (u- 2) sin  ^^0  + cos (y- 2) (i*]] 
dv  i  +  c(isy[      —dl  +  cos  ^^d®  ]j 


-~-    cos(y-2)sin*d0-eiu(i(-2)rf 


and  consequently 
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dn 

da 

dii 

:]eos 

•!>- 

-tan  7/ 

siii(^- 

-t)mn 

*lf 

-  COS  {v  - 

-S)sm 

dy 

dn 

-tany 

cos  (v  - 

-< 

+  sin  (w  - 

-S) 

da 

Thj- 

which,  it  is  to  be  observed,  are  partial  differential  equations  satisfied  by  12  considered 
as  a  function  of  the  form  li  =  ft  (?-,  v,  y,  @,  S,  i^) ;  11  is,  in  fact,  a  function  of  three 
(jiiantities  only  (say  the  eoordinates  x^,  y^,  z„);  and  it  is  clear,  a  priori,  that  when 
thus  expressed  as  a  function  of  six  quaiititieH,  it  must  satisfy  three  partial  differential 
equations. 

I  write  in   the  second  equation  —  ^^    for  --.- ,  and  I  then  put  «/  =  0 ;  we  thus  have 

cos(«-2)^  =  -cot*^-cosec0^-^, 

.    ,       -.dil  dO, 

^         '  dy  d<^ 

I  propose,  as  already  mentioned,  to  apply  the  formulae  to  the  demonstration  of 
the  results  obtained  in  my  Memoir  on  the  Problem  of  Disturbed  Elliptic  Motion. 
It  will  be  remembered  that  x^y^  and  x„  denote  a  fixed  orbit  and  fixed  origin 
therein,  Xjy-^  and  Xi  an  arbitrarily  varying  orbit  and  origin  therein.  I  assume,  how- 
ever, that  a^  is  a  departure-point,  so  that  we  have  —  da-'  +  cos  ^'dd'  =  0.  The  orbit 
fl^2  will  be  taken  to  be  the  varying  instantaneous  orbit  of  the  body  itself,  that  is, 
we  have  constantly  y  =  0;  and  it  is  assumed  that  x^  is  a  departure-point  in  this 
orbit.  To  conform  to  my  former  notation,  I  write  ]?  instead  of  v;  the  position  of 
the  body  in  the  vai'ying  instantaneous  orbit  is  consequently  determined  by 

r,   the  radius  vector, 
)?,  the  departure. 

The  entire  displacement  of  the  body  arises  from  the  displacements  dr  and  rd^  in 
the  direction  of  the  radius  vector,  and  perpendicular  to  this  dii'ection,  in  the  instan- 
taneous orbit ;  that  is,  we  have  Q  =  0,  S.  =  d^,  and  the  expression  for  the  Vis  viva 
function  is  simply 

and,   putting  in   the   foregoing   expressions   of   Q   and    R,   y  =  (),   and   ))   in   the   place    of 
If,  the  equations  Q  =  0,  Rdt  =  d^,  give 
cos  (J)  —  2)  sin  ^d&  —  sin  {y  -  S)  d*  = 

sin  {]>  ~  2)  [sin  (O  -  cr')  sin  tj>'d6'  +  cos  (f-J  ~  a')  d4.'] 

—  cos  {\>  —  2)  cos  "J*  [cos  (0  —  0"')  sin  (f>'dO'  —  sin  (0  —  o-')  dtf>'], 
d^  ~  cos  <^d%  = 

-  sin  *  [cos  (0  -  o-')  sin  ^.'dff  -  sin  (0  -  <j')  d^']. 
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Now   consideiiug  )■,   p,   y  as   the   coordinates    ( y   being   ultimately   put    equal    to    zero) 
the  general  equations  of  motion  are 

dt  \drj      dr      dr  ' 


dt  \d],)      4      dp  ' 


d  (dT\_dT^dr 
di  \dy }     dy      dy  ' 

if  for   the    moment   r,   [7,   y   denote   the   differential    coefficients   of  )■,   |j,   y:    the   expres- 
sion of  the   force  function    V  is    V— hfi  where   wW  denotes  an    absolute    constant. 


the  sum  of  the  masses,  and  the  disturbing  function  il  has  a  contraiy  sign  to  that 
of  the  Micaniqiie  Gihste.  We  may  in  the  first  and  second  equations  write  at  once 
Td^  =  ^  (di^  +  i^df),  and  these  equations  thus  become 

dil 


d_     dr    _  _  /d^Y  _  n^a"     dn 
dt      dt        '  \dt)  ~   v'      ~dr 

d  /   ^dyx 
dtV    di) 


dn 

4" 


If  in   the   third  equation  we  take   the  general   value   of  T  and   after   the   differen- 
tiation with  respect  to  y,  make  the  substitutions  y  =  0,   Q  =  0,  IMt  =  dy,  we  find 


and  the  equation  thus  becomes 

_dT  ^dil 
dy^  dy' 


But    lW'=^{dr^  +  r^(ff  +  R^)df],  consequently 

dn  ,^     dT  .        „  f  .,dQ      r,  dR\  ,.       ,^  dR 

-  -r  dt  =  -i-dt='r^{Qj+R-j-]dt  =  r'db  ^-  - , 

dy  dy  V     dy  dyj  ''   dy 

and  from  the  value  of  fi,  putting  after  the  differentiation  J/  =  0,  we  find 


^dt  =  -  [sin{).  -SjHin-J'dQ  +  cosC];  -£)<;<&] 

ay 

-  cos  ())  -  2)  [sin  (H  -  o-')  sin  f  d&  +  cos  {%  -  a)  rf0'] 

-  sin  (1>  -  2)  cos  *  [eos  (@  -  <,')  shi  0'  dB  -  sin  (©  -  ^0  rf^'] . 
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I  write  r''t  =  k 

We  thus  hiive 

d  dr        /diy     n'a'     dO 
dtS-'(Tt)=l^  +  -dr' 

the  remaining  equations  are 

dl  -  cos  *de  =  -  sin  -t*  [cos  (©  -  a-'}  sin  ^.'dB'  -  sin  (0  -  <r')  rf<^'], 

cos  (p  -  S)  sin  *d0  -  sin  (J^  -  S)  c^*  = 

sin  (ji  - 1)  [sin  (0  -  a')  sin  (j>'dd'  +  cos  {0  -  tr')  (^0'] 

-  cos  {]>  -  S)  cos  *  [cos  (0  -  a-')  sin  <^'de'  -  sin  (0  -  ,7')  d>j>'l 
sin  (])  -  2) sin  ^d&  +  cos  ()>  -  S)  d*  = 

1  rfn^^ 

/i  rfi/ 

-  cos  (}  -  2)  [sin  (e  -  o-')  sin  ^'di9'  +  cos  (0  -  o-')  dt^"] 

-  sin  (|>  -  S)  cos  *  [cos  (0  -  a')  sin  ^'rf^  -  sin  {©  -  o-')  i?.^'] . 


Moreuvoj'  we  have 

cos  (|?  -  S) 


rfy 


.    ,,      ^,dil  da 

by  means  of  which  the  preceding  two  equations  are  reduced  to 

,„  cosec<l>  dil  ,, 

ttW  =       — ;- —    ,^  dt 
h        d^ 

—  cot  <£>  [cos  (@  -  o-')  sin  41' d$'  -  sin  (0  -  a-')  dtj>'], 

,^  cot<&  (Zfl  ,       cosec  *  dO,  ,, 

^^*  =  -"^dX'^' — I^  dS^' 

[sin  (0  -  <r')  ain  0'rfi9'  +  cos  (0  -  o-')  rf0'] ; 
and  we  then  have 

,„  cot  <I>  dH  ,, 

''^-     -iT'dl.'" 

-  COS8C  *  [cos  {(■)  -  „')  sin  f  ii9'  -  sin  (e  -  it')  d^'\ 
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The  entire  sj^stem  consequently  is 

dt  \dt/        \dtJ        r= 


dr  ' 


and 


dt        ' 


alt  =  -^  at, 

a^ 


^^=     coBec^g^^  _     cota>[eos(©-(r')sinfdfl'-sin(e-CT')(!.^a 

dt  =       —. —    -j-r  dt  —  cosec  *  [cos  (0  -  a')  sin  ^'dd'  ~  sin  (0  —  (t')  rf^'], 

rf^  = .   -^di T—  -^  df  -  [sin  (0  -  y)  sm  0'rf^  +  cos  (0  -<r)rfi^], 

where  fl  —  il  (r,  ];,  0,  S,  'i').     We  may  add  the  before-mentioned  etjuation, 

dt  ~  cos 0(^0  =  -  sin O [cos (f-J  -  o-') sin  0'rff'  -  siu  (0  -  a)d4>''\. 

To  obtain  the  fonnulEe  of  my  Memoir  before  referred  to,  it  would  only  be 
necessary  to  write  h  —  no?  V 1  —  e^,  and  complete  the  solution  by  applying  to  the  first 
equation  the  method  of  the  variation  of  the  elements ;  but  I  prefer  leaving  the 
system  in  its  present  form,  as  it  is  one  which  may  perhaps  be  useful. 

The  formulse  have  especial  reference  to  the  lunar  theorj',  and  the  orbit  x„y^ 
denotes  the  fixed  ecliptic,  x^y^  the  varying  ecliptic,  and  cot^^  the  instantaneous  orbit 
of  the  moon.  But  if,  instead  of  considering  with  Hansen  the  instantaneous  orbit  of 
the  moon,  the  position  of  the  moon  is  determined  (as  in  the  theories  of  Clairaut, 
Plana,  and  others)  by 

r,   the  radius  vector, 

V,   the  longitude, 

y,  the  latitude, 

where  the  longitude  is  measured  on  the  vaiiablc  ecliptic,  then  if,  in  the  general 
expressions  for  P,  Q,  R,  we  first  neglect  the  terms  involving  dO',  da-',  d(f>',  and  then 
ivrite  0',  a-',  <p',  in  the  place  of  @,  2,  O,  we  find 

Pdt  =  sin  )/  dv 

+  cos !/  [sin  {v  —  a-')  sin  tp'd$'  +  cos  (v  —  a-')  d(f>'] 

+  sin  y  [—  da-'  +  cos  ^'  dd']. 
Qdt  ^-dy 

+  [cos  {v  -  <t')  sin  4>'de'  -  sin  (v  -  -j')  d^']. 
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Rdt  =  COS  y  dv 

—  sin  y  [sin  (v  —  it')  sin  0'  dd'  +  cos  (v  —  o"')  d0'3 
+  cos  y  [—  (?o-'  +  cos  <p'  dff  ], 

and  with  these  values  the  expression  for  the   Vis  viva  function  ia,  as  before. 

The   longitude   may  be   measured  from  a  departure-point,   and   then   the   expressions   for 
P,  Q,  R,  may  be  simplified  by  omitting  the  terms  which  contain  -da-' +  cos <l>'d0'. 


I   have   in   the   course   of    the    memoir    used    some    properties    connected   with    the 
theory  of  rotation,  but  it  is  proper  to  give  the  analytical  investigation. 

Suppose     that     the    rectangular    coordinates    (X,     F,    Z)    are    connected    with    the 
rectangular  coordinates  (X^,  F,,  Z,)  by  the  equations 


X. 

=  0  X, 

+  0  Y,  +  ^Z„ 

7  = 

.a'X, 

+  (fY.  +  ~/Z,. 

z. 

■  ""^, 

+  fS"T,+i'Z, 

dX=adX,  +  0dy,  +  -i  dZ,  +  X,dci  +7,d0  +Z^dy, 
dY^a'  dX^  +  ff'  d7,  +  y'  dZ,  +  X^da.'  +  F,  d/3'  +Z,dy, 
dZ  =  a"dX,  +  0"dY^  +  i'dZ_  +  X,  da"  +  F,  d&"  +  Z,  dj", 
and  then,  putting 

^dt  =  yd0  +  y'dfi'  +  y"d0", 

([dt  =  ctdy  +  a'dy    +  a"dy" , 

i-dt  =  /3da  +  ^da!  +  ^'da", 

where   p,   (],   r  are   the   rotations   round  X„    F„   Z^,   from    F,  to   Z^,   Z,  to   X„    and   X 
to  F,  respectively,  we  have 

adX  +  a'(^F  +  i^'dZ  -  dX,  +  (-  rF,  +  q2,)  dt, 
&dX  +  /3'dF  +  ^"dZ  =  dF,  +  (-  p^,  +  rX,)  dt, 
ydX  +y'd¥  +  i'dZ  -  dZ,  +  (-  qX,  +  pF,)  dt, 

where,   considering  XYZ  as   fixed   axes,   the   loft-hand    sides  are    the    displacements    in 
the    directions    of   the    moveable    axes    XJ^Z,   arising    from  the   vai-iations   of   the   co- 
ordinates X,F,^,  and   the  variation   of  the   position   of  these  axes;   and   these   displace- 
C.   III.  45 
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ments  have  therefore  the  values  given  by  the  right-hand  sides.  This  is,  of  couree, 
well  known.  It  may  be  added  that  if  the  axes  XYZ  are  moveable,  and  dX,  dY,  dZ 
denote  the  displacements  in  the  directions  of  these  axes,  the  formulte  ai'e  still  true. 

Suppose  that  fi  is  a  function  of  X,  Y,  Z;   say  fi  =  ii  (A',   F,  Z),  we  have 

,„      dil  ,„      rffl   ,„     rfil    „ 

ail  =  -,  „  dX  +  -,i-rdY  +  -rs  dZ, 

dX  d  Y  dZ 


which  may  be  written 


,_  /    dn  dil  _    „dfl\,    j-f,    ,     ,,1^  ,     „j^ 


/  do.      , rin     „(?n\ .  ,„     ,,,-     „,^^ 


and    the    coetScients    of    trausformation    a,   ^,   7,   &e.,   being    independent    of    X,    Y,   2 
and  X.   Y„  Z„  the  I 


(in      dfl      (^a  ,         , 

;  factors  are  jy  >    jy  -  j^'  ■  ^"d  ^^  ti&\Q 


da-    ^  [<iX,  +  (-  rY,  +  qZ,)  df\ 

+  ^[<iF, +  (-p^  +  rZ,)<i!] 

+  ~  [iJ/,  +  (-qjr  +  p7,)*], 

which  is  a  theorem  assumed  in  the  memoir. 

The    expressions    of   P,    Q,   ij    in    the    memoir    depend    upon    the    composition    of 
several  rotations.     If,  in  Lamp's  very  convenient  notation,  we  write 


X  .  f  y 

r       a        II       i 

Z  a'  IS'  y 
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to   denote   the   before-mentioned   relation   between  {X,  Y,  Z)   and   (Z,,  F,,  Z)  then   the 
tables 


X  a  P       \       y 

r      .■       /fly 


X, 

y. 

Z., 

X, 

A 

B 

G 

F, 

A' 

£'         C 

^, 

A" 

B" 

C" 

lead  to  the  table 


(.  ,   ^  ,  y  )(A,  A'.   A") 

(.  ,  /J ,  V  )(JJ,  i!',  Ji") 

(.,/?,,  )(C,  (;•,  C-) 

(J.fS,  i){A,A;A") 

(.-,  /)■,  yxA  u-,  u-) 

(.',  (!■,  y)((7,  C,  C-) 

("".  /3",  yx-i,  J'>  -i") 

{•",  P',  y")m,  jr,  !!■) 

(a",  /3-,  y)(C,  c,  C") 

where  for  shortness  (a,  y3,  7){j1,  A',  A"),  &c.,  stand  for  aA  +^A'  +  yA",  &c.  these  are 
of  course  the  ordinary  formula  for  the  composition  of  transformations  from  one  set  of 
rectangular  axes  to  another.  We  may  say  that  the  coefficients  of  transformation  from 
(X,  Y,  Z)  to  (X,,  K,,  Z^)  are  (a,  ^,  y,  &c.).  And  in  dealing  with  several  sets  of 
coordinates,  the  coefficients  of  transformation  may  be  distinguished  by  suffixes.  Thus 
I  assume  that  the  coefficients  of  transformation 

from  (iCu,  yoi  2o)  to  (iCi,  y,,  Si)  are  (a,  /3,  7^  &c.)oi, 
„  (3a,  2/1,  Si)  „  (ic„  1/3,  2=)  ,.  (a,  ^,  %  &c.),2, 
»      (a'o,  3'f>,  2o)    ,,   («=,  y^,  ^0     „     (a,  ^,  7-  &c-Xi. 

where  (a,  ^,  7,  &c.)o2  can  be  obtained  as  above  from  («,  ^,  7,  &c)oi  and  (a,  ^,  7,  &c.)i2. 
The  rotations  p,  q,  r  may  be  distinguished  by  suffixes  in  like  manner,  viz.,  (p,  q,  i)^, 
will  denote  the  rotations  from  (x^,  y„,  z^)  to  {x^,  1/,,  s,)  and  so  on. 

There  is  no  difficulty  in  obtaining  first 

Pee  =  Pp.  +  (a,  a',  a")i=  (p,  q,  r^, 
q«  =  q,,  +  {^,  ^',  /3"),.  (p,  q,  r)„„ 
v^.^r,,  +  {y,  y,  7"),,  (p,  q,  r)„. 
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and  then  by  a  repetition  of  the  like  transformation 

PM  =  p,>i  +  (a,  a,  a"\,  (p,  q,  rV+(a,  a',  a'%  (p,  q,  i%,, 

q™  =  C|^  +  0,  0,  &"'U  (p.  q,  i-)i.  +  (^.  &\  S'%  (P,  q>  I'W, 

ro3  =  r^+(7.  7.  l")^  (P.  q.  i-)i2  +  (7.  7.  7%   (p,  q,  ''V. 

and  in  like  manner  for  any  number  of  systems,  but  for  the  present  purpose  this  is 
enough,  as  p„3,  qj^,  r^a  are  in  fact  the  P,  Q,  It  of  the  memoir.  And  if  d',  a-',  0', 
0,  2,  0,  V,  y  signify  as  before,  then  the  coefficients  of  transformation  from  {x„,  y^,  s,) 
to  {x-i,  y-i,  2i)  are  given  by  the  table 


cos  0-'  COS  ff  +  sin  u-'  sin  ff  cos  ^' 

»i.,'oos.'-oo.,'. 

in  «■  COS  *■ 

.„.. 

nf 

c»,'™»'^si„,'o«s.'oo.*- 

sin  a'  sin  6'  +  cos  <r'  c 

o.»'co,+' 

-„.«■  = 

n*' 

-sijKr'sin*' 

c.'  = 

™*' 

and  the  corresponding  rotation  coefficients  are 

Poi  dt=  —  sin  (/  sin  0'  rf^'  +  cos  a-'  d^', 
q^  t^  =  cos  0-'  sin  6'  dO'  +  sin  o-'  d<p', 
roi  (fi  =      -  dff'  +  cos  0'  d^. 

The  coefficients  of  transformation  from  (x^,  y^,  z^)  to  (x^,  y^,  z.^)  ai-e  given  by  the  table 


cos  5  cos  0  +  sin  2  8 

ji  ©  cos  * 

sin  2  c 

os®-c 

osSs 

n  ©  cos  * 

sin©  SI 

n* 

cos2sm0-sm2c 

OS®  cos* 

sin  2  s 

ne  +  c 

Ds2c 

>s  ©  cos  * 

-COS0S 

n* 

-sin  2s 

n* 

3S2S 

n* 

cos* 

and  the  corresponding  rotation  coefficients  are 

Pi3  dt=  —  sin  S  sin  •!>  d®  +  cos  2  rf*, 
qi3  dt^  +  cos  2  sin  <!'  t^0  +  sin  2  d^, 
r,s  dt  =  —  d%  +  cos  *  d®, 
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and  the   coefficients   of  transformation   from   (iv^,  y^,  z^  to   («s,  y,,  z^   are   given   by  the 
table 


cos.o». 

-si.. 

-sin^dn^; 

,i„,co.y 

C0S1! 

sin  J 

0 

^,j 

and  the  coiTesponding  rotation  coefSeienta  are  given  by 
Pjj  (?( =  —  sin  y  dv, 
qji  d(  =  —  dy, 

r~s  dt  =     cos  y  dv. 

From  the   last   two    tables   it   is  easy   to  deduce    the   coefficients   of    transformation 
from  (^1,  i/i,  z,)  to  (iCa,  ya,  Sa).  these  are  given  by  the  tabic 


cosyic 

s(,-5)c 

s«-. 

n(.-S). 

n©cOB*}  +  s 

nj/s 

n0s 

n* 

-sin(.-5)oo,9-cos(.-S)B 

n8c< 

SO 

cos;/{c 

s(.-2). 

n0  +  si 

n(«-2}c 

secos*}-s 

IIJ/C 

.«. 

n* 

-sin(o-S).ine  +  cos(.-2)o 

S0C 

>s* 

cos,|. 

..(>,-S)s 

n* 

S  +  s 

nj/c 

s* 

c«(,-S)si„t 

-.in!,(oos(.-S)o 

,e-. 

n(^-5)s 

n©c 

OS*}  +  cosy  SI 

m0s 

11* 

-!in5|cos(,.-i)o 

n0  +  s 

ii<i-£)ct 

s®c< 

>s*l-cos;,c 

s®s 

n* 

-,inj|sin(„-5)B 

n* 

}  +  cos  y  c 

s* 

It  is  now  easy  to  form  the  values  of  P,  Q,  R.     We  have 
I'dt  =  sin  y  dv 

+  [cos  i/  {cos()j  -  S)  cos  0  -  sin  (t)  -  X)  sin  0  cos  *}  +  sin  ysiii0sin0]  (-  sinSsin<I>d0+cosS(^^) 
4-[co8y{cos{»-2)sin0  +  sin(r-S)cos0cos*J-8ini/cos0sin2](  cosSsin^-dQ+sinSd*) 
+  [cosy  jsin  (v-S)sin'l»  }  +sinj/cos'I>  ](-d2  +  cos<i'<^0  ) 
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+  cos  V  cos !/  (—  sin  a-'  sin  (}>'  d8'  +  eos  o-'  dip') 
+  sin  V  cos  y  (  cos  rr'  sin  0'  i^^'  +  sin  a-'  d<p") 
+         sin  1/  (—  da-'  +  cos  ^'  d6'  ), 

Qdt  =  —  dy 

+  [-  sin  {v  —  S)  eos  B  -  cos  (y  -  2)  sin  *^  cos  *]  (-  sin  2  sin  <td^  +  eos  S  li*) 

4-  [-  sin  (u  -  2)  sin  ©  +  eos  (ii  -  2)  cos  H  cos  *]  (    cos  2  sin  $  (?©  +  sin  2  rf"!*) 

+  [    cos  (i)  -  2)  sin  *  ]  (- (^2  +  cos  4>  rf®  ) 

-  sin  ^  (—  sin  2'  sin  0'  rf^'  +  cos  a'  d^') 

+  cos  V  (     cos  2'  sin  ^'  AB'  +  sin  «■'  d^') 

+     0    (- d2' +  cos  0' d^  ), 

Mdi  =  cos  y(iji 

+  [— siu2/  |cos(y—  2)eos("J— sin('C— 2)sin©cos'I>)+cosysinf'*)sin't'](— ainSsin'l'rf0+eos2d<E>) 
+  [-sini/[cos(?i  — 2)sin0+sin(?)— 2)cos©eos'l>)-cos2/cos0sin*](  cos2sin*d0+sin£d<I>) 
+  [—  mxy  {sin (^  —  2) sin  ■!>  }+  ^^''^ ^ '^"^^         ](— (?2+coH$d©  ) 

—  cos  "0  sin  y  (—  sin  <r'  sin  ^'  d&  +  cos  o-'  d^') 

—  sin  ti  sin »/  (  cos  tr'  sin  0'  dS'  +  sin  o-'  d<p") 
+  cos  y         (—  du'  4-  cos  0'  (^^'  ), 

which  are  at  once  reducible  into  the  before-mentioned  form. 

it     only    remanis    to    prove     the    expressions    ior    ^— ,       - ,   -j  -   assumed    m    the 
memoir.     The  relations  between  (x,,  y^,  z^)  and  (x,,  y^,  z^  give 


in 

s,- 

cos 

da     . 

,cos;,_5,  +  sm, 

da     . 

dn 

da 
dy.-' 

- 

sin/"  +  COS. 

da 

dy^ 

da 

dH 

-cos 

.     da     . 

da          da 

these  formulie  apply  to  any  point  whatever  the  coordinates  of  which  to  the  one  set 
of  axes  are  (x^,  y^,  z^)  and  to  the  other  set  (^a.  J/a,  ^a)  and  in  obtaining  them  the 
coefficients  of  ti-ansformation  v,  y  are  of  course  considered  as  independent  of  either  set 
of  coordinates.     But  the  coordinates  {x.^,  y^,  z.^  of  the  body  are 

3^3  =  r  cos  y  cos  v, 
y~  —  T  cos  y  sin  v, 

z.,  =  r  sin  y ; 
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and  using  the  ibrcgoing  equations  in  order  to  introduce  into  the  fonnula^  the  differential 

coetneients   -j- ,   -.- ,   ^-   m   the   place   oi    ^— ,   -*     ,    ^i— ,   we   nod 
ar      dv      dy  '  dx^     dy~     dz^ 

da  da    I  .  da    I        .da 

dx^  •'  dr      r  •'  dv      r  dy 

da     .  da    1  da    1  .      .     da 

J—  =  sui  V  cos  y  -. — \-  -  cos  vaeey    , sin  w  sm  y    ,    , 

dy.;  ■'  dr      r  ^  dv      r  ay 

da  .     da  1  da 

-J—  =  sm !/  T  ■  +  -  cos  v  -.;— . 

dz.  ■'  dr  ^  y  gy 

Sulistituting  these  values  we  have  the  required  formulEe 

1 
-sec  2/ 

where  on  the  right-hand  side  li  =  il  (r,  v,  y,  %,  2,  ^,  &',  <t',  <}>'). 

2,  Stone  Buildings.   W.C.  2Sth  Dec,  1858. 


da  ^  da      da^i       da       d^_ida 

die,      dr  '        dy.,     r       '^  dv  '        d,Z3~  r  dy 
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TABLES   OF   THE   DEVELOPMENTS   OF  FUNCTIONS   IN    THE 
THEORY  OF  ELLIPTIC  MOTION. 

[From  the  Memoirs  of  the  Royal   Astronomical  Society,  vol.  xxtx.  (18fil),  pp.   191—306. 
Read  January  12,  1859,] 

The  notation  made  use  of  is  as  follows ;   viz.,  r,  f,  a,  e,  g  denote 

r,  the  radius  vector; 

f,  the  true  anomaly; 
a,  the  mean  distance ; 
e,  the  eccentricity; 

g,  the  mean  anomaly ; 
so  that 

''-,  =elqr  (e,  g\ 
and 

/.   =  elta  (e,  g), 

are  known  functions  of  e,  g.  Moreover,  x  denotes  the  periodic  part  of  the  quotient 
radius  -,  and  y  the  equation  of  the  centre,  or  peiiodic  pai't  of  the  true  anomaly  y'; 
so  that 

^  =  l+a;, 

and  {w,  y)  are  therefore  also  known  fimctions  of  e,  g. 
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Formuiffi   for   the  development  in   multiple   cosines  or  sines,  up   to   the   terms  in  e', 
of  the  functions 


where  j  is  an  indeterminate  symbol,  are  given  by  Leverrier  in  the  Annales  de 
I'Observatoire  de  Paris,  torn.  i.  (1855),  pp.  346—348.  It  occurred  to  me  that  it  would 
be  desirable  to  form  tables  such  as  are  contained  in  the  present  memoir,  of  various 
functions  of  the  forms 


,„cos  ,  /r\±™  cos  . . 

^     •  jf,  -  ■    if, 

svar  \al      sin-" 


obtainable  from  Leverrier's  formulEe  by  assigning  particular  integer  values  to  the 
symbol  j.  The  calculations  were  performed  under  my  superintendence  by  Messrs 
Greedy  and  Davis ;  and  I  have  to  acknowledge  my  obligation  for  a  grant  to  defray 
the  expenses,  made  to  me  out  of  the  Donation  Fund  at  the  disposal  of  the  Council 
of  the  Koyal  Society. 

A  cosine  series  is  in  general  represented  in  the  form 
S[coi>]'c„5,V,. 
where  i  extends  from  -co    to  +  co ,  and  the  coefficients  [cos]'  satisfy  the  condition 

[co8]-<  =  [ms]'; 
and  in  like  manner  a  sine  series  is  represented  in  the  form 

2  [sin]'"  sin  ig, 
where  i  extends  from  —  cc    to  +  co ,  and  the  coefficients  [sin]'  satisfy  the  condition 

[sin]""  =  —  [sin]',  and  in  particular 
[sin]"    =      0. 

Thus  [cos]'  is  a  general  symbol  denoting  the  coefficient  of  cos  ig,  in  a  cosine  series 
considered  as  involving  as  well  negative  as  positive  multiples  of  the  argument  g,  or, 
what  is  the  same  thing,  [cos]"  is  the  constant  term  and  [cos]'  is  the  half  coefficient 
of  cos  ig,  when  the  series  is  considered  as  containing  only  positive  multiples  of  the 
argument.  And  in  like  manner  [sin]*  is  a  general  symbol  for  the  coefficient  of  sin  ig, 
in  a  sine  series  considered  as  involving  as  well  negative  as  positive  multiples  of  the 
argument  g,  or,  what  is  the  same  thing,  [sin]'  is  the  half  coefficient  of  sin  ig,  when 
the  series  is  considered  as  containing  only  positive  multiples  of  the  argument, 

C.   IIL  4(5 
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In  the  case  of  a  pair  of  corresponding  functions  ic'^cosj/  and  x"'smjf,  or  {-)±'"cosj/ 
and  (-J      smjf,  one  of  them  expanded  in  the  form 

S  [cos]*  cos  ig, 
and  the  other  in  the  form 

X  [sin]'  sin  ig, 

the   sums   and   differences   of  the   corresponding   coeiScionts   [cos]',   [sin]',  ai'e   I'epresented 
by  the  notation 

[cos  +  sin]^ 

and  it  is  clear  that  wc  have 

[cos  +  sin]-'  =  [cos  —  sin]',  [cos  +  sin]"  =  [cos]". 

These    coefficients     [cos  +  sin]'    are    for     many    purposes    equally    useful    with     the 
coefficients  [cos]',  [sin]*,  and  they  are  here  tabulated  accordingly. 

The  functions  tabulated  are  as  follows: — 

{cc',  t^,....x'j  ,  [cos], 

fa^,  x^,  t^,....a:'']    .    jf,  j  —  l   to  j  =  7,  [cos], [sin],  [cos  +  sin], 

((r.-0".'<.er.-(r)        ■« 

(©*'■■■  ©"■       0"  ■■■■  (;)")s.v^'J-"°J-''  M.[»»].t»»s±8m]. 

all   the   developments  being  carried  up   to   e',  the   limit  of  the  formula  from  which  they 
ai'e  deduced. 

The  calculations  ai'S  based  upon  Levenier's  foi'mulic  for 

,-  n     1  ,,  cos  . 

«  ^^ '^^i-a^^- 

which    ai'e   made   use   of    under    the    following    forms,   which   I   call    the    Datum    Tables 

(^ ^)l°^jy- 
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Cosine  Table. 
hot 

[? 

[]•                   1 

p"             f- 

;6K 

f« 

I            96 

;68o 

z 190240 

x''cosjy 

+  .         -8/ 

+     96J' 

-    54/ 

-  1280/ 
+   3930/ 

-  3440/ 

0       -  30/ 

+    800/ 
-    120/ 

-  16800/ 

-  29470^" 

X  cosjp 

+  4 

-    48/ 

'      360/ 

-I        +12/ 
+    9 

-  ,60/ 

-  370/ 
-■      5° 

+        2240/ 
-           980/ 
+        9695/ 

+        245 

3?CQSjy 

+  4 

-   96/ 

+    1920/ 
-    1320/ 

-12 

-    244/ 
+      80 

+    i(>8oo/ 
-      6300/ 
420 

X'  cosj  y 

+  144 

-    2880/ 

-iS 

+    480/ 
+    360 

-  10080/ 

-  22050/ 

-  3150 

-  5°4o/ 
4-    10Q80 

x'co&jy 

+  144 

-    5760/ 

-     q6o 

x'cosjy 

+  14400 

-1200 

+    50400/ 
+    37800 

x^ COSJ  y 
x'i^o^Jy 

+ 14400 

-151200 

° 

-176400 

Datum  Table  {x,,  ...  'jf)  cos  ji/  .. 
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Cosine  Table. 

[? 

cr 

^2 

^« 

e' 

e' 

e' 

i  of 

i6                768 

92  ;to 

96 

76H^ 

isgo-i+Q 

+  4/       -  Hj' 

+      960/ 

+  30/ 

-    1200/ 

+    30240/ 

-^5&r 

+  11S20/ 
+    4710/ 

-  3240/ 

+  243810/ 
+  173502/ 

X  cosj^j 

-  2         + 192/ 

-    4800/ 

-12/ 

+    240/ 

-      4032/ 

+  64 

-    8190/ 

-    9 

+  2745/ 

-122220/ 

-     1440 

+    675 

-225099/ 

-    35721 

a^cosiy 

+  2              0/ 

-      480/ 

+  12 

-    840/ 

+    1 0080/ 

-    .j6 

+     1590/ 

-  1080 

+ 102060/ 

+    2400 

+    61236 

^co.J,j 

0 

+    792°/ 

-    6 

-    240/ 

+    10080/ 

+    1440 

+    540 

+    85050/ 
-    17010 

^.''cos.jy 

+    96 

-     1440/ 

+    480 

-    95760/ 

K^cosiy 

-    8640 

-    90720 

+    3600 

~    6do 

-    10080/ 

+  1 13400 

al'Gosjy 

+ 10800 

+    30240 

x'eosjy 

° 

-  105840 

.  Datum  Table  (a*...it;')  co&ji/  .. 
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Cosine  Table. 
h  of 

[     ? 

[? 

91 160 

[y 

768 

92160 

7680 

1290540 

a.'"  cos  J*/ 

+    i6i^ 

~    384/ 

+  400/ 

-      16800/ 

+        64/ 

+  3360/ 

-  283/ 

-  2  2  440  j' 

+  33l>c>/ 

-467530/ 

+    8660/ 

+ 193130/ 

-515^8/ 

--972790/ 

+  48538/ 

+ 828758/ 

X  cosjy 

-  168/ 

+      7680  i^ 

-      80/ 

+        2240/ 

-    2880/ 

-    448/ 

-    64 

+  46260/ 

-  2375/ 

+  205660/ 

-37890/ 

-  82460/ 

+      9216 

-    62s 

+  905135/ 
+153125 

"    7776 

-689731/ 
-117649 

.^,o,jy 

+    48/ 

-    9('°.i' 

+  1080/ 

-     50400/ 

+      480/ 

+  23520/ 

-i-    96 

-22380J- 

+  1000 

-  540540/ 

+  21450/ 

+4447S0/ 

-15360 

-26.500 

+  12960 

+2016S4 

x'  cosj  y 

-    72 

+  1440/ 

-    240/ 

+        3360/ 

-    7920/ 

-  3360/ 

+  11520 

-    900 

+ 147630/ 
+  236250 

-12960 

-  210630/ 
—216090 

^  cos  j  y 

+    24 

+  2880/ 

+    480 

+     35280/ 

+    1440/ 

+  65520/ 

+       0 

-     84000 

+    S640 

+ J  64640 

ie'eosjy 

-  7200 

-     I20 

-     30240/ 

-    3600 

-  10080/ 

-     63000 

-  88200 

x^cosjy 

+    432° 

+    907 ZO 

+       720 

+  30240 

x'oosjy 

° 

-      35280 

0 

-  5040 

.   Datum  Table  (x"  ...af)  cmjy. 


V  Google 


TABLES   OF   THE   DEVELOPMENTS   OF   FUNCTIONS   IN   THE 


[216 


Sine  Table. 

if 

[]' 

e"             ^'              e"                e" 
2             i6            76s            giif)o 

4               y6                7680              1290340 

a^smjy 

-    6j         +260/         -    1400/ 

+  iooi          -1729°/ 

+    7490^' 

X  ^njy 

+  2ij        -400/         +    5°4o/ 

-i8oi          +        35/ 

+    6125 j 

a?Binjf/ 

-M2J         -32c/         4.    67.0/ 

+  i6oj          -      420/ 

+    378oi 

x^  sin  j  y 

+  840J          -25200/ 
-  ioo8oy 

a^sinj)/ 

+  48oi          -20160/ 
+  25200/ 

^smiy 

+  882 00 J 

^^mjy 

+  50400^ 

x'  sin  jy 

° 

Datum  Tahh  (afi  ...x')smj y  .. 
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Sine  Table. 
i  of 

\J 

[  f 

If)                  ;f>8 

96 

7680 

+  5J            -  240/ 

+  6000/" 
+  8895/ 

+  204oy 

+    8/ 
+  26J 

~    i6o/ 
-  3070/ 
-1290^' 

+      3688f      ' 

+  257166/ 
+    5985°? 

-4i           +    64/ 
+  i84i 

-  960/ 

-  8340/ 

-  57°° J 

-27i 

+  1400/ 
+  2300  J 

-    36624/ 
-207165/ 
-145971/ 

-    72 i 

+  4260 j 

+  12; 

-  160/ 

-  1 600 J 

+      1344/ 
+    39900/ 
+ 1 30788 j 

x'smjy 

-  96  i 

+  3880/ 
4- 6 1 20  J 

^    i8oi 

+    55440/ 
+    32760/ 

.-sinjy 

-  %2%03 

+    72oi 

-  20160/ 

-  156240/ 

a?si-<ijy 

-  720oi 

+    3 7 800 J 

^fA^jy 

° 

+    90720 J 

^  sin  j  y 

° 

° 

,  Datum  Table  {x" ...  x')  hin  j- 
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Sine  Table. 
i  of 

[]' 

[]^ 

[? 

1390240 

;68                     93160 

j68o 

1290240 

i'^ 

x"  sin  J  y 

+  i2or          -    4800/ 

+  206J           -49200/' 

-2i648i 

+       32/ 
+  1790/ 
+  2I94J) 

"       896/ 
-124600/ 
-939722/ 
-41 6990  j 

+    1200/ 
+  29835/ 
+  29352./ 

+        .28/ 
+    35560/ 
+  563486/ 
+  472730/ 

X  sin  j  ,j 

-    33/         +      768/ 

-236J          +2784or 

+  35736,/ 

-  760/ 

-  2640^ 

+    34608/ 
+  599935/' 
+  65  760 1 J 

-  192/ 
- 15780/ 

-  36324/ 

-  9744/ 

-  339745/ 
-595231/ 

X' sin  jy 

+  156^          -    7680 J' 
-30120J 

+    160/ 
+  20807 

-  4032  i' 

-  237300/ 
-6 10764  j 

+    5520/ 
+  31620/ 

+      1344/ 
+ 152460/ 
+  552468/ 

arshijy 

-  48i              or 

+    864oi 

-  1020/ 

+    35280/ 
+  303240J 

-      960/ 
- 19320,  / 

-    45360/ 
-384720/ 

x*&injy 

+      7200i 

+  2^03 

+      6720/ 
+    ii76oi 

+    75  60  J 

-i-     6720/ 
+  193200/ 

x'  sin  J  y 

-    57^50^ 

-ii340oi 

-    1440/ 

-    63000/ 

'^sii,j'i/ 

° 

+    50400/ 

° 

+    10080/ 

xUii^jij 

° 

° 

° 

° 

..  Datum   Table  {9?  .,.  3i")siii/i/. 


V  Google 


216]  THEORY    OF   ELLIPTIC   MOTION.  369 

It   may   be    remarked    that    with    a    view    to    the    convenience    of   calculation,   the 
Datum  Tables  give  the  half  values  of  the  several  functions;   thus,  e.g.,  we  have 

i  ^ cosjy  =  {+ 1  J^  -  8/  j^  +  (%i'  -  54/)  ^^  +  fee,}  +  |o  |  -  30/  ^  +  &c.|  2  cos  g 

+  \  if  ~  +  &c.    2  cos  2g  +  &c. 
and  so  for  the  other  functions  in  the  two  tables. 

The    calculation,   for    a    given   value    of  /    of    the    functions   (a^,   ic' a;')   .   j/'  is 

performed  as  follows ;  the  numerical  value  of  j  is  in  the  first  instance  substituted 
throughout  the  two  Datum  tables,  so  as  to  obtain  the  numerical  values  of  the  separate 
terms  +  Aj'^ ;  when  this  is  done,  the  terms  in  each  compartment  are  added  together 
^vith  the  proper  signs,  and  the  results  written  down  in  a  single  table  as  follows,  viz. 
if  y=l,   and  if   we   write   down   only   the    portion    of   the   table   which    corresponds   to 

of   .    y,  (the  portions  corresponding  to  .»;   .    y,  a?   .    y  &c....iB'   .    y,  being   of  a  precisely 

similar  form,  and  coming  into  the  table  in  order  one  under  the  other)  this  is 


i"'™" 

[]• 

[]' 

P" 

i6          768 

e" 
y.,60 

t 

96 

7680 

1190140 

M 

+    1 

-8        +42 

-800 

0 

-30 

+    680 

-  15680 

[.in] 
[cost  .in] 

+    I 

-8       +42 

--800 

J 

-3° 
-60 

+    680 
+  1360 

-  15680 
-31360 

[CO.-™.] 

Do. 

-^ 

° 

° 

° 

[]■ 


JcojL 
[■in] 


-328 
-648 


f  444864 
4-892416 
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i-'Z' 

[]' 

[? 

[J 
1 290240 

768                    9^160 

7680                1 290240 

M 

+   299        -       74352 

+  3760     -I457J20 

+  57262 

+  1025248 

"""[COS -sin] 

+326        -       75648 
+  625         -150000 

+  4016     -  1482208 
+  7776     -2939328 

+  60387 
+ 1 17649 

+  1071904 
+  2097152 

-       37        +           1296 

-    256     +      25088 

-      3'^5 

-      46656 

where   the   lines    [cos  +  sin],  [cos  — sin]   are   obtained   by  the   addition   and   subtraction   of 
the  lines   [cos],  [sin]. 

The  lines  [cos  +  sin],  [cos  —  sin],  are  then  rearranged  by  reading  them  backwaiiis 
and  forwards  from  the  terms  which  are  in  the  [cos  ~  sin]  line,  under  [  y ;  viz.,  in 
the  present  case,  where  ^'=1,  from  the  terms  -2,  0,  0,  0  under  [   ]\  as  follows:— 


^\i„f 

[]• 

[]■ 

'- 

96 

1390240 

? 

76 

768 

e^ 

i [».+.»] 

_3 

0 

0 

0 

+ 1 

-S 

+  42 

-    Soo 

J  [CO, -si.] 

Do. 

-4 

: 

: 

: 

° 

-9 

+    8 

+  50 

+    SS5 
-    245 

M 

° 

° 

° 

° 

+  x 

-  7 

+  34 

-  1355 

x'''^°^/ 

[f 

[]' 

[? 

4        g6        7680       1390240 

16        768         91160 

96        7680        1290240 

i[cos  +  3m] 

+  2   -60   +1360  -31360 

+  9  -648   +34425 

+  64  -8960  +892416 

i  [cos -sin] 
[eos] 

0  -    4  +      80   +    2688 
+  2   -64  +  1440  —28672 

0  -    27  +    1296 
+  9  -675   +35721 

0  -    256  +    35088 
+  64  -9216  +9(7504 

[sin] 

+  2   -56   +1280  -24048  j  +9  -621   +33129 

+  64  -8704  +867328 
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'■Z' 

[]■ 

[f 

[]' 

T^o'^o 

;68           92160 

7680             1390240 

1  [cost. to] 

+  6.5     -150000 

+  7776     -2939328 

+  117649 

+  2097152  1 

H»OS-Bi.] 
[CO.] 

0     -      3125 
+  625     -153125 

0     -      46656 
+  7776     -  2985984 

+  117649 

+  3097152 

M 

+  625     -146875 

+  7776     -2892672 

+  117649 

+  2097152 

where  the  lines  [cos],  [sio]  are  obtained  by  the  additioa  and  subtraction  of  the  hnes 
^  [cos 4- sin],  J  [cos  — sin];  and  it  then  only  remains  to  reduce  the  fractions,  at  the  same 
time  multiplying  by  2  the  lines  ^  [cos  +  sin],  ^  [cos  —  sin],  to  obtain  instead  the  lines 
[cos  +  sin],  [cos  —  sin].     We  have  thus, 


[  ]• 

"' 

■\i„f 

< 

^'          ^ 

e' 

e"              «=              f*                  e' 

[CO,  +  sin] 

-. 

0           0 

„ 

-           *i 

5 
388 

[»,-.i„] 

Do. 

" 

-5    *i 

+  JL- 
3072 

[cos] 

-• 

0           0 

,1 

,6      *  584 

49 
1843a 

M 

° 

0           0 

+   - 

16    +  384 

271 
1S432 

[CO.] 
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«*™/ 

[  ]•         :        [  ]• 

[]• 

^         ^ 

^              J 

[„.+.i„] 

[CO.-, in] 

6as      ^    fas 
3S4            192 

0     -  ^5 
9216 

^81           S23 
40           1120 

81 

117649 
46080 

1024 

[CO.] 

[.in] 

635         30625 
768         18432 
62s      _2_,3J5 
768         18432 

*8o        "35 
^81            25,1 
■  80           1120 

^117649 
92160 

^117649 
92160 

+  511 
315 

+  5J1 
315 

which   is,   in   fact,   part   of   the   table   {a/'...x')    .   f.      It   is   to   be    reinaited,   that   when 

in  any  column  the  second  tenn  is  zero,  the  thii'd  and  fourth  terms  are  each  equal 
to  one-half  of  the  first  term,  and  that  I  have  in  the  tables  represented  them  by  the 
letters  H,  H. 

The    foregoing   method    depends,  it    is    easy   to    see,   on   the   following  proposition; 
viz.,  writing 

a;"'  cos  j/'  =  S  [cos]/*  cos  ig,    as'"  sinji/^  S  [sin]/  sin  ig, 

ic"*  cos  jy  =  S  [coBJj*  cos  ig,    a;™  sin  jy  =  S  [sin],,*  sin  ig, 
where,  as  before, /^^-l-i/,  then  we  have 

[cos  +  sin]/  —  [cos  +  sin]^*"-*', 
[cos  —  sin]/'  =  [cos  —  sin]y'+^, 

the  latter  of  which  follows  immediately  from  the  fonner.  To  prove  this,  it  is  to  be 
remarked  that  in  gcneial 

cos  a  2  [cos]'  cos  ig=  %  [cosj  cos  (ig  +  «), 
sin  a.  2  [sin]'  smig  =  —  %  [sin]*  cos  {ig  +  a), 
sin  a  S  [cos]'  cos  ig=  S  [cos]'  sin  (ig  +  a), 
cos  a  2  [sin]*  sin  ig=^  S  [sin]*  sin  {ig  +  a); 
whence,  putting  a=jg, 

cos  j/"-  cos  (jy+jg)  =  S  [cos  +  sin]y*  cos  (i  +j)  g 

=  24  |[eos  +  SLn]y*--''-|-[cos-l-sin]y~'--')  cos  117, 
sin  jf  -  sin  {J7j  +  y^)  =  2  [cos  +  sinj^'  sin  (i  +j)  g 

=  2  ^  [[cos  +  sin]y'^—  [cos  +  sin],,"'"-'}  sin*^; 
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and  theiefore 

[cos]/'  =  i  {[cos  +  sm],/-i  +  [cos  +  sin]y-'--'}, 

[sinjj.'  =  4  [[cos  +  sin]/--'  -  [cos  +  sin],^-*--*) ; 
and,   adding  and   subtracting,   we   have   the   theorem.     The   coefficients   contained   in  the 
Datum    Tables    (x^.-af)   .   jy    were    taken    to    be    H^oa]/-   i  [sin]/,  in    order    that    the 
calculations    might    in    the    first   instance    give   ^  [cos  +  sin]/,  ^  [cos  +  sin]/,   and   thence 
by  an  addition  and  subtraction,  without  a  division  by  2,  give  [cos]/,  [sin]/. 

The  resulting   values  admit  of  a  very  simple  verification;   in  fact,  writing  down  the 
two  oqiiiitiuns 

a;'"'  cos^'=  Z  [cos]'  cos  ig,        af^  sin  j/'^  2  [sin]'  sin  ig, 
or,  what  is  the  same  thing,  the  summation  now  extending  only  from  i  =  1  to  i^x, , 
\  a^"  cosjj/'=  i  [cos]"  +  S'  [cos]'  cos  ig,        J  x""  smjf=  2'  [sin]*  sin  ig ; 

if  in    the   first   equation,    and   in   the   second   equation   differentiated   with   respect   to   g, 

we   put   (?  =  0,  th(;n,  obsei-ving  that  ^  =  0  gives /=0,  x  =  -e,   -■^=>--     -^      we  have 

dg     {l-e-'f 

Hcos]"+2'[cos]'  =  iJ(-<, 

2'i [sin]'  =  ^j (- eT (1  +  2e  +  f  e=  +  3e^  +  ^^-  e*  +  J,'^-  e'  +  f|  e"  +  ^^ e' +  ...). 

The  vahies  of  {!rj>...!r^)  .  jf  being  known,  those  of  i~\  '^?^jf  can,  of  course,  be  deter- 
mined by  merely  substituting  for  -  its  value  (l+x),  expanding  and  reducing;  and  a 
convenient  mode  of  arranging  the  calculations  presents  itself  so  obviously,  that  no 
explanation   is  required.      The    verification    is   similar    to    that   for    a;"°'^^jf.      The    only 

difference  is,  that  for  ^  =  0  we  have  the  value  of  r,  viz.  I  -  e,  in  the  place  of  the 
value  —eoiw.     A  similar'  verification  is  applicable  to  the  Datum  Tables. 

To    make  the   aiTangemcnt   of  the   Tables   clear,  I   have  given   at  the   end  of  them 
some  examples  to  sliow  how  they  are  to  be  read  off. 
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Table  (of,  x\  a?,  a?,  a^,  a^,  of,  3?). 


[]• 

[? 

[? 

e^         e'          s» 

e"          e^         e*            e« 

f          e"              £*                !'■' 

y? 

t,      0     0 

•> 

000                 0 

000 

.- 

n    ° 

" 

2             16            384            184,^ 

"4   ^6"^ 

x^ 

*\    " 

<■ 

"    i        *    48        ~    .536 

^i-r* 

x' 

rcosi 

*\ 

" 

_  3     ^    3_ 5 

8         32          1024 

32 

X'' 

4 

" 

"    4       "     ^ 

n-A 

x^ 

+  5 
16 

16      256 

*i 

<^ 

^A 

15 
64 

,15 
64 

^ 

35 

128 
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[? 

[]' 

[? 

[]• 

[]' 

^° 

■'     "       ' 

^        «= 

^5           ^6 

«« 

.' 

'^ 

0 

0    0 

0         0 

o 

° 

x' 

3 
i6 

256 

s6; 
10340 

"5*5 

_'J5     ^.4375 
768  "^  18432 

37 
160 

16807 
91260 

a? 

4 

_  _9_ 

,  S43 
!56o 

4    3 

+  15   _  6£5. 
96     1536 

32 

2401 
7680 

^ 

"  8 

^i 

_  _z7_ 

3   ^  I 
16   ■  4 

_  li   +  .311 

64   T024 

_  1. 
32 

1024 

a^ 

*  I 

-4 

*A    ° 

+  1   _  _?5_ 
8      192 

,  3 
i5 

+  ."9 
192 

a^ 

32 

+  ^ 
256 

3= 

32     256 

-  i. 
64 

35 
2-56 

s? 

,  3 
64 

3^ 

-^ 

+  6^ 

^  i 

x' 

"  128 

7 

I!8 

7i8 
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Tabu  (a?,  of,  of,  af)         f  ... 


«„, 

[]• 

[]■ 

dn-' 

«         t'        ^        c~ 

^«          f^              H               <« 

^ 

[>">] 

-.             o             o             o 

+  1          ,        +  i       -     5- 

8             48            3072 

TT          9        ,    ^5              49 
16       +384          ,8432 

x' 

[00.] 

[■fa] 

-i                 0                 o                 o 

*  2      "     8        "    i78 

-   '       +     '        +     ^^ 
■    4             48             1536 

+  3            5^7 
8            96        ■  3072 

+  i      _     L       -    3i_ 
8           96           3072 

X' 

[c„] 

[.fa] 

o                 .                 „ 

*  2    -  4    *  sii 

*  i       "    .6        *    5,3 

+   3              5         ^35 
8            32        ■   3072 

8             32        *  3072 

a? 

[00.] 

[.fa] 

3 
8 

*   I    -  is 

*       i         *    728 

+     A       _      7 
16             256 

+     L      _    _?_ 
16           256 

N.B.— In  all  tlie  Tables  H,  H,  in  the  third  and  fourth  lines  of  a  set  of  four  lines, 
denote  one  half  of  the  number  above  them  in  the  first  line.  The  terms  [cos  -  sin]°,  denoted 
by  „  ,,   ...  are  the  same  as  the  terms  [cos  +  sin]"  immediately  above  them. 
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...Table  (i-,  a?,  of,  af)       f ... 


7j 

.— 

_^_^ 

[]■ 

^2               ,4                    ^9 

«'         e'          fi' 

[CO.  fin] 

:: 

_  5 
4 

^3 

_7 
144 

9 
8 

27           768 
t6     ^  1024 

_^4 
3 

7      ^83 
-3     ^65 

[00. -.in] 

0 

-A 

^^ 

240 

o 

-    9      +    _9_ 
128          320 

° 

~Ts    '^l&o 

[oos] 

H 

3 

,    3 
i6 

"  45 

H 

_^5    ^1?^ 
256       10240 

H 

5         45 

[.in] 

H 

^1_ 

"*"  6 

720 

H 

207        3681 
256       10240 

H 

17             121 

■  5         180 

[C0.  +  ,io] 

--, 

,   7 

29 

96 

■  144 

4 

^'i  ~f. 

-r 

^^3        £89 
■  12         240 

.' 

[CO, -in] 

[CO.] 

H 

+  5 

+  - 

+  — 
240 

H 

+  3      33 
32    1280 

,45        1701 
64         5'io 

H 

28 

45 

[.in] 

H 

-1 

7 
48 

+  — 
720 

H 

,39        1569 
64        5i» 

H 

12        720 

[co,  +  .in] 

= 

~T. 

32 

4 

16         sij 

+  - 

23  ,257 

24  ^480 

^ 

[co»] 

0 

~24 

"16 

480 

H 

I            5 
32         256 

-U      ^_63 

64                 1024 

H 

"^     ~i8^  1 

~7    *I^ 

[.in] 

■> 

"is 

%-k 

H 

-£3      ^.S3_ 

64                     1024 

H 

24        t6o 

[oo.  +  .i„] 

_3 

^A 

7 
64 

4        ■    128 

"8 

*3»  ^2S 

ar'  ■ 

[CO. -.in] 

[CO.] 

"8 
4 

4 
32 

"St 
~  16 

H 

r      ^  29 
32        384 

°      ^   6 

[.in] 

^8 

32 

3 
64 

-^     ^fe 

H 

3=        384 
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i      [  ]• 

[? 

[]' 

[]■ 

„ 

„s 

" 

e' 

[00.  + sin] 

625                625 
p4       "     192 

81 
40 

729 
160 

117649 
46080 

+  ■"4 
3'S 

»■?  - 

[cos-,m] 

[CO,] 

,2I6 

H     -3°iu 

18432 

H 

81 
35 

H 

H 

[".] 

H        -iM7S 
18432 

H 

_  i4li 

H 

H 

i 

[00,  +  . in] 

96             768 

27 
16 

4  "^ 

16807 
7680 

128 

45         i 

*'  ■ 

[CO, -.in] 

[CO.] 

■    '^5 
'  1536 

H        +«« 
3072 

H 

+   ^— 
320 

8[ 
40 

H 

H 

[.in] 

H        +  -'3" 

1024 

H 

621 
320 

H 

H 

[c„.  +  .i„] 

32        256 

4-  9 
^8 

433 
16  a 

4  M5.' 
■536 

32 
■5 

a? 

[CO. -.in] 

□     -  -^5 

512 

° 

9 
160 

° 

° 

[CO,] 

H        -  -*'3- 

1024 

H 

H 

H 

[,in] 

H        -  l?-5- 

1024 

H 

207 
160 

H 

H 

[co.  +  .in] 

-A    ^S 

16 

*  I 

_    343 
384 

4 
3 

_, 

[CO, -.in] 

5 
384 

<• 

° 

■> 

[CO.] 

^  ^;g 

H 

H 

H 

H 

[.in] 

H    ^rS 

H 

H 

H 

H 
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[]• 

[]' 

e               e>                 f!s              i> 

i"                (■'              c*                e« 

of   ■ 

[00,  +  sm] 
[co,-si„J 

-   I 
8 

-1   -5 

■^16     "256 

x'  ■ 

[CO,  +  sin] 
[CO, -.in] 

[CO.] 

[sin] 

5            „ 
i6 

5 
i6 

.    35 
128 

^  ■ 

[oos  +  .m] 
[CO, -.in] 

[CO.] 

[,i„] 

_  i- 

" 

5 
i6 

^  35 
""128 

,    5 

^ 

[CO, -.in] 

[CO.] 

[,i„] 

35 

I  28 

35 

128 
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Z' 


[cos] 
[.in] 


[]' 


[]■ 


[]' 


[COS  +  sin] 

[00. -sin] 

[cos] 


[cos  +  sb] 
[CO. -.in] 

[CO.) 


[cos  -  sin] 
[cos] 
[.in] 
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[? 

[]" 

[]' 

am 

^'                                           ^ 

e=                       (^' 

9^   - 

[CO. -.in] 

[CO.] 

[»»] 

=           -.Is 

H             +JU, 
256 

t6                  64 

,     3 
64 

H                    0 

H              -^ 

64 

H 
H 

3 

H 
H 

a?   ■ 

[c»  +  ,i„] 

[cos] 

_     9_ 
32 

3 
64 

"Us 

128 

I                   41 
32                  128 

7 
"128 

«      -A 

7 
64 

H 
H 

4 

H 
H 

3?    ■ 

[co.+  .i„] 
[CO,-, in] 

[CO.] 

[»■>] 

^    3 
32 

,     7 

128 

,    S 
128 

32 
+  — 

H 

H 

H 
H 

x'   ■ 

r 

[co.  +  .in] 

[CO.] 

[.in] 

7 
raS 

3 

128 

~7^ 

H 
H 
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Tr,  ^^ 

^.         ^        ^ 

[]' 

[]■ 

• 

" 

" 

, 

• 

2             e' 

«« 

[„s*.i,i] 

+  5 

4 

*S    *^ 

-. 

*\ 

96 

271 
460S 

+  . 

-4 

-H 

'°3    i 

144  ; 

x"   ■ 

[o„.-.i„] 

[CO.] 

,.3 

4 

+8+64 

H 

H 

+  -S- 
192 

5 
384 

49 
76S0 

23040 

H 

H 

+  — 

24 

,6, 
96 

^    65 

1440 

[■in] 

° 

H 

4 

5 
128 

5760 

H 

H 

4-  "3 
96 

5^7 
1440 

[c<„  +  ,m] 

4 

I    3 

8      64 

-- 

-A 

53 
384 

~ "845^ 

+  - 

-    - 

"  3^  j 

. 

[co,-dn] 

[CO.] 

+  5 

4 

I        3 
8      64 

H 

~?6 

+  8 

61 

,67 
1536 

6144 
127 
4608 

H 

"48 
96 

17 
480 

30 

[.»] 

L 

° 

0      0 

H 

-ft 

•5 

5" 

305 
18432 

H 

23 
96 

+480 

[coi,  +  .in] 

4 

8       64 

_  3 

*   48 

5" 

*; 

4  a 
96 

3;= 

[CO.] 

4 

13 
8      64 

4 

+  ^ 
192 

H 

"  76 

32 

+  i 
24 

[.m] 

0 

0      0 

4 

*  si 

^768^ 

H 

3^ 

-P 

[o....in] 

2      64 

_3 
8 

5 

3» 

_  _49_ 
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-i 

4 

«^ 
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[CO.] 
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4 

~  8 

55 

39 
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1024 

32 
32 
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8 
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[]' 
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■^^ 

t'" 
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^^ 

e* 

^ 
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4 

32 
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4 
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24 

-f 
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- 
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■> 

° 

45 

° 

■> 
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H 

H 
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H 
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H 

H 

163363 
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[sin] 

H 

H 
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- 

2881 
2560 

H 

H 
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1440 

H 

H 
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[00,  + sin] 
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16 

128 

+ 
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Z048 

-  5 
4 

24 

229 
48 

37 
e6 

6259 
*  768 

59723 

6144 

[cos -in] 

° 

° 

3 

- 

10240 

= 

° 

"  7^ 

■^ 

o 
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18432 

[00.] 

H 

H 

_  5.13 
S12 

+ 
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10240 

H 

H 

1147 
48"o 

H 

H 

89647 
18432 

[sin] 

H 

H 

507 

+ 

1409 
5120 

H 

H 

381 
160 

H 

H 
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9216 

[00,  + sin] 

4 

13 
16 

^ 

*; 

.3- 

<• 

+  ^ 
4 

223 
96 

2987 

*  ^36 

[».-.in] 

° 

32 

+ 

J^o 

° 

° 

"  3 

° 

° 

25 

1536 

[COS] 

H 

~    6^ 

+ 

953 
2560 

H 

H 

-  ^ 

H 

H 

,  .481 
'  .536 

[an] 

H 

^5 
6l 

+ 

441 
1280 

H 

H 

"  5S 

H 

H 

4     '51 

256 
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H            H 
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H 

H 

H 
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H 

H 

H 

H 
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H 

H 

H 
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0" 
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H           H            -  l°-9, 
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Q" 
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Q" 
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H               +  "5/ 

92160 

H            H             +     ^ 

84 

H            H             +^ 
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[cos] 
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[cos] 


0^' 


265    _  16135    ^  1169805 

8  48  1024 


V  Google 


TABLES   OF  THE  DEVELOPMENTS  OF   FUNCTIONS  IN   THE 


[216 


(©"■••©■• 


[? 

[]" 

[]" 

[T 

Bin  ■■' 

e*                     f» 

e'                  e' 

e<i            :           e" 

©"■ 

[sin] 
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[COS] 
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[sin] 
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The  foregoing  tables  are  read  as  follows :  for  instance,  in  the  Table  {of,  x',  of,  .v')   .   /, 
p.  376,  et  seq.,  the  third  and  fourth  linos  of  the  a;°-compartment  show  that 
cos/=  —  e 

+  ih         -T(fe'  +w^e'  -TA'ji^e''  )2cosg 

+  {    le  -  I  e-^  +  fe  ^  -  3^  e')  2  cos  S*? 

+      &c. 

sin,/'  =      (1         -  -i-V  e-  +  ^V  e'  -  iltis  ^  )  2  sin  5' 

+  (    he  -fse'  +Je^  -  ^Vu  e')  2  sin  2^ 

+      &c. 

and  the  first  and  second  lines  give  the  sum  and  difference  respectively  of  the  con-e- 
sponding  coeifieients  of  the  cosine  and  sine  series. 

Addition,  28th  Sec.  1860. — The  tables  have  been  verified  by  me,  on  the  proof-sheets; 

the   a:-tables,   the    cosine    lines   of    the    f-J-tables,  and  a    portion    of   the   sine    lines    of 

the  same  tables,  in  the  manner  explained  at  the  commencement  of  the  memoir;  but 
for  the  remainder  of  the   sine   lines   it   was   found  easier  to   employ  the  following  mode 

of  verification ;    viz.  the  equation  -  ^l  +  x,  gives 

{©'-*©'+''0'-*'©}»"-'^=<-'+^>'"'^-^' 

and  as  regai'ds  the  terms  up  to  e~,  the  limit  of  the  tables, 

UTY'-^fty +10  fVy'^  10  (pj  '+5(p\  '|sinj/=(l-fl^-|-5ic"-15«0sinji/, 

which  equations  afford  the  verification  referred  to.  In  going  over  the  earlier  sheets 
I  omitted  to  see  that  the  fractions  were  in  their  least  terms,  and  it  may  happen 
that,  in  some  instances,  they  are  not  so.  [A  few  reductions  have  been  made,  and  I 
believe  that  the  fi'actions  are  now  all  in  their  least  terms.] 

The  expression  for  the  true  anomaly  /  itself  has  been  repeatedly  calculated  to  a 
much  greater  extent,  in  particular  by  Schubert  (Astronomie  TMoriqne,  Pet.  1822),  as 
far  as  e™.     The  easiest  way  of  obtaining  it  seems  to  be  by  means  of  the  equation 
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and,  for  the  convenience  of  reference,  I  here  give  it  as  far  as  e',  viz., 

/=i,  +  2[sin]'»ni!?, 

where,  as  in   the   other   sine   series,   i  is   to   be   taken   as   well   negatively   as  positively, 
and  [sill}"'  —  —  [sin]'.     Or,  what  is  the  same  thing, 

where  i  has  only  positive  values.     And  the  coefficients  are 


e   e^    c'          «'      e'              ^                 ^' 

[»„].= 

8 

+  _5_ 
192 

9^16 

[.,„].. 

-i 

48 

*f. 

[.inj. 

,13 

24 

43 
128 

+  -?^ 

[si.]'. 

192 

45 « 
960 

[»„]•- 

^  1097 
1920 

_  5.957 
9216 

[»,.]■  . 

^1223 
1920 

[.,„]■- 

+  47273 
64512 

The   expression   for   -,   as   far   as   e",   is   given    in    Schubert's   work,   above    refeired 

to;  and  that  of  log'-],  as   far  as   e",    was   calculated   by   Oriani,   see   the    Introduction 
to  Delambre's  Tables  du  Soleil,  Paris,  1806. 
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A    MEMOIR    ON    THE    PROBLEM    OF    THE    ROTATION    OF    A 
SOLID   BODY. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  vol.  xxix.  (186)),  pp.  307—342. 
Read  May  11,  I860.] 

The  present  memoir  was  written  for  the  sake  of  the  further  elaboration  of  the 
analytical  theory  of  the  Rotation  of  a  Solid  Body,  upon  principles  similar  to  those 
of  my  "Memoir  on  the  Problem  of  Disturbed  Elliptic  Motion,"  Mem.  B.  Ast.  Soc. 
Yol,  XXVII.  pp.  1 — 29  (1858)  [212] ;  the  like  elements  are  adopted,  and  the  course  of 
the  investigation  corresponds  precisely  to  that  of  the  memoir  just  refei'red  to.  The 
formulse  for  the  variations  of  the  elements  in  the  two  problems  (the  motion  being 
in  each  case  referred  to  a  iixed  plane  of  reference  and  origin  of  angles  therein)  are 
found  to  be  (as  it  is  known  they  should  be)  identical  in  form ;  an  investigation,  in 
the  present  memoir,  of  the  transformation  of  the  system  to  the  case  of  a  variable 
plane  of  reference  and  departure-point  as  an  origin  of  angles  in  such  plane,  would 
have  been  a  mere  repetition  of  that  contained  in  the  former  memoir,  and  it  was 
therefore  urmecessary  to  give  it.  A  point  in  the  present  memoir  to  which  attention 
may  be  called  is  the  definition  of  the  angle  g  (varying  uniformly  with  the  time, 
but  used  as  an  element)  which  corresponds  to  the  mean  anomaly  in  elliptic  motion. 
Besides  the  ultimate  system  of  formulse  for  the  variations  of  the  elements  in  terms 
of  the  differential  coefficients  of  the  Distui'bing  Function  with  respect  to  the  elements, 
it  appears  to  me  that  the  intermediate  formulae  for  the  variations  in  terms  of  the 
differential  coefficients  with  respect  to  the  coordinates  (which  are  in  the  ordinary 
investigation  altogether  passed  over)  are  not  without  interest,  and  that  it  is  possible 
that  they  might  be  employed  with  advantage  in  the  integration  of  the  equations  of 
motion  for  the  purposes  of  physical  astronomy. 

60—2 
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I. 

Ill  the  theory  of  elliptic  motion,  where  the  elements  are 

a,   the  mean  distance, 
e,    the  eccentricity, 
g,   the  mean  anomaly, 
vr,  the  depai'ture  of  perieentre, 
6,    the  longitude  of  node, 
c,   the  departure  of  node, 
4>,  the  inclination, 
and  if,  besides,  we  have 

n,  the  mean  motion  (nW  =  sum  of  the  masses), 

and  n  denote  the  disturbing  function  taken  with  Lagrange's  sign  (n  =  -  R,  if  R  be 
the  disturbing  function  of  the  Mecanique  Celeste),  then  the  formula;  for  the  variations 
of  the  elements  are 

da  =  —   -7—  d(. 


*  = 

vi  -  <«  (in  „ 

dg  = 

wi,  da 

<i«t- 

^':^fit. 

<J0-- 

cot  *      dn  ^ 
jict^Vl-V^  da 

cosec*     ((n 

iio-  = 

cot  ^      dn  , 

de  = 

cosec  0     dil  ^^ 

?heve  fl  =  li  (a,  e,  g,  w,  .*,  rr. 

«)■ 

And  if  in  these  equations 

we  write 

h  =  - 

1  (sura  ot  the  masses)  -  -  nV, 

k  = 

,M-Vrr7-; 
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then  attending  to  the  ecjiiation  dn  =  —  ^  -  da,  wc  have 
dh  =     nhida, 


ik  = 

iiia^/l-e'da--'"^^. 
Vl  -  e" 

and  thence 

da 

-f-i»»^--f. 

dn 

n'a     da 

£- 

Vi-i:*' 

and  the  foi-mulse  ai'c  very  easily  tiansfoinied  into 

ik- 

,  dn  , 

U-j-^dt. 

dg=- 

-        2JSdt. 

cot  d  dil  „     cosec  d>  rfll  , 
1       -J-  dt r  ^    jtt  a 


where  n  =  n  (A,  g,  k,  i 

This  is  the  system  of  formulie  which  will  be  obtained  in  the  sequel  for  the 
variation  of  the  elements  in  the  problem  of  rotation,  the  new  meanings  of  the 
symbols  being  explained  jwsi,  Art.  IV. 

And  if  in  either  of  the  two  problems,  instead  of  the  angles  ^,  o",  0,  which 
refer  to  a  fixed  plane  of  reference  and  origin  of  angles  therein,  we  have  the  angles 
•I",  2,  @,  referring  to  a  variable  plane  of  reference  and  departure-point  as  an  origin 
of  angles  in  such  plane,  the  position  of  these  in  respect  to  the  fixed  plane  of 
reference  and  origin  of  angles  therein  being  determined  by 

ff,   the  longitude  of  node, 

u',  the  departure  of  node, 

0',  the  inclination, 
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and  if  iS"  denote  ®  —  a-',  then  the  system  is 


dh  = 

2»3j«, 

dg  =■ 

',.''"  d, 

dt  - 

dn  , 

d,=. 

dt'"' 

(i*.- 

cot<5  dn  ,^ 

dt  = 

cot  *  dil  ,, 

d@=- 

^  ^fi.  (^*  -  (cos  S'd0'  +  sin  S'  sin  0'rf(?'), 

+  cosec  O  {sin  ;5'rfi^'  -  cos  5"  sin  ^'dO'), 

+     cot  O  (siii  ,S'rf0'  -  cos  S'  sin  ^'c^^'), 

where  li  =  il  (A.,  jr,  ^,  ot,  "t",  S,  0,  i^',  o-',  8'),  or  what  is  the  same  thing,  fl  = 
il  (/(,  g,  k,  OT,  <&,  S,  ©).  As  akeady  remarked,  it  is  not  necessary  to  repeat  in  the 
present  memoir  the  transformation  to  this  set  of  formulaa, 

II. 

Considering,  now,  the  problem  of  rotation,  let  the  axes  xys  denote  axes  fixed  hi 
space,  and  the  axes  ic,y/,  denote  the  principal  axes  of  the  body;  and  if,  to  fix  the 
ideas,  xt/  is  called  the  ecliptic  and  x^y^  the  equator  (the  ecliptic  «i/  being  considered 
as  a  fixed  circle  of  the  sphere  and  the  origin  of  longitudes  a:  as  a  fixed  point 
therein),  then  we  may  write 

T,  the  longitude  of  node, 

iS,  the  departure  of  node, 

F,  the  inclination. 


And   if,   as   usual,   p,   q,   r  arc   the   angular   velocities   round   the   principal    axes,   or 
s  of  a!,,  y,,  and  e„  from  y^  to  3,,  z^  to  x^,  and  x^  to  y,  respectively,  so  that 

pdt  =  -  sin  S  sin  FdT+ cos  SdF, 
qdt  =  cos  S  sin  FdT  +  sin  S  dF, 
rdt^  cosFdT-  dS; 
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and   if  A,   B,   G  are   the   moments   of  ineitia,   then   the    Vw    Viva  funetion   or   sum   of 
the  elements  of  mass,  each  into  the  half  square  of  its  velocity,  is 

and   if  fl   be   the   disturbing   function   (taken  with    Lagrange's  sign),  then  the  equations 
of  motion 

d  dT_dT_dn 

dt  dT     dT~  df 


da 
dT- 

da 
'dF- 

dn 
'dS- 


^A-f-+{0-B)qr'\e<xS        +lB'^M-^-0)rp\mS 

or,  as  these  equations  may  be  wntten, 

^|,(C-ii)^^-sinS(cosec^^,5«„t4§)+cos.^J, 

B^^+iA-Orp.     eosS(eoseci'j"  +  cotJ'g)-sinS|^J, 

r,dr  da 

C^^  +  (B~A)pg  =  -^; 

which,  with  the  equations  for  p,  5,  r,  determine  the  motion  of  the  body. 


First,  to  integrate  the  equations  of  motion  when  the  disturbing  forces  ai'e  neglected ; 
we  have,  as  usual,  the  integral  equations 

Ay  +  B^q^  +  O'r"-  =  k^ ; 

where   /(,   k   ai-c   constants    of   integration,   viz,,   h   is   the    constant   of    Vis    Vim,   and   Jc 
is  the  constant  of  the  principal  area. 

Moreover,   if  the   coefficients   a,  p,   &c,    are   those   which   belong  to   the   transforma- 
tion from  xt/z  to  x^y^s^,  viz.,  if  in  the  table 
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V 

' 

'. 

y 

y 

• 

F 

y 

the  values  of  the  coefScicnts  are 


., 

y, 

-. 

j     X 

cos  S  cos  r  +  sin  5  sin  T  c 

sF 

sin  S  cos  r  -  cos  S  s 

11  Tc 

sF 

sin  T  sin  F 

y 

cos  S  sin  r  -  sin  5  cos  r  c 

s/' 

ain  S  sin  T  +  cos  ^'  c 

s  Tc 

sF 

-  cos  T  sin  F 

\  ^ 

-  sin  5  sin  /'' 

cos  S  s 

liF 

cosF 

Then  we  have  also,  as  usual,  the  integral  equations 

Apa   +  BqQ   +  Or^   =     k  sin  €  sin  0, 
Apa'  +  Sq0'  +  Gj-y'  =  —  k  cos  0  sin  ^, 
Apa"  +  Bqff"  +  Cry"  =      A  cos  ^  ; 
where  ^,  0   are   constants  of  integration  which   determine   the   position   of  the   principal 
plane   (or  invariable   plane,  in  the   undisturbed   motion).     Considering  now  a  new  system 
of   axes    x^^-i,    where    x^    and    z^    are    in    the    principal    plane,   and    x^  is   in   the   firet 
instance   considered  as   an   arbitrary   fixed   point   therein   (afterwards  when   the   plane   is 
treated   as   variable,   x^  is   assumed    to    be   a    departure- point),   let    the    position    of   the 
new  set  of  ajces  in  reference  to  the  axes  xyz  be  determined  by 
Q,   the  longitude  of  the  node, 
IT,  the  departure  of  the  node, 
^,  the  inclination ; 


V  Google 


217]        A    MEMOIR   ON    THE   PROBLEM   OF   THE   ROTATION   OF    A    SOLID   BODY.        481 
so  that  the  relation  between   the  coordinates  xyz  and  x^y^z,  is  given  by  the  table 


X 

V, 

% 

" 

a 

b 

' 

y 

.■ 

y 

'■ 

a- 

b" 

'" 

where  the  values  of  the  coefficients  are  given  by 


X  cos  <r  conS  +  sin  t  sin  &  cos  ift  sin  ct  cos  fl  -  cos  a-  sin  (9  cos  ^       i       sin  6  sin  <t> 

y  ciis  rr  sin  I?  -  sin  <r  COS  I?  COS  <^  sin  <r  sin  6  +  cos  a  cos  ^  cos  ^        ^    -  cos  f  sin  ^ 

_ _  j 


and    let    the    position    of    the    axes    si^yjz^,    in    reference    to    the    new    axes    x-^y^.^,    be 
determined  in  a  similar  manner  by 

Tj,  the  longitude  of  node, 

S,,  the  departure  of  node, 

F~,  the  inclination ; 
so  that  we  have  the  table 


^,  y,  2, 

x^       a,  /Ss         y 

31,  Oi,"  &"  V; 
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where  the  values  of  the  coeEElcieiits  are  given  by 


-. 

2/, 

^1 

2/5 

cos  S,  cos  T.J  +  sin  5^  sin  T^  cos  F^ 

sin  S,  COB  r.  -  cos  .%  sin  T,  cos  F, 

sin  r.  sin  ^. 

cos  ,%  sin  I,  -  sin  i  cos  T,  cos  F, 

sin  .S,  sin  r,  +  cos  S.  cos  ?'„  cos  /■;     -  cos  T^  sin  F, 

-,:„«,.;„#■, 

cos  «,  sin  F,                       cos  F, 

The  values  of  a^,  /S^,  y^  are 

a  a  +(['«'  +a"a", 

ay  +a'y'  +a'Y'. 

with    similar    expressions    for    a/,   ^/,   7/    and    a/',   ^Z',   7/';    the    last -mentioned    three 
integrals  are  thus  transformable  into  the  form 

Apa^  +  Bq&.,  +  Cry,  =  0, 
Apa^  +  -Bj/Ss'  +  Cry.^  =  0, 
^^Oj"  +  Bq^"  +  Cryi'  =  ^■, 

which    are,    in    fact,    the    equations    which    show   that   the    plane    x^y„_   is    the   principal 
plane,  or  plane  of  maximum  area. 


The  equations  just  obtained,  attending  to  the  values  of  a.j',  yS/',  72", 
Ap  =  —  i  sin  S3  sin  F.^, 


give 


and,    since    the    expressions    for   p,    q, 
those  in  tei-ms  of  T,  S,  F,  we  have 


Bq  =     fccosSssinf,, 
Cr  =     ^cosi^j; 

terms   of    T^,   S^,   F^,    must   be    similar   to 


from  which  equations, 


pdt  =  -  sin  S^  sin  F^dT,  +  cos  S^dF.,. 
qdt  -  cos  S^  sin  F^dT^  +  sin  S^F^, 
rdt=  cos  F,dT.  -dS^; 

sin  F^dTj  =  {-p  sin  S^  +  q  cos  S^  dt ; 
-  Ap 


what  is  the  same  thing, 


k'  sin'  F,dT,  =  i  (^p'  +  Bq')  dt ; 
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The    two    equations    Ap^  +  Bq^  +  C)-=  =  h,    A^p'^  +  B'q^  +  G^r^    may    be    considered    as 
determining  p,  q,  in  terms  of  r,  and  the  equation  G  :-  +  (B  —  A)pq—0,  then  gives 

,  -  Cdr 

{B-A)pq' 

whence  also  the  equation  for  dT^  becomes 


dT., 


k{h-Cr')       -Cdr 


Instead  of  the  time  (,  I  consider  a  function  g  =  nt-\-  const.,  n  being  for  the 
present  an  arbitrary  constant  quantity  which  may  be  a  function  of  the  constants  k 
and  k;    we  have  thus 

-Cdr 
'^^     '"(B-A)pq' 
and  the  integral  eqnatinn  is 

f    -Cdr 


(B-A)„- 
The  equation  for  dT-^  gives,  in  like  manner, 


'A- 


A)pq' 


where  it  is  assumed  that  the  integrals  are  each  of  them  taken  from  r  =  r„,  r„  being 
an  arbitrary  constant  value,  say  a  function  of  h  and  k.  The  quantity  g  is  analogous 
to  the  mean  anomaly  in  elliptic  motion,  or  rather  it  will  become  so  when  the  signifi- 
cations of  n  and  r^  are  fixed ;  it  is  considered  as  implicitly  involving  a  constant  of 
integration,  and,  consequently,  no  constant  of  integration  is  added  to  the  integral :  as 
regards  T^,  the  constant  of  integration  is  or,  which  denotes  the  initial  value  (corre- 
sponding to  r  —  r^  of  the  angle  '1\. 

ly. 

Recapitulating  the  integral  equations,  wc  have 

Ap''-\-Bq^  +  Or''  =  k, 
AY  +  BY  +  C^  =  k\ 
Ap  —  —  ksmS^sinF,, 
Bq=  kcosS.-,smF„ 
Gr^     kcosF.„ 

_^Cdr 
j(B-A)pq- 

which  equations  give  r,  p,  q,  and  thence  S^  and  F^  in  tei'ms  of  g  and  the  -constants 
/(  and  k. 


"/<: 
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Moreover 

fk{h-Cf)    ^Cdr_ 
'"''"'"J  k'-Cr^    (B-A)2iq' 

which  gives  T^  in  terms  of  g  and  the  constants  k,  k,  m;  and  then  T,  S,  F  ai-e 
given  ill  terms  of  T^,  8^,  F^,  and  the  constants  6,  a,  <f>,  as  follows,  viz.,  we  have  a 
spherical  triangle  ABC,  the  aides  whereof  a,  b,  c,  and  the  opposite  angles  A,  B,  C, 
aff  respectively. 

Sides  S,-S,        T,-fT,    T-e, 


Opposite  angles 
a?  appears  by  the  figure. 


180"  -  F. 


The  above  values  of  p,  q,  r,  give 
equation  which  will  be  useful  in  the  sequel. 


The   coefEieient   n,   and   the   value   r^,   which  is   the   inferior   limit   of    the    integmly, 

are    thus    far    considered    as    arbitrary  functions  of  /(   and   k.      As   already  remarked,   rf 

(which   is   a   variable   quantity,   =nt  +  c)   is   used  as   an   element,   and    the   elements   are 
/),  k,  ff,  cr,  <r,  0,  0. 


As  to  the  signification  of  the  different  elements,  it  is  proper  to  remark  that  it  is 
not  for  the  purposes  of  the  present  memoir  necessary  to  completely  fix  the  significations 
of  the  quantities  n  and  r„;  the  only  conditions  imposed  on  these  quantities  in  the  sequel 
are  that  n  shall  be  a  function  of  h  only,  and  that  r„   shall   be   a  function   of  h   and   k, 

satisfying    an    equation    of    the     form    '>'«—/ [t^ — 7»^}'    where    /   denotes   an    arbitrary 

function.  The  values  of  n  and  r„  might,  in  accordance  with  these  conditions,  he  fixed 
more  definitively  by  reference  to  the  cone  rolling  and  sliding  on  the  principal  plane,  used 
in  the  theories  of  Poinsot  and  Jacobi  for  the  representation  of  the  undisturbed  motion, 
but  to  do  this  would  require  a  further  discussion  of  the  integral  equations,  and  it  is  a 
I K lint  which  is  not  here  entered  into. 
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This  being  premised,  we  have  (corresponding  to  iho  orbit  in  the  theory  of 
elliptic  motion)  the  principal  plane,  with  a  departure  point  therein,  the  positions 
whereof,  in  respect  to  the  fixed  plane  of  reference,  are  determined  by  0,  the  longi- 
tude of  node ;  <^,  the  inclination ;  and  <r,  the  departure  of  node.  The  precise  signifi- 
cation of  w  depends  upon  that  of  r^,  and  the  signification  of  r,,  teiag  assumed  to 
be  completely  determined,  that  of  isr  will  be  so  likewise ;  ot  is  to  be  considered  as 
an  angle  measured  in  the  principal  plane  from  the  departure  point,  and  determining 
in  that  plane  a  line  (or,  treating  the  plane  as  an  orbit,  a  point)  which  I  call  the 
rotation  pericentre,  or  simply  the  pericentre ;  say  w  is  the  departure  of  the  peri- 
centre;  and  then  g  is  an  angle  varying  uniformly  with  the  time,  used  for  expressing 
in  terms  of  the  time  the  angle  T,  which  determines  the  position,  in  regard  to  the 
principal  plane  and  departure  point  therein,  of  the  node  of  the  plane  of  ic,)/,,  or 
equator,  upon  the  principal  plane, — such  node  corresponding  with  the  moving  body  i)i 
the  theory  of  elliptic  motion.  We  may  in  fact  say :  T,  the  departure  of  the  last- 
mentioned  node,  =5r,  the  departure  of  pericentre,  -|-(7'  — 57),  the  rotation  true  anomaly 
of  such  node;  T—nr  being  a  function  of  g,  the  rotation  mean  anomaly  of  such  node. 
The  elements  are  tlien  as  follows,  viz. : 

/(,  the  constant  of  Vis  Vina, 

k,  the  constant  of  areas, 

g,  the  rotation  mean  anomaly, 

ST,  the  departure  of  rotation  pericentre, 

0,  the  longitude  of  node  of  principal  plane, 

cr,  the  departure  of  ditto, 

ij},  the  inclination  of  principal  plane  ; 

whorf  0,  a,  (f>  determine  the  position  of  the  principal  plane  and  deparfciu-e  point 
therein,  in  respect  to  a  fixed  plane  of  reference  and  departure  point  therein ;  but  it 
has  been  already  remarked  that  the  position  of  the  principal  plane  and  departure 
point  therein  might  be,  by  the  analogous  quantities  0,  2,  4>,  determined  in  reference 
to  an  arbitrarily  varying  plane  of  reference  and  departure  point  therein,  and  that  the 
expressions  for  the  variations  of  the  elements  would  then  be  of  the  form  given  foi- 
this  case  in  Art.  I. 


In  the  problem  of  the  Rotation  of  the  Earth,  the  principal  plane  is  sensibly 
coincident  with  the  plane  of  the  equator,  and  on  this  account  there  is  no  actual 
physical  representation  of  various  quantities  occurring  in  the  mathematical  problem. 
But  a  complete  discussion  of  the  mathematical  problem  does  not  thereby  become 
unnecessary  for  the  purposes  of  physical  astronomy. 
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If,  now,  the  Disturbing  Function  is  taken  into  account,  the  equations  are  to  be 
integrated  by  the  method  of  the  variation  of  the  elements.  I  use  dg  to  denote  that 
part  of  the  variation  of  g(=tdrt  +  do,  if  g  =  nt+c),  which  depends  on  the  variation 
of  the  constants,  and  in  like  manner  for  dp,  dq,  dr,  &c.  I  assume,  moreover,  that 
X.2  is  a  departure  point  in  the  principal  plane;  this  gives  da  —  cos <j>dd  —  0 ;  and  we 
see  that  the  equations  which  lead  to  the  expressions  for  the  variations  of  the 
elements  are 

Adp  =  —  sm  )S    eosec  j  -™  +  cot  j*  -j^  1  at  +  cos  J^  -j^  at, 

Bd<^  =     cos  (5 1  eosce  r  -j,-jj  +  cot  I'  -j-,^  \dt+  "" 


Cdr^ 


dil  ,, 


dT  =0, 
dS  =0, 
dF  =0, 

d(T  — cos  <pdS  =  0, 
where,  of  course,  n  =  il(7',  S,  F). 

The  variations  dh  and  dk  arc  obtained  from  the  equations 
^dh  =  A  pdp  +  Bqdq  +  C  rdr, 
kdk  =  A^dp  +  B'qdq  +  C'rdr, 

expressions  which  will  presently  bo  resumed  and  reduced ;  S^  and  F^  may  be  con- 
sidered as  given  functions  of  h,  k,  r,  and  the  variations  dS,  and  dF^  can  be  thus 
obtained.  The  expressions  for  T,  S,  F,  in  terms  of  T^,  Sj,  F^,  tr,  6,  ^,  and  the  equations 
dT^O,  dS  =  0,  dF^a,  d<r  — cos  <{3dd  =  0,  then  lead  to  the  expressions  for  dd,  da;  d<}>. 
and  to  an  equation  -  dS^  +  cos  F^T.^  =  0 ;  dT^  is  thus  also  given  in  terms  of  dh,  dk,  dr. 
And  this  being  so,  the  two  equations 

f    -Cdr 
^-  ]{B-A)pq' 


[k 


Or''    {B-A)pq' 


lead  to  the  expressions  of  dg,  dTH,  in  terms  of  dk,  dk,  dr;  the  form  of  these  expres- 
sions is  simplified  by  partially  fixing,  in  the  manner  already  referred  to,  the  signifi- 
cations   of   the    quantities    n    and    )■„,    considered    as    functions    of    h    and    k.     In  this 

manner   (dh,   dk,   dr,   being   given   linear   functions   of    -rm  dt,     .-^  dt,     ,-p  dt),   we   obtain 
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dh,  dk,  dg,  dw,  d9,  d<7,  d^,  all  of  them  expressed  id  the  same  form ;  that  is,  in 
terms  of  the  differential  coefScicnts  of  the  disturbing  function  fi  with  respect  to  the 
coordinates  T,  S,  F.  We  may  then  express  the  disturbing  function  fi  in  terms  oi' 
the  elements,  and  transform  the  equations  so  as  to  obtain  expressions  for  the 
variations  of  the  elements  in  terms  of  the  differential  coefficients  of  li  with  respect 
to  the  elements. 

VI. 

i'roceeding  to  carry  out  the  foregoing  plan,  the  equation 
\dh  =  A'pdp  +  Bqdq  +  Crdr, 
putting  for  Adp,  Bdq,  Cdr,  their  values,  gives 


\-(pcQsS  +  q sin  S)  -j^  dt  —  r  -^^ d 


which  may  also  be  written 
h  {h  -  Cr'') 


^'i''^       ^;,  cy/    j- sia  {S,-S) sin F,^-^dt 

+  cos  (.%  -  S)  sin  F.,  (cosec F^  +  cot  F^]  dt-  cos  F.,  -~  dtl 

.  k(B-A)pq  (  ,„       cr,   ■     IT  <^n   ,, 

"'"    V-CV      1    ^^^  ^  '  ~  ^  ^^'^  ^'  dF 

+  sin  (Sj  -  S)  sin  F^  f  cosec  ^  -7:^  +  cot  F  ~]  dt  t 


rjCk-k')  dO. 


-Gr{h-Cr')  +  r(Ch-k'')     -r(y&=-C^j^)     ,.,    . 

Next,  the  terms  involving  -j^  dt,  tlie  coelficient  is 

j-  (4  -  Cr-)  sin  (,%  -S)  +  {B-A)pq  oos  (S,  -  S)\  rJ^t, 
-[)-(*- ft")  sin  S,  +  (B-^)p}  COB  si  cosS 
+  {    (*-&-)cosS,  +  (B-^)p5sinS,l8insl  jr^f ; 


dS 
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))■,  putting  for  siiii^j,  cos  A'.,  their  values 


-Ajj       _B5 
k  sin  Fs '    k  cos  F^ ' 


Tj-  {It  -  Cr')  (-  Ap)  +  (B-A)pq.  Bq\  cos  S 
+  j     {h-  Cr')  Bq  +  {B-  A)  pq  (-  ^p)|  si.i  s]  ^^^j__ , 

and    the    quantities    in    [  j    being    respectively   p(]i?  —  GV)    and   q  (k-  —  Cr-),   and   since 
L"  —  Ch^  =  h?  siu^  F-i,  the  coefficient  is  =  ^  cos  S  +  q  sin  iS. 

In    like    mannev,   for    the    terms    involving    I  eoscc  F  --rjr,  +  cot  F  ,-,     rfi,   the    coefficient 
"^    \  di  dSJ 

|(4  -  C")  cos  (S.  -  S)  +  (if  -  4 )  M  sin  (S.  -  S)  j  ^  J^ 

=     |(A  -  Gr^)  cos  S,  +  (£  -  A)_?»5  sin  s\  cos  t^' 

+  {<t-CrOsinS,-(B-A)yjcosS.|sins]  j^_, 

which    is  =  — j)  sin  S  +  i/costS;    and   the   foregoing   transformed  expression  for  ^dh  is  thus 
seen  to  be  correct. 

The  equation 

kdk  =  A^pdp  +  B^qdq  +  C^rdr, 

substitnting  for  Adpi,  Bdq,  Gdr,  their  values,  becomes 

^dO,   ,      ^  ^dn.\   ,^  ,         -,dil 


Bq\     cos  S    cosee f -7^  +  cot F -t;t-    dt  +  sin  S-r,dt\ 


hlk=     Ap\-sinS 

„dil         ^  „dil 


But,    from    the    e(]uations    Ap  =  -  ^  sin  S.^  sin  F,,    Bq  =  k  cos  S^  sin  F.^,    Cr  =  k  cos  ^'j,    ^vl 
deduce 

-  Ap  sin  S  +  Bq  cos  S=     k  cos  (5^^  -  S)  sin  F^, 

jlp  cos  S  +  BqsmS  =  -k  sin  (,S,  -  S)  sin  F^, 

Cr  =      fccosi^,, 

and  we  thence  find 

.//.■-- sin  (S',-S)sini?;^df(+cos(S,-S) sin i^icoseci^^+cotJi'^);^*- cos i?!,^rf(; 

so  that  dh  and  i^^-  are  now  determined. 
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VII. 

The   expressions   for   dk   and   dk   being   thus   obtained,  and   dr  being  also   given  by 

dn 

'  dS' 
In  fact,  the  equations 

Or  ^koosF^, 


give  immediately 


'sin^  jSa     cos^  jSaX 


k  sin  F^dF.  =  -Cdr  +  cos  F^dk, 
.     -,         „/l      1\,„       G{Ch~k')r,  \dh         (h-Cr')kdk 

or,    multiplyiiig    by    A:^— CV{=^^sin^^j),    and    replacing    cos iSj sin ^^ sin'' if,    by    —ABpq, 
and  dividing,  the  last  equation  becomes 


dS,-- 


^dh        ,  (h-Cr')kdk 


(f(?~GY'){B-A)pq      {B-A)pq      {k'-OH-''){B-A)pq' 
iind  thence  also 

„  , .  ^      -GHGh^k'^)r'dr     ^       kCrdl^  G(h^Cr)rdk 

'      '     k(k''~aY')(B-~A)pq      k(B-A)pq^(t-&r'')(B-A)pq' 

which  is  the  value  of  dT~,  as  given  by  the  equation  (not  yet  demonstrated) 
dT^  =  cos  yS,  dF^. 
The  expression  for  dF^,  substituting  for  dr  and  dk,  their  values,  gives 
k  sin  F,  dF,  =      cos  F, sin  F,  cos  (S,  -  S)  (cosec  F^.  +  cot  ^  ^^  rf( 

—  cos  F.  sin  F5  sin  (S^  —  S)jp,dt 

,„dil  .       dil  ,, 

—  cos=  II. i  -77;  dt  +  -fci  dt ; 

ao  do 

or,  combining  the  last  two  terms,  and  reducing, 

dF,  =  UmsF,cos(S,~S)(cosQcF^  +  cotF'^']dt-(^8F,sm(S,-^^dt+smF,^dtl. 

We   might,  in   like   manner,  transform   the   expression   for   dS^,  but   it   is   1 
more   simple   to   obtain   the   new  form  by  differentiation   of  the  equation  tan  S^,  - 
this,  in  fact,  gives 

dS.  -  ^^M^fi  =  EtJw  (Ap .  Bd,  -  Bq .  Ad,,), 
o.  m.  62 


,  _  _  ^P . 
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and  the  value  of  the  numerator  being 

-  k  sin  S,  sin  F,  [     cos  8  (cosec  F-^j,  +  cot  -f  ^)  <^*  +  sin  S  ^  rfij 

-  k  cos  S.  sin  F,  I  -  sin  8  (cosec  i"  ^  +  cot  #  g")  <?(  +  cos  S  ^  rf(l , 
we  find 

'^'^^  ^  -  ra-f,  f  ^"  ^-^^  - -^^  H"«  ^S + ""*  ^S) '^^ + *^"' ^-^^  - '^^  S ''*} ' 

the  last-mentioned  expressions  for  dF,  and  (iS^  will  be  used  for  obtaining  dd,  da;  rf^. 

VIII. 
I  form  now  the  equations 

-  sin  S  sin  /"  rf  r  +  cos  SdF= pdt  -  sin  S,  sin  F,  d'l\  +  cos  S..  dF, 
+  a^  (—  sin  (7  sin  ^d6  +  cos  <7  di^) 
+  Qa'  (  cos  IT  sin  (f)dd  +  sin  o-  rf</)) 
+  <'(-do-  +  cos0rffl  ), 

cos  S  sin  f  (^r  +  sin  S  dF^  qdt  +  cos  8,  sin  i'jdS'a  +  sin  8^dF., 
+  ^i  (—  sin  <r  sin  tfidd  +  cos  <7  d<^) 
+  ^5'  (  cos  cr  sin  ^dO  +  sin  o-  rf0) 
+  A"  (-  do-  +  cos  <j>  d$  ), 

-d8+  COS  i^  dr  =  r  rfi  -  <?S,  +  cos  F,dT, 

+  7,.  (—  sin  <r  sin  <^  d^  +  cos  <r  d<()) 
+  7/  (  cos  ff  sin  ^d6  +  sin  o-  rf^) 
+  7/'  (-  1^0-  +  cos  0  rf^  ) ; 

which  will  presently  be  useful,  but  which  require  some  explanation.  As  the  eijuations 
stand,  on  the  left  hand,  dT,  dS,  dF,  denote  the  entire  variations  of  T,  S,  F,  treating 
not  only  the  constants,  but  also  the  time,  as  variable ;  but  on  the  right  hand, 
dT^,  dS^,  dFa,  denote  the  variations  of  T^,  8^,  jPj,  depending  only  on  the  variation  of 
the  constants;  if,  on  the  left  hand  and  the  right  hand  respectively,  dT,  dS,  dF,  and 
dT^,  dS^,  dFi,  were  used  to  denote  either  the  entire  variations  of  T,  S,  F,  and 
T-i,  (S3,  F3,  or  else  the  variations  of  these  quantities  depending  only  on  the  variations 
of  the  constants,  then  the  terms  pdt,  qdt,  rdt,  would  have  to  be  omitted,  and  the 
equations  would  still  be  true.  And  it  is  to  be  noticed  that,  omitting  the  terms 
pdt,  qdt,  rdt,  the  equations  express  the  relations  existing  between  dT,  dS,  dF, 
dTs,  dSi,  dF^,  dd,  da,  dt}>,  in  virtue  of  the  integral  relations  implied  by  the  existence 
of  the  spherical  triangle,  the  sides  and  angles  whereof  are  82  —  8,  T,  —  a;  T~  9,  and 
4>,  180"-^,  #,. 
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For    the    present    purpose   we   are   to   omit   the   terms    pdt,    qdt,   rdt,   and   to   write 
dT=0,  dS^O,  dF^O.     We  have  thus 

-  (-  sill  S^  sin  F^  dT^  +  cos  .S^  dF,^  =      a.,   (-  sin  a  sin  4,d0-\-  cos  o-  d4>) 

+  On'  {     COS  (7  sin  iJ3d$  +  sin  <7  dtf)) 
+  a."  (-  diT  +  cos  (f>  dO  ), 

-(  cos  iSs  sin  ^3(^2';  + sin  ,Sjrfi^2)=  ^i  (- sin  a  sm  (j)  d$  +  cos  a- dtp) 
+  0-1  (  cos  (7  sin  tpd8  +  sin  a-  d-i) 
+  ft"  (-  d<7  +  cos  0  dO  ), 

-  (-  (?S.  +  cos  F^  dT,)  =      7,    (-  sin  a  sin  <{>  d0  +  cos  o-  rf<^) 

+  y-/  (    cos  0-  sin  <f>dd+  cos  o-  (^^} 
+  y."  (-  c^ff  +  cos  (f,  de  ). 

Hence  we  have 

-  sin  o-  sin  <}>  dd  +  cos  <7  d^p  =  -  a^  (-  sin  S^  sin  F^  dT.  +  cos  F^  d,%) 

-ft(    cos S, sin i^2t^r2  + sin i^.rfS,) 
-7,(  cos  F^dT,-dS,  ), 

which,  attending  to  the  values  of  a/',  0^",  72",  may  be  written, 

-  sin  o-  sin  tp  dO  +  cos  a  dtj>  =  —  a^  (a^"  dT^  +  cos  iS^  dF^) 

~0,W,"dT,  +  amS,dF,) 
-'/,(j,"dT,-dS^  ) 

=  -  (a,  COS  S.,  +  ft  sin  8,)  dF.  +  7,  dS, , 
since  the  coefficient  of  dT^  vanishes;   and,  in  like  manner, 

cos  <T  sin  <p  d0  +  sin  a- d<j)  -  -  a./  (a,"  dT^  +  cos  ft  dF.^) 
-/3,'i^,"dT^  + sin  S,dF,) 
-y^'iy^'dZ-dS,  ) 

^-ia,'msS,+/3,'sinS,)dF,  +  y,'dS,: 
and  so  also 

-  d(r  + cos  ^d8  =  -  a/'  (oj"  dr^  +  cos  ft  df^) 

-ft"(ft"d2;  +  sinftdJ;) 
-y"(y"dT^-dS,  ) 

=  -  rfr,  -  (a/' cos  ft  +  ft"  sin  ft)  (^i^,  4  y:'dS,. 
But  we  have 

a,  cosft  +  ft  sin  ft  =  cos  r^,  y^  =  sin  T,  sin  f 3, 
a/  cos  ft  +  ft'  sin  ft  =  sin  T^,  7/  =  -  cos  T.^  sin  F^, 
a,"  cos  ft  +  ft"  sin  ft  =      0     ,         72"=  cosi^^, 
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and  the  foregoing  equations  thus  become 

-  sin  a-  sin  <l)  dd  +  cos  a-  d<p  =  -  coa  TidFj  +  sm  TiSia  F^dSi, 
cos  0-  sin  if)  dS  +  siner  dtp  =  -  sin  T^  dF^  —  cos  T^  ain  F^  dS^, 

-d,7  + cos  <l>de  =-  dT^  +  cos  F.dS,. 

The  last  equation,  making  ^^  a  departure  point,  or  putting  —  d<^  +  cos  <})  dff  =  0,  gives 

dT.,  =  cos  F.,dS„ 
an  equation  above  referred  to.     The  other  two  equations  give 

d0  =  -  cos  (i;  -  tr)  dF^  +  sin  {T.,  -  o-)  sin  F,  dS„ 
sin  <pde  =  -  sin  (T, -  o")  dF,  ~  cos  (T,-a-)  sin F^  dS.„ 
which,  with  the  ccjuation, 

dcr  —  cos  <j)dO, 

give  d$,  da;  d(}>,  in  terms  of  dS^  and  dF.^. 

IX. 

Proceeding  to  substitute  for  dS^,  dF,,  their  values,  we  find 
kd<}>=      ~cos(r,-.7){cosi^,cos{6f,-5){'cosecl'^+cotF^^),i(-cosii',cos(S,-S)^A+sini^,^^(4 

-sin(r,-ff){  sin(^,-S)(cosec^^,+cotii'g)rff+  cos{8,-S)~dt  \ , 

or  reducing 
kd>f>=  -  [sin  (r, -  <r)  sin (S,-S)  + cos (7,-0-) cos  (S,-S') cos  i",!  ('cosec-F^'' 

-  fsin  (T,  -  ff)  cos  (S,  -S)-  cos  (T,  -  <r)  sin  (S,  -  S)  cos  F,l  - 


IdF'^ 


-[  oos(n-.)sini^.  jg,^; 

and,  in  like  manner, 
t8in,fii9=-sin(T,-i)|cosJi',oos(S,-S)(co8eoi'j"  +  ootrj")(!i-cotKoos(S,-S)^<J(+8in*'™tii| 

+C08(r,-<7)j  sin(S,-S)('oosec*'|^  +  cotF^g')d(+  cos(S,-S)|§a  1 
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or  reducing 

ksm<f,d0^    \cos(T,-<r)sm(S,-S)-s^miT,~<T)cos(S,-S)cosF^  (cosaeF^+cotF'^]  dt 

+  [cos  {T,  -  <t)  cosiS,  -  S)  +  sin  (T,  -  a)  siii{S,-S)cos J",!  ^  dt 

These  expressions  for  dtfi  and  dO  arc  in  a  form  which  ia  convenient  for  some 
purposes,  but  they  may  be  further  reduced  by  means  of  the  spherical  triangle.  In 
fact,  in  the  expression  for  d<f>,  the  three  coefficients  in  [  ]  are  respectively, 

sin  6  sin  a  +  cos  b  cos  «  cos  C  =  sin  5  sin  j1  —  cos  B  cos  A  cos  e 

=  sin  f  sin  0  +  cos  1*003  0  cos  {T  -  0), 

sin  b  CDS  a  —  cos  b  sin  a  cos  C  =  cos  A  sin  c 

=  cos  0  sin  (2"-^), 

cos  6  sin  (7         =  cos  J5  sin  j1  +  sin  B  cos  A  cos  c 

=  -cos  Ji'sin  0  +  sin  f  cos  0cos(2'-^); 
and  we  have  thus 

kd<}>  =  --  (     sin  i^sin  <f>  +  cos  J?" cos  0  cos  (T  ~  ^))  (eosec  J'^^  +  cot  F^J^]  dt 


—  {—  cos ^ sin  0  +  sin  Fcos0cos(7'-  6)]  -.g  dt; 
and  the  right-hand  side  is 

-  (     sin  ^ sin  0  +  cos  F cos  0 cos  (^ -  8)\  cosec F'^^  dt 

—  cos  <p  sin  {T  —  9)    jr,dt 

+  cosec  F cos  cj,  COS  (T~e)   ^  dt, 
or  we  have  iinally 

A,-d0  =  -  cos 0  cos  (2" -  ^)  (cot  f  ^  +  cosec F^^)  (?( 

-smi>  -^dt 

-cos4>sm(T-e)^dt. 
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In    like   manuer,  in   the   original   expression   for   k  sin  0  d6,  the   three   coefficients   in 
[  ]  are 

cos  6  sin  «  —  sin  b  cos  a  cos  C  =      cos  B  sin  c 

=  -cos^sin(r-f), 
cos  6  cos  ([  +  sin  6  sin  a  cos  0  =     cos  c 

=     cos(2'-£'), 
—  sin  6  sin  (7  =  —  sin  B  sin  c 

=  -sio2'sin(r-^), 
and  thence 

k  sin  4, dO^-  cos  J- sin  (r  -  ^)  (cosec  i^ ^,  +  cot  F  '^]  dt 

+  cos(T-ff)^dt 

~  sm  F  sin  {T-e)'^dt, 


and  the  right-hand  side  i 


-e»tFem(T~e)'^dt 


-eoseeFsui(T-S)    vn  dt, 
or  we  have  finally 


k sii]  •fiie--  Bin  (T -  «)  (cot  1''=^+  cosec  F^^)  t(l 


The    expression    for    do-    can    be    obtained    from    either    of    those    for    dS,    by   the 
equation  da  =  coa  tfi  d6,  and  we  have  thus  the  values  of  da,  dd,  d(fr. 


X. 

It  remains  to  find  the  expressions  for  dg  and  d^.     We  have 


f    -Odr 


{.B-A)pi' 


T,  =  ,^fi^^^S^ 
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where    p,    q,    are    considered    as    fuuctioiis    of    r,   h,   k,   and   where,   besides,   n   and    the 
inferior  limit  »■„  of  the  integrals  are  functions  of  h  and  k.     Wc  may  write 


-nC 


k  +  'Sdk, 


^^■^  =  <i^  +  ^fcS  rrr'^f^      dr  +  (Sdh  +  1)dk, 
k^  —  (J^    (B-A)pq 

whei'e  31,  35,  (5,  2),  are  functions  which  contain  integrals  with  respect  to  r,  and  there 
is  not  any  algebraical  relation  between  them,  except  the  equation  ^  =  ~  2ji(5,  which 
will  be  obtained  presently.  I  retain,  therefore,  21,  33,  S,  3),  in  the  formuhe.  The 
first  equation  gives  the  value  of  dg:   from  the  second  equation  we  have 

d^  =  dT,  +  7T^i2'~^'^\.      dr  -  ^dh  -  ^dk, 

or  substituting  for  dT.^  its  value  cos  F^dS^,  the  expression  for  which  has  been  obtained 
above  [p.  489],  we  have 

-0'(Ch-k')t^dr \Grdh_  G{h-Cf)rdk 

~      k (k' - Oh-^) (B-A)pq     k{B-A)pq^ (k' -  CfY') (B - AYpq 


+  k(,.- 

-CVXB- 

~A)pg 

(Sdit 

- 

^di. 

L-edneing, 

Ihis  is 

d^  = 

Chdr 
k(B-A)pq 

*[m- 

-A)pq 

..] 

"'-y 

C(h 

-cv 

-Cr-)r 
)(B-A)„ 

which   might   be   retained   in   this   form.     I   obtain,  however,  a  different  form  as  follows, 
viz.,  we  have 

,.   ,c  Ck<h-07^)dr  „ ,,      ~^,, 

(k^  —  C^)(B  —  A)pq 

or  using  the  other  form  of  dS^  [p.  490],  and  substituting  also  for  dr  its  value  from  the 


d^^^l  cut  F,  {sin  (S,  -  S)  (cosec  ^  g  +  cot  F  g)  dt  +  cos  (S.  -  S)  ^-^  di| 

We  have  now  to  prove  the  before  mentioned  equation  i?C  =  —  2hS.     \\  e  Ijave 

_  d      t    ~Gdr      _     r,   ±     _^0 ,  *"  [    -Bdr  «C    _    dr. 

~  d:k*S{B-A)pq     "1      dl:(B-A)pq*  dkl(B-A)pq  (B-A)p^,dk' 

d      lk(h-Cr')     -Cdr      _!      d^        - Ck (h -  6V)  Ck (h -  On'}  *. 


dr 


''    (B~A)pq     i      dh(e-CV){B-A)pq     {k'^Crf)(B-A)pJi.dk' 
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where  p^.   la,   are   the   values  of  "p   and   q   correspoiiding  to   r=r^.     If  we   assume   that 

)i   is   a  function   of  h   only,  the   term   multiplied   by  -^  will   disappear,  and  by  properly 

determining   r,,   as   a  function   of  k   and  k,  we   can,  as  regards   the   terms  which  contain 
Vg,  satisfy  the  e(juation  SB  =  —  2ii(S ;   the  condition  for  this  is 

dk~      t~C^„'       dh' 

which   will   be   satisfied   if  )■„   is   dctennined   as   a   function   of  /'.  and   k   by  an  equation 
of  the  form 

•     •'  W  -  Cr,'l  • 
where  /  denotes  an  arbitrary  function. 

It    remains     to    show    that,    as    regards    the    terms    involving    integrals,    we    have 
the  same  relation  9i=  — 2nK,  and  this  will  be  the  case  if 

d_        -C       __,l_        -Ckjh-Vr') 
dk{B-A)  pq  ik  (¥  -  CV)  {B-A}pq' 

or,  what  is  the  same  thing,  if 

d   1  _     „d    lc(h-a')  -2i.-      d  h-Ci' 

dkpil~        dh{k^~C^r')pq^(k^-GV^)dh     pq     ' 

in   which   equation  p,   g,  are   considered   as   functions   of  h,   k,   given   by   the   equations 

Ap'  +  Bq'+Gr^^h, 
Ay  +  B'q'^  +  CP'r^^k'. 
We  find  without  difliculty 

d.pq      ~i  {A"-p^  -  B'q-}  d.pq_    k(Ap^-Bq-) 

dh    ~  AB(B-A)pq  '        ^dk    ~AB[B-A)pq' 
and  thence 

d^  h  -  Cr'  _i_      i(h-Ct'}  {AY-mf) 
dh      pq      ~pq  'AB(B-Ajp'q' 


AB(B-A)py 


[AB{B-  A)p'q'  +  i(Ap'  +  Bq')  (A-p'  ~  B'q-)] 


-AB(B-A)p,q-''^^J'-'''''^''^V)HB-t) 


i(l?-CV){Af-Bq') 
AB{B-A)p'q'        ' 
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and  the  right-hand  side  of  the  equation  in  question  is  therefore 

_  -  k  {Ap^  -  B<f) 
~AB(B-A)pY' 

wliieh  is  ob^-iously  also  the  value  of  the  left-hand  side.  Hence,  under  the  assumed 
relations  (n  a  function  of  k  only,  and  r„=/L^-- ^  J  j,  we  have  the  above-mentioned 
equation  S  =  —  2«IS. 


It   will   be    convenient    to    recapitulate    the   various   formulis    for   the   vai-iations,   as 
follows ;    we  have 


hdh=  (- p BmS+ q  cosS)(eo^cF^  + cot F'^)d 


r  (Ok  -  iS^)  dn  , 


hdk  =      (—  Ap  sin  B  +  Bq  cos  B)  I  cosec  F  ~pp  +  cot  i 


dS) 


dS 


dk-  ooa{S,-S)iinF,(maxF~+aAF^}dt-dn(S,-S)AuF,^dt-coBS,'^d 

hU-  ^mi,4,c<x(T-S)(a,lF^^  +  coa,iiF^dt 
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and 

kd<f,  =  -Lm{T,-<7)sm(S,-S)  +  wsiT,~<T)co8(S,-S)co^Fl(cosccF'^^  +  cotF~'\dt 
'  J  \  Mi  abj 

-\iim(T,-a)ccm(S,-g)-co!,(T,-,T)aiB{S,-S)<,<xF.\~,dt 


-a»(T,-,)smF,  Igd 


dn  , 


k  Bin  4,de  -  -  sin  (T  -  9)  (cot  F  ~ 


dt 


;ssi„*de.|oos(y,-o-)sm(S,-S)-Bm(r,-o-)cos(S,^S)cosKJ(oosecFj"  +  cotfjg')(ii 
+  jcos(2',-,T)cos(S,-S)  +  8m(r,-o-)sm(S,-S)cosi'I  '^^,dt 


'd<l  =  rH-    ,  c   "  d 

and 

'l9 


(B-A)pq  dS 

CUr         ,   (      -tC-  „(.,  ,1         C(;i-tV)r  .1,, 


(te  =  -  T  cot  F., 


jsin  (5,  -  S)  (cosec  ^  ^^  +  cot  i-'  ^^J  dt  +  cos  {S,  -  S)  ^ 


^k(B-A)  atf  /",  sin  8,  cos  S,  ti« 

where  it  will  be  remembered  that  39=— 2hS.  The  diifercut  forms  for  the  vaiiations  of 
the  same  element  are,  or  may  be,  each  of  them  useful.  The  first  expressions  for  dg  and 
(fe  respectively  are  to  be  considered  as  giving  these  variations  in  terms  of  dr,  dh,  dk; 
and  the  second  expressions  are  those  obtained  by  substituting  for  these  quantities  then- 
values,  but   in   the   terms   multiplied   by  the   integral   expressions   21,  'B,  S,  3),  which,  on 
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account  of  these  multipliers,  do  not  unite  with   the   other   terms,  dh,  dk  are   retained   as 
standing  for  their  values.     The  following  equations  may  be  added, 

Ok{h-Cr') 
'A 

n  i",  cos  F^ 


-  CV    "'  "^      >  - 


dk, 


7o  _        -C(Ck-k^)r  \dh  (k--Cr^)kdk 

'-    ''      (k'-0'f^)(B-A)pq  {B-A)pq^(i?-(Pr')(B-A)pg' 

which  give  dF^,  dS.^,  in  terms  of  dr,  dh,  dk;   and  I  call  to  mind,  also,  the  equations 

Ap^ -k  sin  S.,amF..,        Bq  =k  cos  Si^nF^,         Cr  =k  cos  F... 


XII. 

To  find  the  differential  coefficients  of  fl  with  respect  to  the  elements,  I  proceed  as 
ibllows ;  considering  the  function  first  under  the  form  li  =  II  (T,  S,  F).  the  total  differen- 
tial is 

-^^,d'J'  +  ^dS  +  ^dF, 

which  must  be  equal  to  the  total  differential  of  0.  considered  under  the  form 
li  =  fi  {h,  k,  g,  vr,  (T,  0,  (f) ;   that  is,  it  must  be 

da  J,  .  dil  ,.     dil ,    .       ,  ,      dil  ,       dn  , .     dil  ,       dil  ,, 

where,  as  elsewhere  dg  denotes  only  the  part  of  the  variation  of  g,  which  depends  on 
the  variation  of  the  constants ;  so  that  the  total  variation  of  g  is  represented  by  ndt  +  dg. 
The  value  of  dH, 

dil  ,„     dfl  ,-,     dO,  ,n 

is  to  be  obtained  in  a  form  comparable  with  the  last-mentioned  expression,  by  means  of 
the  formulae  supra,  Art.  VIII.,  which,  for  shortness,  I  represent  as  follows; 

-  sin  S  sin  f  (jr  +  cos  S  <i^  =  <iP, 

cos  S  sin  i''(iy  +  sin  SdF  =  dQ, 

-dS  +  coaFdT  =dB; 


these  equations  give 


dF^  costidP  +  sinSdQ , 

dT  =  cosec  F(-amSdP+  cos  S  dQ), 
dS=     cMF{-siiiSdP  +  coaSdQ)-dR; 
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and  we  then  have 

iin=      (    maSdP  +  ainSdQ)'^ 

+  (-, in  SiP  + CO,  8 dQ}(coea,F'^  +  a,tF~) 

,„da 


and  substitnting  for  dP,  dQ,  dR,  their  values,  the  resulting  expression  may,  for  shortness, 
be  represented  by  d[l  =  djli  +  djXi  +  djU,  where 


d,n  =     (    p  cos  S  +  f^  sin  S)  -,  p  d( 

+  (— p  sin  ,S+  5eosyS)  fcosecf -^ +  cot,F^nJ  d 


(in  , 

'dS'' 


d,n  =      loos  (S,  -S)amF,  (coseo  i"  ^  +  cot  F  ^)  -  sin  (S,-S)  sin  J!",  J§  -  cos  F,  S  dT, 
+  j  sin  (S,  -  S)  (cosec  F  g  +  cot  J-  g)  +  cos  (S,  -  S) 


(if 


'  dS„ 


which,  for  shortness,  I  represent  by  dfi  =  XdT.^  +  Yd.F^  +  ZdS^ ;   and 
f     (    Oi   cosyS  +  (33  sinyS)  (— sin  (^sin(^(i(i  +  cos(7(ii^)~i 


fisfi  =  j  +  (    a,'  cos  S  +  ft'  sin  S)  (     cos  (r  sin  <^ 
[  +  (    (t/  cos  ,S  +  ft"  sin  S)  (  -da  + 


,(>ii9  )J 


^     (—  t»2  sin  S  +  ft  cos  i5)  (—  sin  it  sin  i^dO  +  cos  (T(ii^) 

-  .^  +(-02'  sinS  +  ft'  cosiS)(    cos(r8in0(i^  +  sin(r(i0)  I    '^ 

l     (-«,"sinS  +  ft"cosS)(         -  (i(r  +  cos  ,)>(ie         )J 

72 (—sin  (T sini^(i(?  +  cos<7(ii^)^ 


H^5  +  °°'^s; 


+  72'(     COS(rsin(^(i^  +  sin(r(i(^)  !- 
+  7.-(  -(i(r  + COS  .(>(!«         )J 
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or  substituting  ibr  a,,  Szc,  their  values,  and  reducing,     ^3!!  = 

j{[cos  (&  -  S)  sin  (T,  -  <7)  -  sin  (S,  -  S)  cos  (2;  -  o-)  cos  F,]  sin  0  -  sin  (S,  -  S)  sin  F,  cos  0)  d^  1  ^j^ 

(+  (cos  (S,  -  S)  cos  {T,  -  <7)  +  sin  {,?,  -  S)sin  (T,  -  a)  cos  F,)  d^  +  sin  {S,  -  S)  sin  ^^o-  f  dF 

(([siii(S',-S)siii(2'2-o-)+cos(,S2-,S')cos(2;-(7)cosfJsin<^+coB(S2-S)sini;cos0)rf^)  ,  jq  ^^^j, 

!-  ■!  M  cosec  Ji"  -r-,„  +  cot  -f  -Tn 

(+(sin(5',-S)cos(2'o-<7)~eos(;S,-S)sin(r,-<7)cosy,)d0-cos(S,-S)co3F,(;o-  )  V  ci^  aSI 

-  |(- cos  (2",  -  a-)  sin  #,  sin  0  +  cos  J'a  cos  ^)  rf5  +  sin  (r,  -  a)  sin  Fjrf^  -  cos -F^t^irl  ^  . 

Hence,  comparing  (7,n  +  d.jH  +  dsfi  with  the  other  expression  for  dCL,  and  observing  that 
dT.^,  dS.,,  dF.,,  do  not  involve  d6,  da,  d^,  we  have 


dn  „    do, ,,    dii ,     dn 

=  -if-dh+  -,,-  «« 4- -J-  dg+  j— 
aft  «ffi  w    "^     rfw 


-■39  ""■^s^"'^  a*" 


The  first  equation  gives 
dil 


-5-  =  (—  ^  sm  o  +  f/  cos  b)  I  cosec  i-  j™  +  cot  Ji  ,  jc  I 

.   ^,dn      da 


and,  comparing  this  with  the  first  form  of  ^dk,  we  have 

dh^^tt  -T-  dt. 
dg 

The  third  equation  gives 
^  =     j[sin(S,-  «)sin{2',-a)+cos(S,-S)cos(r,-S)cosi?',]sin0+cos(S,-,S)HinF,cos0 1  (cosec  ^^  +eot  F^J) 

+  |[cos(S,-yS)sin(r,-ff)-sin(S,-S)cos(r,-(7)cosJ'Jsin^-sin(S,-S)sinF,cos0l^ 

+  \  cos  (Ti  -  0-)  sin  i".  sin  ^  -  cos  F.,  cos  ^  f  "^/Q  ' 
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j"  -  -  COS  (S,  -  S)  COS  F,  (ooseo  '^  J^^  "  «"'  -f  sS) 


^=      \sa(S,-S)cos(T.-^)-cos(S,-S},m(T,-„)oo,F,^(co^oF''J}  +  c<,tF'^) 
+  jcos  (S,  -  S)  cos  ( r,  -  0-)  +  sin  (S,  -  S)  sin  (T.  -„)coi,F,\'^ 


..in,         .tin 

jsln  (.%  ~S)am(T,-^)  +  cos  (S, -  S)  Cos  (I",  -  <r)  cos  F,} (coscc  F^B,  +  c<,tF^\ 
+  jcos  (S,  -  «)  sin  (y,  -  ,7)  -  sin  (S,  -  S)  cos  (T,  -  »)  cos  fI  ~ 


+  coscr^-^js: 

.nd  we  have  therefore 


The  second  eqnatioi 


,  dn 


cot  Ad il  ,,      cosee  d  dfi  , 

*—-jrd„'"-~kde'' 


,  cot  <fc  da  ,, 

dcr=     —  -C     -  dt, 
k     dip 

,,         cosec  A  dO.  ,, 

«f  =     r— -  -,T  dt 

k       dtp 


dil     ,,  dil     ,,  dH     ^  dil     ,  ,   „  Tr   Ifl.  ,7-iTT  rr,^ 

-jrdk+^rdk+^-dq+-r    i^or  =  rf^Ii  =  XdT,  +  YdF,  +  ZdS.., 
dh  dk  dg    ^     d^s  .  ^ 

if  we  substitute  for  dg,  dT^,  dF^,  dS^  their  values,  becomes 

{  {k^-C^"-){B-A)pq  J 

I  g(a-^-')r  ,  l,dh  {n-Cr^kdk       ] 

\  {k'-C'f'){B-A)pq'''^      {B-A)pq-^ik^-GH-){b~A)pq\- 
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The  comparison  of  the  tenns  involving  fc  gives  at  once  -j-  =  X,  or,  suhstitutiiig  for 
X  its  value, 

^--  =     COS (S.. - S^)  sill  F.,  f  cosee Fj^  +  cotF -,,,  1 


'dF 
and  comparing  with  the  expression  for  dk,  we  find 

dk  =  T—  dt. 

The  terms  involving  dr  give 

dil  _k{h-Cr')  k8inF^(B-A)pq  ^,  ,  (Ch-y)r 

""  dg~  i^-CH-^       '^  k'-Oi^  ^+A?_CV      ' 

or,  substituting  for  X,  Y,  Z,  their  values, 

r{Gh-¥)  dXi 

which  agrees  with  the  second  form  for  \dh,  and  gives  as  before 

dh  =  2)1  -5—  rf( ; 
dg 

the  terms  involving  d/(  give 

dh  d(f  {B  —  A}pq 

and  thence 

-  2»  ~  =  2»a  f^  -  2»ISZ  +  ,-r,—j^-  Z ; 
dk  dg  (B-A)pq 

or,    siibatitiitiiig    for    -  2wS    its   value   23,    for   X    the    value  -j— ,   and   for   Z   its    value 


dg  ^      da^ (B  ~  A)pq  dS  ' 
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where,    on    the    right    hand,    -t—  and    -j—   may    be    considered    as    standing    for    given 

,  dil     dn     dp. 
dT'    dS'    ~dF' 
dil 
dg 

-2n'^dt=mh+mk+nT-^^jr~  S« 

dh  {B-A)pq  dS 

ivhieh  agrees  with  the  foregoing  value  of  dff,  or  we  have 


The  compaiison  of  the  terms  involving  dk  gives 
or,  substituting  and  reducing, 

„    ,.dO,         ~.   dil         1         ,    n     f  /r,  ci\dil  ■       ,CH  ^^   /  ndil  ,     ndil\) 

(li-OT')h 


_dn_ 

dk 


{k'-CV'){B-A)pqdS' 

where,  on  the  light-hacd   side,   -p   and     -     may   be   considered   as    standing    for    given 

,  im     dn     dSl 
df    dS'    dF' 

da 

is 
-  ^  (if  -  -  Sa  -  Sffl- -  i  cot  f,  jcos  (S,  -  S)  ^  <«  +  sin  (S,  -  S)('cosee  ii-^  +  cot  J 
(t-Cr')t 


(h'-CV)(B-A)pq  dS     • 
which  agi'ees  with  the  foregoing  value  of  d^,  or  we  have 
da   ,, 


and  we  have   thus    the   system    of   formula    for    the    variation    of   the   elements    in   the 
problem  of  rotation,  given  in  Art.  I. 
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218. 

A  THIRD  MEMOIR  ON  THE  PROBLEM   OF   DISTURBED   ELLIPTIC 
MOTION. 


[From   the   Memoirs   of  the   Royal   Astronomical   Society,    vol.   xxxi,   pp.    43 — 56. 
Read  January  10,  1863.] 

The  object  of  the  present  Memoir  is  to  obtain   the  differential  equations   for   deter- 
mining 

r,  the  radius  vector, 

V,  the  longitude, 

y,  the  latitude, 

of  the  disturbed  body,  when  the  last  two  eooi-dinates  are  measured  in  respect  to  an 
arbitrarily  varying  plane  (which  however,  to  fix  the  ideas,  is  called  the  variable  ecliptic) 
and  the  departure  point  or  origin  of  longitudes  therein.  This  is  very  readily  effected 
by  means  of  an  expression  for  the  Vis  Viva  function  given  in  my  "Supplementary 
Memoir  on  the  Problem  of  Disturbed  ElUptic  Motion,"  Mem.  Boy.  Ast.  Soc,  t.  xxviii.  pp, 
217— -234  (1859),  [215].     Neglecting  the  squares  of  the  variations  of  the  variable  ecliptic, 

and  also   the   products   of  the   variations   by   sin  y,   or  -^ .  then  (as  might  be   expected) 

it  is  found  that  the  equations  for  r  and  v  arc  the  same  as  for  a  fixed  ecliptic,  and 
the  equation  for  y  is  found  in  a  simple  form,  which  is  ultimately  reduced  to  coincide 
with  that  obtained  for  the  lunar  theory  by  Laplace  in  the  seventh  book  of  the 
M4canique  Cileste,  and  which  is  used  by  him  to  show  that  the  effect  of  the  variation 
of  the  ecliptic  on  the  latitude  of  the  Moon  (as  measured  from  the  variable  ecliptic) 
is  insensible.  And  it  is  shown  conversely  how  the  approximate  formula  of  the  Memoir 
may  be  obtained  by  a  process  smiilar  to  that  made  use  of  in  the  Mecanique  Celeste. 
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The  position  in  respect  to  a  fixed  plane  of  reference  and  origin  of  longitudes 
therein,  of  the  variable  ecliptic  and  of  the  departure  point  or  origin  of  longitudes 
therein,  are  determined  by 

6',  the  longitude  of  node, 
o-',  the  departure  of  node, 
0',  the  inclination, 
where,  by  the  definition  of  a  departure  point, 

d<j'  ~  cos  0'  dd'  =  0, 

and   then,   in   respect   to   the   variable   ecliptic   and   departure   point   oi'  origin    of   longi- 
tudes therein,  the  position  of  the  disturbed  body  is  determined  by 

T,  the  radi\is  vector, 
«,  the  longitude, 
y,  the  latitude ; 

and   this   being   so,  then   (Supplementary  Memoir,  pp,    220,   227)   the   expression   for   the 
Vis   Viva  function  is, 

T-i{r'  +  r'(9  +  W)], 
where 

Q=         -y  +  [cos  {v  -  a-')  sin  <f>' .  &  -  sin  (v  -  er')  ^'], 

It  =  cos  p.i)  —  smy  [sin  (v  —  a')  sin  0' .  ^'  +  cos  {v  —  o-')  0'], 

the   superscript   dots  being    used    to    denote    differentiation   with    respect    to    the    time. 
The  last-mentioned  expressions  may  for  shortness  be  denoted  by 


e 

=         -j  + 

■A 

R 

.  ras  y .  i  - 

B 

Bin  J. 

The 

equations 

of  motion  s 

« 

of  course. 

d  dT 

dT 

dV 

**" 

'  dr' 

°  dr  ' 

d  dT 

dT 

dV 

dt  di>  ' 

"*  ' 

dv  • 

d  dT 

dT 

dV 

dt  dy' 

'dy- 

'dy- 

where     V=  ~ —  +fi,    if    H    is    the    disturbing    function,    taken    with 
(il  =  —  iJ,  if  .S  is  the  disturbing  function  of  the  Mecaniqm  CMeste). 
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To  reduce  these,  we  have  in  the  first  place 
•>-^  ■  ''I'        ,n,      o„ 


dy 


§,"'^''i  -■ii(-»uy.*-Scos5,). 


The  equations  are  thus  reduced  to 


RA^iny) 


do, 


and  then  substituting  for  Q,  R  their  values,  viz. 


«=  -i-^. 

B.coss,*-Ji™^, 

df' 

-rKt)'-(S)]-*" 

a 

dv 

d  i  „dy\       „  ,        /dvy  dil      ,- 

where 

21  =  r  (-  2A  J  -  2B  sin  1/  cos  1/  ^  +  ^=  +  i?^  sin^  y)  , 

®  =  J- (r^  S  sin  )/ cos )/)  +  r-  IH  u'~  ^  siny  cos  1/-^  —  j4£  cos'y  1  , 

6  =^(''''^)  +r=(^-(cos^y-siii^i/)£^  +  ^^sinj/coS7J, 

in  which 

,,    .     ,,d&       .    ,         „dd' 
^-cos(i;-(7)sin0  -^^  +  sm  (t>  -  <7 ) -^^  , 

,,       .     ,  ,,    .     ,,  c^^'  ,  ,,  di) 

B  =  sm  {v  ~  a  )  sin  <t>  -57  +  cos  (v  —  <7  )  —i    ; 

^',  ir',  ^'  being  given  functions  of  t  such  that  drr'  —  cos  0'  rf^'  =  0. 
The  foregoing  equations  of  motion  ai'e  rigorously  accurate. 
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II. 

Neglecting  the  terms  which  involve  A^,  AB,  &,  we  have 


and  if  wo  then  neglect  also  the  products  of  A  and  B  hy  y  and  -^ ,  i 

a  =  o. 


■S-0, 

-_, ^  o* 


-^Ar-A)^,'! 


where    it    may   be    noticed    that,   in    oixicr    to    obtain    this    last   value    of    S,    the    only 
neglected  term  is  a  term  containing  B  sin^  y. 

Now,  attending  to  the  values  of  A  and  B,  we  have 

dA  _  dA  dv     d'A 
dt       dv   dt       dt 

~~     dt^~dt  ' 

where   here  and   in   the   sequel   -r-    denotes  differentiation   in   regai-d  to  (   in   so   far  only 

as   it    enters    through    the    quantities   a',   ff,   4>',    which   determine    the    position    of    the 
variable  ecliptic. 

and,  as  above,  31  =  0,  35  =  0. 

Let   r,  V,  y  be   the   values    obtained   on   the   supposition   that   S  =  0,  and 

r  +  fir,  v+  hv,  y  +  Zy, 

the  accurate   values;   the   first   and   second   equations   show  that,  neglecting  the  products 

of  y   and   -~  into   hy  and   -^ ,  we   have   Br  =  0,  Sv^O;   so   that   the  values   of  r  and  v 

are  not  affected  by  the   variation   of  the   ecliptic.     And   then,  substituting  in   the   third 
equation   y+By  in  the   place   of  y,  and   for 

cos  (y  +  Sy)  sin  {y  +  Sy),  =  cos  y  sin  i/  +  (cos*  y  —  sjn^  y)  By, 
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writing  cos  ^  sin »/  +  By,  we  have 

or,  since  the  terms  independent  of  Sy  and  (S  must  destroy  eaeh  other,  this  is 

df"^   dt  ^'^[dtl  ^        dy^^' 
or,  as  this  may  be  written, 

that  is, 

d'Stj     i  dr  dSi/     /dvW       1  .da    „.ldr     d'A     -..lii) 

or,  what  is  the  same  thing, 

_2drdBy  ldr^.j^r_dv\ 


^dt  -dt^^^-rdt^^^\!'-dt) 


,  d'A 


where   as   usual   m,  =  — ,  is   the   ratio   of  the   mean   motion  of  the   Sun   to  that  of  the 
Moon ;    the   term   f  wi^^  ty   having   been   added   on   each   side   of  the   equation   in   order 


r^      dy ' 


where  R  is  the  angulai'  distance  of  the  Sun  and  Moon;   that  is,  cos  fl'=  cosy  cos  (v  -  jf') ; 


-^  II  cos' y  cos'  {v  ~  v')  ~  \\, 


--3  (i+|cos(2!'- 
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the   periodic    quantity   cos (2ij - 2ii'),   and    writing   y   for  smy  cos*/;    also 
putting  as  usual  m'=    '    ' 


m^i^a^,  and  / 

-a',  we  have 

iy 

mVr^ 

■iy. 

.da 

'-d,-~ 

m^ii'r^ 

■}% 

1  „  dn 

■|m=n' 

•Ss. 

Substituting    this    value    of    —  S    -  ,   and    putting    also    r  =  a,    tt  =  0,    j-  =  **■    the 
equation  for  Sy  becomes 

III. 
To  deduce  the  formula,  seventh  book  of  the  Micanique  Celeste,  I  proceed  as  follows; 
Putting 

dt      cos  ^'  dl  ' 
we  have 

A  cos  0'  =  -TT  sin  0'  cos  {v  —  a)  —  -^  cos  0'  sin  {v  —  o-'), 


which  may  be  written 


-  cos  0'  cos (v 


Lapiace  in  effect  assumes  that  the  variations  of  the  ecliptic  are  given  in  the  form 
sin  0'  sin  a'  —  —  ^k  sin  (int  +  e), 
sin  0'  cos  cr'  =     Xk  cos  (int  +  e), 

{it  +  e  is  there  ^vritten  for  the  argument,  n  being  assumed  =  1)  where  i,  k,  e  are 
absolute  constants,  the  quantities  i  being  all  very  small  in  comparison  with  m?.  Sub- 
stituting these  values,  and  putting  cos  0'  equal  to  unity,  we  have 

A—  —  'S.ik  cos  (v  +  int  +  e), 
B  —  —  l.ik  sin  (v  +  int  +  e) ; 
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and  thence  also 

—J-  =    JiS  i'k  sin  (v  +  int  +  e), 
and 

^nB-^  =  -nt{2i-\-i')ksm{v-vint  +  e), 
so  that  the  equation  for  Zy  becomes 

or,  taking  as  the  independent  variable  v  (=  nt)  in  the  place  of  t,  this  is 

*^f  +  (l+jm')%  +  lj(2i  +  i>)trin(»  +  w  +  e)  =  0i 

which  is,  in  fact,  Laplace's  equation,  n  being  retained  instead  of  being  put  equal  to 
unity,  and  Zy  being  the  part  which  depends  on  the  variation  of  the  ecliptic,  of  his  s,. 

IV. 
Conversely  the  equation 

may  be  obtained  by  a  process  similar  to  Laplace's.  Assuming  that  the  Moon  and 
Sun  arc  each  of  them  referred  to  a  iixed  plane  of  reference  and  origin  of  longitudes 
therein,  by  the  coordinates 

n,  the  reciprocal  of  the  reduced  radius  vector, 
V,  the  longitude, 
s,  the  tangent  of  the  latitude, 
ibr  the  Moon,  and  by  the  corresponding  coordinates  v,',  v',  s'  for  the  Sun,  then  we  have 

ds  dil         dil     „       „,  dil 
a's  dv  dv ,         du     ^  ds      ^ 


i  [da  ,  -s 

Here,  as  before, 

,  as  it  is  now  to  be  written, 

_ m'(l+s')a"  (   (ei,a{v-v')  +  i!t\        1 
(l+i'-fw    VUTTI--J1+,'-)       *) 
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or,  since  the  second  term 

gives,  as  is  immediately  seen,  no  term  in 

ds  dp. ^       '^—-(i       n*^^ 
dv  dv  du     ^         ^  ds  ' 

we  may,  in  calculating  this  quantity,  write 

^_m'(l+s=)M"       /c<^(«-y')  +  a8'Y 
(H-s'=)*M=    ■^Wl  +  s^Vl  +  W 

or,  neglecting  s"\ 

Hence,  putting  for  a  moment 

pi  ^  cos  (;;  -  v')  +  ss' 
we  have 

dv  dv      ""'  du      ^''^'' '  ds  ' 
where  the  factor  in  {     )  is 


and  the  above-mentioned  quantity  is 

=  — ^  |cos  («  -  JJ )  +  ss  I  js  cos  (^  -  -w )  -  ^  sm  («  -  B  }  -  s  I  ; 
or,  what  is  the  same  thing. 


Considering    now    the    Sun    as    moving     in    tho    variable    ecliptic,    its    latitude 
-  sin  tf>'  sin  (v'  —  o-') ;   that  is,  we  have 

s'  =  sin  ^'  sin  (v'  —  t')  ; 
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and  if  the  Moon  were  in  the  variable  ecliptic,  its  latitude  would  be  siti  <j>' sin  (v  ~  a-') : 
that  is,  the  latitude,  measured  from  the  variable  ecliptic,  is  —s~ sin  0' sin  (v  —  <r') ;  or, 
putting 

s^,  the  Moon's  latitude,  measured  from  the  variable  ecliptic, 
we  have 

s  =  sin  tf>'  sin  (v  —  a')  +  s, . 

Hence,  disregarding  the  variations  of  ^',  a-',  wo  have 


(«-■'') 


ds 


dv- ""•''■"""-" '^'& 

ds 
and  substituting  these  values  of  s,    ,  ,  and  s',  we  find 

/        ,.     ds   .  ,        , 

s  cos  (v  —  v)  —  -^sin{v  —  v)  —  s 


n  4>'  jsin{w-a-')cos(B-t'')-cos();  — <r')sin()i  — i!')-sin  (v' —  a')\ 


dv  dv  du  '  ds 

-^^<^03(v-v)i^s,cosiv~v)--^sm(v-v)y, 

which,  neglecting  the  periodic  terms,  is 

_  g  m'u'^ 

and  then 

ds  dn      da    ,,      .dn 

dv  dv  du  'as        1     ^mu^  m V 

which,  putting  m'  =  n'^  a''  =  7n^ii^a'',  «'=-,,  k^^n^a*.  u=~,  becomes 
^         °  'a"  a' 

so  that  the  differential  equation  is  reduced  to 

dip  '       ' 
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But 

s    =     Hnn^'s!ii{i'  — o-')  +  s,, 

ds  .     ,,        ,         r\     d'   .     ,,   .    ,         ,,     ds, 

-,-    =      sin  A  cos  («  —  (7  )  +  -=-  sm  A  siii  (w  —  <r  )  +  -r  , 

dv  ^         '  '     dv       ^        ^  '     dv 


*■ »°  <'-"')  +  S  ™  *■ «"  <•-"')  +  £*""*'  ™  ("  -  "■)  +  S  • 


(f>'  and  ff'  (these  are  functions  of  t,  which  is  —-v).     Hence 

d^s  ,        d%         .  'i'   ■     .■       /         ,.  ,   d   d'    .     ,,   .    .         ,. 


but 


.         If  .       d 


1  I  .       d   .     .,  ,  d 


J-  sm  <^  sin  (y  —  cr )  =     -  [  siu  v-rsmip  cos  o-  —  cos  w  -r-  siu  0'  sin  o 


= ^  COS  ^ 

and  thence 

dv  dv ' 


and  similarly 


or,  putting  v  —  nt. 


d's  1  d''s,  2  „     1  d'A 

rtjf'  )i^  dc  n         n?   at 
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whenco,  subtftitutiiig  in  the  equation 


dt^ 


+  ,,+  |m=.,.0, 


ive  h«i 


d 
■  putting  K,  =  ^  +  5^,  then 


^  +  ..(1 +  !».■)  .,  +  2«ii-^.o. 


de 


+  «-(i  +  i™')y-0; 


which  gives,  in  the  appi'oximatiun  whieh   iw   being  considered,  the  principal  term  of  the 
latitude,  and  then 

'f  +  ,..,i  +  „».)a,..»^-<^^o, 

which    is    the    approximate    eqiiation    previously    ubtaiiieil   by    the    method    of  the    present 
memoir. 
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ON   SOME   FORMULA   RELATING    TO   THE    VARIATION    OF    THE 
PLANE   OF   A  PLANET'S   ORBIT. 


[From  the  Montkhj  Notices  of  the  Royal  Astronomical  Society,  vol.  xxi.  (llSljJ),  pp.  43^47.] 


In  Hansen's  Memoir,  "  Auseinandersetzung  einer  zweckmassigeii  Methode  zur 
Berechnung  dcr  absoluten  Storungen  der  kleinen  Planeten,"  Abhand.  der  K.  Sachs.  Gesell. 
t.  V.  (1856),  are  contained,  §  8,  some  very  elegant  formulae  for  taking  acconnt  of  the 
variation  of  the  plane  of  the  orbit.  These,  in  fact,  depend  upon  the  following 
geometrical  theorem,  viz.,  if  (in  the  figure)  ABC  is  a  spherical  triangle;  I\  a  piiint 
on  the  side  AB ;  and  PM,  PN,  the  perpendiculars  let  fall  from  P  on  the  other  two 
sides  AC,  CB;     then  we  have 


cos  PM sm(BG  +  CM)  =  cos  PN sia BN-iAti^C cm BG (sin  PM  +  f^mPN). 
cos  PM  cos  (BC  +  CM)  =  cos  PN  cos  BiV"  +  tan  ^  f?  sin  BC  (sin  PM  +  sin  PA')- 
These  equations,  in  fact,  give 

cos  PJfsin  Cj¥-  cos  PiV sin  GN  -  tan  ^  (?  (sin  PM -Y  sin  PN), 

cos  Pilf  cos  CM  =  cos  PiV  cos  GN ; 
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the  latter  of  which  is  at  once  seen  to  be  ti-ue,  since  joining  the  points  C  and  P, 
the  two  sides  are  respectively  equal  to  cos  CP.  To  verify  the  former  one,  write 
^PGM  =  C„  ^PCN=C„  so  that  C  =  C,-C,.  Then,  since  coBCP  =  cosPJlf cosCJl/  = 
cos  PN  cos  OX,  sin  PM  =  sin  CP  sin  0„  sin  PN  =  sin  OP  ein  C^,  the  equation  becomes 
cos  OP  (tan  CM-  tan  CN)  =  -  tau  ^  C  sin  CP  (sin  0,  +  sin  Pj),  or  since  tan  CM  =  tan  CP  cos  (7, , 
tan  CiV"=  tan  CPcm  C^,  this  is 

cos  (7,  -  cos  (?,  =  -  tan  I  (?  (sin  C\  +  sin  C.), 
which   is  identically   true,   in    virtue    of    the    equation    C  =  C, -Cjj    and,   conversely,   we 
have  the  original  two  equations. 

Suppose  that  XM  is  the  ecliptic,  X  being  the  origin  of  longitudes,  DP  the 
instantaneous  orbit,  J)  the  departure- point  therein,  and  P  the  planet,  DD„  the  orthogonal 
tra,jecti^>ij  of  the  successive  positions  of  the  orbit;    and  writing 

)j ,  the  departure  of  the  planet, 
V ,  the  longitude  of  ditto, 
y,  the  latitude  of  ditto, 
0,  the  longitude  of  node, 
(T,  the  departure  of  ditto, 
t}>,  the  inclination  ; 
then,  in  the  figure,  iiP  =  (-,  XM^v,  PM-^y,  XA^d,  DA^a,    ZA  =  <^. 

The  quantities  ^j,  a,,,  0(,,  might  be  considered  as  altogether  arbitrary  ;  but  to  fix 
the  ideas  it  is  better  to  assume  at  once  that  they  denote 

6^,  the  longitude  of  node, 
ffo,  the  departure, 
ipn,  the  inclination, 
for  the  initial  position  of  the  orbit,  viz.,  in  the  figure  XB„  =  6o,  i>„i?o=ffo,   zBc  =  ^o. 

Take  DB  —  a-a,  /iB=^(f>a,  BXa  —  O^,  this  determines  a  travelling  orbit  of  reference 
XoX,  and  origin  of  longitudes  X^  therein;  such  that,  with  respect  to  this  travelling 
orbit,  the  position  of  the  planet's  orbit  is  determined  by 

6o,  the  longitude  of  node, 

<r„,  the  departure  of  node, 

0„,  the  inclination. 

We  have  in  the  triangle  ABO,  AB  =  <7-(t„,  zB=^„,  /.A^im'-^;  and  if  the  other 
parts  of  the  triangle  are  represented  by 

BC=w, 

AO=d,-e  +  o,^V, 

zC  =  <i>; 
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then  w,  r,  0,  are  given  in  terms  of  (j--cr„,  <f>„,  0;  and  we  have,  moreover,  XC=d  +  AC 
—  Bo  +  to  +  r,  X„ 0  =  o-„  +  (B ;  that  is,  the  position  of  the  travelling  orbit  X^N,  and  origin 
of  longitudes  X^  therein,  are  determined  by 

^t,  +  (0  +  r,  the  longitude  of  node, 
o-j  +  (■>  ,  the  departure  of  node, 
O  ,  the  inclination. 

Suppose    that    in    reference    to  this   travelling  orhit  and  origin  of   longitudes  therein, 
we   have 

v',  the  lougitude  of  planet, 

y',  the  latitude  of  ditto, 
viz.,  in  the  figure  X.N^v'  (and  therefore  BN^i/-e„),  PN^y'. 

Moreover,  BC  +  CM=  BC  +  A3I  -  AC^  a  +(^-0)  -($„^  0  +  a,  +  r)  =  r  ~  $,-  T,  hence 
the  two  equations  are 

cos  y  sin  (v  —  So  —  r)  —  cos  i/'  ain  (v'  —  6,,)  —  t^'"  f  '^  cos  w  {sin  y  +  sin  y'), 
cos  y  cos  {v  —  da-T)  =  cos  y'  cos  (v'  -  0^)  +  tan  ^<^sm  to  (sin  y  +  sin  y'), 
or,  as  they  may  also  be  written, 

cos  (/  sin  (ii  —  ^0  —  r)  =  cos  0t,  sin  (p  —  o-j,)  -  tan  ^  <!>  cos  w  (sin  ^  +  sin  y'). 
cos  y C{)S (v-0a—T)=  cos ()>  —  0-5)  +  tan  ^ 'i>  sin  to  (sin  y  +  sin y'), 

or,  if  we  put  s  —  siny  +  siny',  then  observing  that  sin_?/  =  Hin  1^  sin  (]>  — «■),  am  y' = 
sin  00  sin  ())  —  <7-o),    these   become 

cos  y  sin  (w  —  ^^  -  T)         =      cos  <pa  sin  ()7  -  CTj)  -  tan  ^  't' .  s  cos  to, 
cos  y  cos  (w  —  ^0  -  r)  =  cos  (^  —  (r„)  +  tan  ^  <I> .  s  sin  to, 

sin  y  (=  sin  0  sin  ()>  -  o-)j  =  -  sin  0„  sin  ([>  -  cr„)  +  ^, 

which   are,   in   fact,   Hansen's   formulfe   (16),   p.    75,   the   letters   corresponding   as  follows, 

V,  h  i/'  '^'  <^«.  ^.  ^0,  0,      0(, ,    *,  r,  (0  (supr^)  to 
I,  V,  h,  <j,  h  ,  0,  k  ,  i  ,  -k    ,  2^,   r,  to  (Hansen). 

where,  of  course,  the  correspondence  0„  to  —  k,  shows  that  these  angles  are  measured 
in  a  contrary  direction.  I  had  from  Hansen's  equations  expected  that  the  above  formulae 
would  have  contained  sin  y  —  ain  y  in  place  of  sin  y  +  sin  y'. 

2,  Stone  Buildings,   W.  C,  ith  Dec,  1S60. 
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NOTE   ON   A   THEOREM   OF   JACOBI'S,  IN   RELATION   TO   THE 
PROBLEM  OF  THREE  BODIES. 


[From    the    Monthly    Notices    of    the    Royal    Astronomical    Society,    vol.     xxii.     (1861), 
pp.  76—78.] 

The  following  theorem  of  Jacobi's  (Comptes  Rendus,  t.  iii.,  p.  61  (1836))  has  not, 
I  think,  found  its  way  in  an  explicit  form  into  any  treatise  of  physical  astronomy. 
The  theorem  is  as  follows,  viz.  "  Consider  the  movement  of  a  point  without  mass 
round  the  Sun,  disturbed  by  a  planet  the  orbit  of  which  is  circular.  Let  xyz  be  the 
rectangular  coordinates  of  the  disturbed  body,  the  orbit  of  the  disturbing  planet  being 
taken  as  the  plane  of  ayy,  and  the  Sun  as  the  centre  of  coordinates ;  let  a'  be  the 
distance  of  the  disturbing  planet,  n't  its  longitude,  m'  its  mass,  M  the  mass  of  the 
Sun :  then  we  have,  rigorously, 


'fdx\'      /dy\'     fdzyl  _,f^dl 
UtJ      \dtj      \dtj  \    dt 


(l)'-©1-»'( 

ic  cos  n't  +  y  sin  n't) 


{a?  +  f  +  i^f^       |(«s  +  f-  +\s^"~  2a'  {x  cos  n't\  y  sin  n't)  +  «'=)* 

This  is  therefore  a  new  integral  equation,  which,  in  the  problem  of  three  bodies, 
subsists,  as  regards  the  terms  independent  of  the  eccentricity  of  the  disturbing  planet, 
and  which  is  rigorous  as  regards  all  the  powers  of  the  mass  of  such  planet.  In  the 
Lunar  Theory  the  Earth  must  be  substituted  in  the  place  of  the  Sun,  and  the  Sun 
taken  as  the  disturbing  planet," 

To  prove  the  theorem,  as  expressed  in  polar  coordinates,  I  take  the  equations  of 
motion  in  the  fonn  in  which  I  have  employed  them  in  my  "  Memoir  on  the  Theory 
of  Disturbed  Elliptic  Motion"  {Memoirs,  vol.  sxvii.  p.  1  (1859)),  [212],  viz. 
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dt  dt      ''""^  '^[dtJ       ""[dtj  '^~r''~  dr  ' 

d  f  .      ,    dv\ 
dtl'-'^'^di) 


,..^    +,.cos2/sm^ 


"  dv  • 
dil 


or,   since   cos  fl^  =  cosy  cos  {);  —  i;'),  and   the   Sun    is    considered    as    moving    in    a   <; 
orbit  (i.e.  r'^a',  v'^n't),  we  have 

„_     ,f  1  r  cos  1/ cos{v  —  n't)] 

Wr^  +  a'^  —  2ra' cosy  cos  {v  — n't)  "'*  ) 

.-^o   that   fl  is   a   function  of  r,   v,   y   and   of  (,   which   last   quantity   enters   only 
combination  v  —  n't.     Hence  the  complete  differential  coefficient,  of  il  is 

d{a.)_d'€l       ,da 
dt         dt  dv  ' 

where   —jj-   denotes,   as   usual,   the   differential   coefficient    in   regard   to   the   timu, 
far  as  it  enters  through  the  coordinates  r,  v,  y  of  the  disturbed  body. 

We  have,  as  usual, 

d  dr''  +  r^  (cos'  ?/  dv''  +  df-)  _  d'il  _ 
dt  dt^  dt  ' 

and,  from  the  foregoing  equation, 

d'fl  _d(D,)       ,dn 
dt         dt  dv 

dt   ^     dt\         ''dtJ' 
hence,  substituting  this  value,  transposing,  and  integrating,  wc  have 

which  is  Jacobi's  equation  expressed  in  terms  of  the  coordinates  r,  v,  y. 
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M,    de   Pontecoulant,   in    his   Lunar   Theory  (1846),   where   the   solar   eccentricity  is 
neglected,  writes  (p.  91), 


dB, 


jd'B  =  R  +  ml 

{M'  =  mn  =  m,  since  n  is  there  put  equal  to  unity);   and  combining  this  with  the  equation 
(p.  13), 

we  have 

J  (1  +  s')  at 

and  substituting  this  value  of  I  d'R  in  the  integral  of  Vis  Viva  (p.  41), 

fdrV  ,       ^dif  r'd^  2     1         f  „^ 

[diJ  ^(l+?)di^  +  (TT^fd^-r+a  =  ^j^^' 

we  have  what  is,  in  fact,  Jacobi's  equation. 
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ON    THE    SECULAR    ACCELERATION    OF    THE    MOON'S    MEAN 
MOTION. 


[From   the   Monthly   Notices   of  ike   Royal   Astronomical   Society,   vol.    xxii.   (1862), 
pp.  171—231.] 

The  present  Memoir  exhibits  a  new  method  of  taking  account,  in  the  Lunar  Theory, 
of  the  variation  of  the  eccentricity  of  the  Sun's  orbit.  The  approximation  is  carried 
to  the  same  extent  as  in  Prof.  Adams'  Memoir  "On  the  Secular  Vaiiation  of  the 
Moon's  Mean  Motion"  (Phil.  Trans.,  vol.  CXLIII.  (1853),  pp.  397—406);  and  I  obtain 
results  agreeing  precisely  with  his,  viz.,  besides  his  new  periodic  terms  in  the  longitude 
and  i-adius  vector,  I  obtain  in  the  longitude  the  secular  term 


(-^'m'  +  ^i^m')j(e'-'-E'^)ndt, 


and  in  the  quotient   radius,  or   radius   vector  divided  by  the   mean   distance,  the   secular 
term 

(fm^-i|pm')(e'>-£'0. 
which  is,  in  fact,  as  will  be  shown,  included  implicitly  in  the  results  given  in  Professor 
Adams'  Memoir.  In  quoting  the  foregoing  results,  I  have  written  e'^  ~  E"'  ia  the  place 
of  (e' +/'()= -e'^  =  2e/'(,  which  in  the  notation  of  the  present  Memoir  it  should  have 
been ;  and  I  purposely  refrain  fi'om  here  explaining  the  precise  signification  of  the 
symbols  this  is  carefully  done  in  the  sequel.  The  method  appears  to  me  a  very  simple 
one  m  prmciple ;  and  it  possesses  the  advantage  that  it  is  not  incorporated  step  by 
htcp  with  a  lunar  theory  in  which  the  eccentricity  of  the  Sun's  orbit  is  treated  as 
constant ,  but  it  is  added  on  to  such  a  lunar  theory,  giving  in  the  Moon's  coordinates 
the  lupplementary  terms  which  arise  from  the  variation  of  the  solar  eccentricity,  and 
thus  serving  as  a  verification  of  any  process  employed  for  taking  account  of  such 
variation. 

I  have  given  the  details  of  the  work  in  a  seiies  of  Annexes,   1  to  23 :   this  appears 
to  me  the  best  course  for  presenting  the  investigation  in  a  readable  form. 
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I. 

The  inclination  and  eccentricity  of  the  Moon's  orbit,  and,  d,  fortiori,  the  variation 
of  the  position  of  the  Ecliptic,  and  the  Sun's  latitude,  are  neglected ;  and  the  longitudes 
ai'C  measured  from  a  fixed  point  in  the  Ecliptic.     I  write 

11,  the  actual  mean  motion  of  the  Moon  at  a  given  epoch ; 

viz.,  it    is    assumed    that   the    mean  longitude    at    the    time   t    is    e+Jii  +  Jij("+   &c.  where 
e,  11,  n^,  &a  are  absolute  constants;   ai 


a,  the  calculated  mean  distance  of  the  Moon ; 

nW  is   the   sum   of   the   masses   of    the   Earth    and   Moon ;    a    is    therefore   an 
constant ;  and,  in  like  manner, 

n',  the  actual  mean  motion  of  the  Sun  at  the  same  epoch, 

«',  the  calculated  mean  distance  of  the  Sun ; 
that  is,  if  it  were  necessary  to  pay  attention  to  the  secular  variation  of  the  mean 
motion  of  the  Sun,  the  assumption  would  be  that  the  mean  longitude  was  e'+n't-\-n'^t^+  &c,, 
e',  n',  Hj,  &e.  being  absolute  constants,  and  w'V  the  sum  of  the  masses  of  the  Sun 
and  Earth ;  a!  would  thus  also  be  an  absolute  constant.  But  for  the  purpose  of  the 
present  investigation  the  secular  variation  of  the  mean  longitude  of  the  Sun  is  neglected, 
or  it  is  assumed  that  the  mean  longitude  of  the  Sun  is  e'  +  n't,  e,  n'  being  absolute 
constants ;  and  that  n'V^  is  the  sum  of  the  masses  of  the  Sun  and  Earth,  a'  being 
thus  also  an  absolute  constant. 

I  put  also 

m,  the  ratio  of  the  mean  motions  of  the  Sun  and  Moon ; 
that  is. 

m  =  —  ,  or  n'  —  mn  ; 
m  is  also  an  absolute  constant. 

The  Sun  is  considered  as  moving  in  an  elliptic  orbit,  the  eccentricity  where- 
of is  e'  +  B^  or  e'  +  ft,  e"  and  /'  being  absolute  constants;  the  longitude  of  the 
Sun's  perigee  may  be  taken  to  be  bt'  +  (1  —  c')  n't ;  so  that  the  mean  anomaly  g'  is  = 
n't  + e—[i!y' —{1  ~c')n't]  —  c'n't  +  e' —  ^' ;  c',  ^',  being  absolute  constants;  but  c'  is  ia  fact 


treated   ; 
we  have 

IS  being  = 

=  1.     Hence,  if  r',  v 
r'  =  a'elqr(, 

are   the   radius 
;'  +  Se',  /). 

vector   and 

longitui 

ie  of  t 

,he 

^■  =  ^'  +  (1- 

-  c')  n't  +  elta  (e' 

+  ae', 

if) 

=  n't  +  e  + 

[elta(e'  +  Se',  / 

)-9' 

1 

where 

s-- 

=  c'n't  +  ^-'ST'. 

In   the   t 
or,  what 

expression   for   the   disturbing 
is  the  same  thing,  =m'n=a'^ 

function   the    S 

uns 

mass   is 

taken 

to   be 
66- 

-2 
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Let  r,  V   be   the   radius   vector   and   longitude  of  the  Moon;   then,  taking  the  usual 
approximate  expreasion  of  the  Disturbing  Function,  the  equations  of  motion  are 

d  dr         /dvV     n^a^  ,   r  ,. 

A  a  - '  y  +  TT  =  "•'»■»■  ?-.  a + 1  oos  2,  -  2^), 

d  r'dv  ^  „  n  '>'" , 

a  df  =»"'•-«  v.  (    -}sm2.-2.). 

It  will  be  convenient  to  assume 

p ,  the  quotient  radius  of  the  Moon's  orbit, 
p',  the  quotient  radius  of  the  Sun's  orbit ; 


that   is 

r  = 

■pa,     r'  =  f,'a,'. 

The  equations  of  motion  thus  become 

d  Bp         fdvV     v? 

dtZt-l'KTtl^J' 

~mVP, 

dt[<'dt) 

=  ».«.«, 

where  for  shortness 

p 

[^  +  i  COS  2v  -  2v'), 

e=5< 

-1  sin  2. -2.'), 

p'  =  elqr  (^  +  Se',  g'), 

1/  =  n't  +  e  +  [elta  (e'  +  he',  g')  -  g'~\. 

I    now   change    the    notation    by    wi-iting   p  +  hp,   v'  +  W,   in    the    place    of    p',   v', 
respectively,  using  henceforward  p',  is'  to  denote 

p'=  elqr(e',  /), 

^'  =  «.'(  +  e'+[eita(e',  /)-/]; 

and  I  write  also  p-\-tp,  v  +  Bv,  in  the  place  of  p,  v,  using  henceforward  p,  v  to  denote 
the  solutions  of  the  equations  obtained  from  the  equations  of  motion  by  writing  therein 
p',  v'  instead  of  the  complete  values  p'  +  Bp',  v'  +  Sv'. 

Suppose,  in  like  manner,  that  the  complete   values  of  P,  Q  are  denoted   by  P  +  SP, 
Q  +  BQ,  where 

.p     dP.     ,  dP,       dP  .  ,      dP., 
^^  =  dp^P+dv^'+dp'^'^^^"- 
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with  a  like  value  for  SQ,  the  first  powei«  of  Bp,  By,  Bp,  &/  beiiig  alone  attended  to. 
Then,  observing  that  the  equations  of  motion  are  satisfied  when  Bp,  Bv,  Bp',  Sv'  are 
neglected,  we  have^  it  is  clear, 

d  (IBp  /dvV  dv  dBv     2n\  „  ,.„ 

dt  dt-^p\dt) ~^pi:t-di  --^^p='''^'^^' 


dt 


The  second  of  these  equations  gives 

.dBv     „  ~   dv        „„,-,     rT/^,^ 

where  the  constant  of  integration,  C,  is  to  be  so  determined  that  Bv  may  not  contain 
any   term   of   the    form    kt    (for    any   such    term   is   taken   to  be   included   in   the   term 

nt  of   v  +  Sv).     Multiplying   the   equation   just  obtained   by  -  ;^  >  an'^   adding   it   to   the 

first  equation,  we  have 

whichj  with  the  above-mentioned  integral  equation,  are  the  equations  for  the  solution 
of  the  problem ;  but  it  will  be  convenient  to  write  them  under  the  slightly  different 
form 

tain  no  constant  term;  the  values  of  p',  v',  Bp',  Bv'  are  of  course  given  by  the  theory 
of  elliptic  motion,  and  those  of  p,  v  are  given  by  the  ordinary  lunar  theory,  in  which 
the  eccentricity  of  the  solar  orbit  is  treated  as  a  constant;  and  then,  Bp,  Sv  being 
obtained  by  integrating  the  equations,  the  radius  vector  and  longitude  of  the  Moon 
are  a{p+  Bp)  and  v  +  Bv  respectively. 

We  have 


Moreover,    by    the    lunar    theory,    observing    that    Plaua's    a    is,   or   may   be   considered, 
identical  with  the  a  of  the  present  Memoir,  and  putting  also 

r  =  nt  +  e-(n't  +  e'). 
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we   have 


i   mV 

..     2t+,?' 

{   mV 

„     2»' 

V  mV 

„     2t-V 

0    mV" 

„     2r  +  2g', 

—  3  me'  +0  mV     sin  ^' 
+  1^  m^    _5|mV^      „  2t 

+  a  mV  „  2T"y 

—  H  ^'e'  „  2t+/ 

—  I  me''^  +  0  mV-      „  2^ 

+  \%^mV^  „  2t-2/ 

0  Jit'e'^  „  2t  +  2g^, 

where  the  series  are  carried  as  far  as  in'  and  e'^;  the  tenns  in  e''  are  given,  as  I  shall 
have  occasion  to  refer  to  them,  but  they  are  not  used  in  the  investigation,  and,  omitting 
them,  the  values  are 


+     m= 

„     2t 

+  1  mV 

„     2t-!,' 

-  i  mV 

,,     2T+sr'. 

li  +  « 

-  3  me' 

sin   / 

+  i^«- 

„     2t 

+  a  mV 

„     2T-y 

-  ^  mV 

„     2T+Jf' 

■  c'mii(  + const. 

,     2T  =  (2-2m)«(  +  const.) 
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For  the  coordinates  of  the  Sun  we  have 


v'     =      n't  +  e 

+  2e'      sin  ff' 
+  }«'■       ,.   2/. 

the   series    being   carried   as   far  as   e'^ ;    but   the    terms    in    e'^    are    only   used    for    the 
formation  of  8p',  Bv' ;  and,  omitting  them,  we  have 

\  -   1 


If  ^ ^f't  is  written  for  e',  then  the  value  of  Se'  is  —ft;  but  as  only  the  terms 
multiplied  by  the  simple  power  /'  are  attended  to,  we  may  for  convenience  write 
^e' —  t,  the  factor/'  being  restored  in  the  final  results;   we  thus  have 

S  — ,  =       1        ( cos  a' 
P  ^ 

+  2e  „   2g', 

Sv'    =       2        (sin    (^ 
+  |e'        „    2/, 
and  we  may  add  the  equations 

dt     "      'i        ''  ^ 


-^mV        „  2r+g'. 

S  ^  =       3  e'     ( 

+  3         t  cos    g' 
+  |e'  „    2g; 

~^    —       2  f  sin  ^f 

which  will  be  found  useful. 
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II. 

Proceeding  now  to  the  development  of  the  solution,  we  have 
S-P  -       — ,  (^  +  I  cos  2u  -  2y')  Sp 

+  P  [(^  + 1  COS  2v  -  2v')  8  4.  +  (3  sin  2v  -  2ff')  ^1  , 
L  P  p'j 

where  the  terms  containing  Sp  and  Su  are  (see  Annex  1) 


i 

+  f  e'  CO 

«/ 

+  1 

2t 

+  ->/«■ 

2t-/ 

-f  «■ 

2t  +  / 

-  3      si 

I.  2t 

-V-e'  . 

2t-j' 

+  »«■ , 

2t+/ 

««-  ^. 

-  3  sin  2»  -  2?:')  g/j 

+< 

-  3  cos  2u  -  2v')  gu 

+  p-'  [(_  3  gin  2v  -  2v')  b\  +  (S  cos  2v  -  2v')  ~1 
L  P  PA 

where  the  terms  containing  Sp  and  &v  are  (sec  Annex  2) 


-3 

sin 

2. 

-¥«■ 

St-j' 

+  !«- 

2t+/ 
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-3 

cos2t 

-¥ 

•■„    2.-5- 

+  ie 

.,    2t+/ 

but  the  additional  term  -i^-i- mV  cos  ^'  is  ultimately  added  (see  Annex  17)  to  the  coeiScient 
of  hv. 

Neglecting  the  terms  in  Zp,  Sti,  we  have  (see  Annex  4) 


and  similarly  (see  Annex  5), 


+  ¥  ..  2t~«/ 

-f  „  2r  +  9' 

+  I  e'  „  2^' 

+  ^e'  „  2t-2^', 

^Q  =     "^  ^'     ( sin  2t 

-V-  ..   2t-/ 

-i^e'        „   2t-2/. 

But  in  the  foregoing  expression  of  SF  the  terms  belonging  to  the  arguments  g',  2/ 
give  in  Sp,  terms  which  rise  by  integration  in  Bv ;  and  in  forming  the  expressions  for 
SP,  BQ,  it  is  proper  to  take  account  of  these  terms.  Attending  only  to  the  terms  in 
question,  we  have 


d^Bp 


=  m'n'BP  —      I  «i'      t  cos  g' 


Now  in  general,  if 


^-j 


n^dp  =  M^     ( cos  naf, 


and  hence  the  foregoing  equation  gives  in  Sp  the  terms 

3m^    Sin^r'  +f  icos^ 

+  18  m'e'   „  2g'  +  f  m'e'      „  2g' 

C.  in. 
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or,  neglecting  tlie  terms  which  contain  m*,  the  terms  of  Sp  are 
fm'^      tcosg' 
+ 1  mV        „  2g'. 
Substituting  these   terms   in 

we   have 


and   since,   in   general, 

1 1  cos  n^t  dt=  —  -  cos  nat  A f  sin  nat, 

J  n^a^  na 

we   obtain  in   Bv   the   terms 

—  3       cus^'         +         —  3wi       isin^' 
-fe'     „   2/  -I me'        „  2g', 

or    for    the    present    purpose    the    terms 

—  3       cos  g' 
-!«'     ,,  2,/; 

and  these  give  in  SP  the  additional  terms  (see  Annex  6) 

^      sin  2t 
+  i         „   2t-3' 
+  I         „    2t  +  / 
+  igse'   „   2t-2/ 
4-  I  e"    „   2T  +  2gf', 
and  in  SQ  the  additional  terms  (see  Annex  7) 


^     cos  2r 
+    f        „    2t-/ 

+  11^6'    „    2T-2y 
+    'i  e'   „   2t  -f-  2a'. 
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Combining  the  foregoing  results,  we  have, 


-f 

+  ?«' 

+  ¥"' 

0 

SQ.      0 


0 
)  (sec  Annex  8) 

11  jSQdt  -      0 


2T  +  y 


2t  +  <,' 
2T  +  2y 


( cos  y 


2t-s 
2t  +  o 


2t  +  2/ 


+  1 

.,   2t-/ 

+  i 

..  2t  +  j' 

0 

..  ss' 

+  !{»«' 

,,    2t-2<,' 

+  |e' 

„    2t  +  2i,', 

11- 

;x 

+  0 

'cos/ 

+  ¥«■ 

„    2t 

+    f 

„    2T-J,' 

+    » 

,,    2T  +  y 

0 

„    2<,' 

+  ipe' 

„    2t-2/ 

+  B  e' 

..    2T+2y'; 

+  }* 

,.    2t-/ 

+  fl 

„    2T+S1 

0 

,.    2y 

+  ««■ 

„    2t-2. 

+  A<^' 

,.    2T  +  29 

The  equation  for  Bp  may  be  written, 

^  +  ii-Sp  =  mW  (SP  +  21, 1  SQdtj , 


V  Google 


532  ON    THE   SECULAE    ACCELERATION    OF   THE    MOOn's    MEAN    MOTION.  [221 

and  we  have,  (see  Annex  9) 


Je- 

( 

+ 

+  i 

tKm<f 

0          s 

'</ 

-16e' 

„  2t 

+  lji|!' 

,   2t 

+  ¥ 

„    Sr-j,' 

+  v- 

2t-9' 

-  } 

,,    2t  +  (,' 

+  v 

,   2t  +  5' 

+  !  .- 

,,    2/ 

0 

.   29' 

+  51«' 

„   2r-2(/' 

+  ¥«■ 

,   2t-2j;' 

0 

„   2T  +  2y 

+    }  c' 

,   2t  +  8/. 

Hence  observing  that  a  term  nH  cos  luxt  . 


1 


d^Bp 


■(!-.■)■» 
n  «a(  in   -t„  +  n-Bp,  gives  in  Sp  the  term 


-^  +  n'^Bp,  gives  in  Bp  the  tei'n 
sin  Hoi, 


rf(^ 


1       1 


1-a 


we   have   (see   Annex    10,   but   restoring   the   factor  /'), 
Sp=f'  into  as  follows,  viz. 


1  mV 

( 

»«>' 

icoss' 

5  mV 

„   2t 

J  ">■ 

,.   2T-y' 

im- 

„   2t  +  (;' 

f  m%' 

„   2/ 

17  mV 

„   2t-2/ 

0 

„   2t  +  2j- 

2t 

-9 

2t 

<-«' 

2/ 

2t 

-29' 

2t 

f2(;'. 

The  first  column,  containing  the  term  in  t  and  the  terms  t  cos  ai-g,,  shows  that  the 
constant  term  of  p,  and  the  terms  involving  the  cosines  of  the  same  arguments,  as 
obtained   without   attending   to    the    variation    of    the    solar   eccentricity,   are   coiroct    as 
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regards  the  first  power  of  t,  when  for  the  constant  eccentricity  e    we  substitute  e'  +f't. 
In  fact,  the  above-mentioned  expression  (correct  to  e'=)  of  -    gives 


—       in^  +  ^m^e'^  „    2t 

-I  mV  „   2t~^ 

+  \  mV  „   2t+5' 

+  I  w^'^  „   ig' 

-^mV"  „   2T-2g' 

y  „   27  +  2g', 

and   putting   therein   e' +ft  in   the   place   of  e',  we   have   the  first  column  of  the  fore- 
going expression   of  Bp. 

The   second   column,  involving  sin   arg.,  contains   the   new   periodic  terms  considered 
in   Prof.  Adams'   Memoir   of  1853,  and   the  coefiicients  for  the  arguments  /,  2t,  St-/, 

2t+/,  agree  with  his  values;   observing   that   his   terms   belong  to  S-=-^  =  -Sp    so 

P  p^  '^' 

that   the   signs   are   reversed;    those   for   the   remaining  arguments   2/,  ^T  —  ig',  2T  +  2g', 
are  not  given  by  him. 


The   equation   for   St 

>   may 

be 

written, 

and 

we  have  (: 

see  Annex 

11) 

dSv 
-Jt'- 

=  -  SjiSp 

dBv     '"" 

^ 



_^ 

—   'Am?      tcosg' 


-  V  >»■ 

„    St+j- 

+  'S-  »•■ 

„    2t+, 

-  9   m'e' 

,.    V 

-  36   mV 

..   2/ 

+  l»lm'e' 

„   2t-2/ 

-iMImV 

..   2t  — 

0 

„   2t  +  2j' 

+   fj  mV 

„   2t  + 

whence,   integrating   by   the   formulae 

t  cos  iiat   dt  =  - 

J  « 
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we  have  (see  Annex  12,  but  restoring  the  faotoi'  /'), 
Sv  —f  into  as  follows,  viz. 


[221 


-3m 

>in!/ 

+    -3  +  6.» 

cos^ 

-  i^  mV 

..   2t 

-   ¥< 

iV 

„   2t 

+  ftm- 

„    2t-,,' 

+  !>,«' 

„   2t-/ 

-  «  »>' 

„     2T  +  Jf' 

-  SI' J.  1 

.,   2t  +  j' 

-   1   me' 

.,  V 

(-i  +  18. 

f}e- 

,.   2.9- 

+  -i|tmV 

„   2t-2i,' 

+  '{? 

»V 

.   2T-2i,' 

0 

„   2t  +  -2j' 

-    ^  '1 

iV 

„   2t  +  2/. 

The   first   column,  containing   ( sin  i 


,  may  be  obtained  from  the  before-mentioned 


expression  (accurate  to  e'^)  of  v,  by  substituting  therein  e'  +f't  in  the  place  of  e'. 

The  term   —  |  m^iie/'i^ ;   or,  as  it  may  be  written,  —  |m^    n[(e'+/'()^-- e'^]  rf(,  is  the 


first   term   of    the   accclerati 
periodic    terms    in    Bv,   consi 
^,  2t,  2T-g'.  2t+/,  ag 
2^',  2t  -  25f',  2t  +  2/  not 


on ;  the  other  terms  of  the  second  column  ai'e  the  new 
.dered  by  Prof.  Adams ;  the  coefficients  for  the  arguments 
ing  with  his  values,  but  those  for  the  remaining  arguments 
ng  given  by  him. 


Proceeding  now  to  the  calculation  of  the  term  in  m'  of  the  acceleration,  we  have, 

where  the  non-periodic  part  of  Bp  is  of  the  form, 

and  it   is   in   the   first  place  necessary  to  find  the  value  of  the  numerical  coefficient  D, 
in  fact  to  calculate  the  secular  part  of  Bp  as  far  as  m'.     Reverting  to  the  equation 


d^Sp 


-(§), 


^-'"r+?s(«+M 


and  as  before  omitting  in  the  process  the  factor  /' : 

The  part  («^  +  — ^-  ^{j-j)  j  ^P  contains  (see  Annex   13),  a  tern 
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The  part  of  m^n^BP,  which  involves  Bp,  contains  (see  Annex  14)  a  term 

The  part  of  m'ti'SP,  which  depends  on  Bv,  contains  a  term 


The   part   of   m^n^BP,   depending   on    Bp'   and    Sv',   is    found   (see   Annex    18)    to   contain, 
besides  the  term  |m^fte'*  in  m^  already  obtained,  a  new  term 


And  finally  the  part  ti^r^--  -r,  {*^+  jSQdi)  is  found  (see  Annex  19)  to  contain  a  term 

(2 .  ^^  +  'W=)-  H¥'  ^«^"'«'*. 

where   the   component   coefficient   — -^f^,   which   arises    from    the   new   periodic   terms   of 
Bp  and  Bv  is  separately  calculated  (see  Annex  21). 

Hence     ,  ;  +  n^Bp  contains  the  term 

(n=a|i_^_i,5-^.^^_i||£=)-i|^mW*. 
and   this   gives   in   Bp  the  term 

SO   that,   restoring   the   term   in    7n?,   and    the    common    factor  /',   the    complete    secular 
term   of  Bp   is 

Bp  =  (I  m^  -  i|p  m')  e'f't, 

which,  as  will  be  shown.  Art.  IV.,  agrees  with  Prof.  Adams'  result. 
Resuming  now  the  equation, 

the   part   —  -  -jj^P   contains  (see   Annex    22)   the   term 

and   the   part   '^^  (c  +  i  ^Qdt]   contains  (see   Annex   23)   the   term 

(lA_iJ|i.)_lJ|imWi, 

SO   that   we   have   in   — =-  the   term 
at 

(2sp_i|p=)i.iim%e% 
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giving  in  Sv  the  term 

or,  restoring  the  term  in  vf  and  the  common  factor  /',  the  complete  secular  term 
of  Bv  is 

which  agrees  with  the  value  obtained  by  Prof  Adams.  It  is  right  to  remark  that 
the  m  of  Prof  Adams  is  different  from  that  of  the  present  Memoir ;  we  have  in  fact, 

m  (Adams)  =  m  Jl  +  (f  m'  -  s||i  m*)  2^f't} 

in  the  notation  of  the  present  Memoir ;  but  as  /'^  is  throughout  neglected,  we  may 
in  the  foregoing  expression  of  the  secular  part  of  Bv  substitute  the  m  of  Prof.  Adams. 
And   then   if  the   term   be   vvritten   in   the   form 


Bv 


-.(-^m'  +  m^m'')j[(/+/'ty-e'^]n 


the  two  results  are  seen  to  agree  together.     But  as  regai-ds  the  before-mentioned  secular 
tenn, 

Sp  =  (}«--ias».')e/'l, 

the  identification  is  leas  easy,  and  I  shall  consider  it  in  the  following  article. 


IV. 

It  will  be  convenient  to  write  M,  N,  A,  E,  in  place  of  the  m,  n,  a,  e",  of  the 
Ibi'egoing  part  of  the  present  Memoir,  and  to  now  use  m,  n,  e',  in  the  significations  in 
which  they  are  employed  by  Prof  Adams ;  E'  (the  constant  part  of  the  solar  eccen- 
tricity) is  his  E',  and  bis  e'  is  E Arf't.  As  to  his  symbols  ra,  a,,  these,  I  think,  ought 
to  have  been  represented,  and  I  shall  here  represent  them  by  a,  a,  (^).  And  I  take  a 
such  that  y^(^  =  Sum  of  the  masses  of  the  Earth  and  Moon ;  or,  taking  this  to  be 
unity,  we  have  iV=jl*  =  l,  7iW=  1. 

The  formuhe  of  Prof  Adams'  memoir,  which  it  will  be  necessary  to  make  use  of, 
may  be  written 

j.  ^  II. 

—  %  rn^e'  cos  g' 

+    m'-im^e-'     „   2t 

a   and  n   being   suoh  that  n'd*  =  Sum 
writing  a,   a,,  in  the  place  of 
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the  sine  terms  being  disregarded, 

„  =  Jf  (1  +  (_  .  rf  +  igi  ,„.)  iE'f't], 
(whence  also 

"'        ,f     ^^' . 
since   m  =  —  ,    Jtf  =  ,_■  ). 

-  =  a,^  (1  +     v>?  -  i^  )k'  +  (     I  m^  -  ^ff^  m')  e'% 

1  =  ^  H  _  J  ,„.  +  J.,  m'  +  (- 1  «.^  +  ^\^  m')  e'^1, 

which  formulai  [observing  that  s-=      )  lead  to  the  value  of  hp,  and  we  should  obtain 

for  the  secular  pai't  the  foregoing  expression,  which  will  now  be 

We  ill  fact  have 

i.a««a,l|l+    m---i»^m'  +  (}m"-lHlm')e", 

and  thence 

n  =a,  {l  +  lm'-Vfra'+i  i»"  -  "f|i  m')  e'- 
-JC"*  +3  .»•<,-)) 

=  a,   |l+§m=-f||m' +(  m" - Igi m') e") ; 


1  .  -  !1  -  J  rf  +  iJ- m' +  (- f  m- +  ajji  «.')  e"). 


and  therefore 


-im"+  -1,1  !»•  -    i    »»'  «'• 

-  5   m'  +  (-f  .»•  +  llfSlm•)e'■ 
-    i    «.'  «'■! 
-a  [l+lM  +  Ulm'  +  (  im-  +  -VA'-m')e'-i; 

and  hence,  since  for  the  non-penodic  part 

5  =  1  -  Y  m"  -  ^g-  mV", 
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we   find 

"=  I  +  Jm■  +  Mim•  +  (im■  +  Jft^m•)«■ 
-  ¥  »'  -  2ff-  m-  e" 

=  1  +  J  "»■  -  «l »'  +  (J  "'  -  m  m')  -5^'  +  (i  »''  -  «3  «'•)  SBy't 
But 

and  therefore 

^-l+Jm--ajm'  +  (im'-Bj »')«'■+(    1  m" -  fliS  m')  2£ys 

+  (-    m=  +  lgim')2Ey'f 

-j,m'.2£y't 

But  we   have 

and  thence  in  the  foregoing  expression 

m^=M'  +  SM'.2E'f% 

'iti'  =  M*; 
and   therefore 

^  =  1  +  i  if- -  ttJ  M' +  (i  i¥- -  Sf  if')  £"  +  (- i  «' +  »IF  «')  2^/'< 

+    i    M'.2E'f't 

and   observing   that  in   the   periodic   terms   we    may   write    A,   in    the   place    of   a,   and 
neglect   the   sine  terms,  we   have 

7-^p  =  i *i*'-iii *'  +  »*■- Hi*') S'- 

+  (- }  JP  +  iJP  Jf)  2  A"/ '1 

—  ^  «iV  cos  g' 
+    m'(l-ae--)      „     2t 

+  |mV  „     Zt-/ 

-  i  «iV  „  2t  +  <y, 
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say    ^4.gp"'l  +  -^i    ^^    thence    p  +  Bp  =  ^'—j- =  1  -  X  +  X\    the   non-periodic    part 
whereof  is 

l-^][p  +  \^  M'  +  (-^l[p  +  ^^M')E'^  +  (^M'-^^M■')2E'f't 

+  liV      ^'  +  ^  ^'  -S"'  +    i    MK2E'/'t 

+  M  m%'= 

+  i        m*(l-5e'=) 

+  ^.^^mV= 

+  i  .  4  m'e'^, 
where   the   terras   in   m'   and   mV^  are 

-i  «''  + (I -i +  ¥+*=)  »if  »>%'■, 

which  are 

=  ^M*  +^M*E''  +si-M*.2E'/'t; 

so  that  the  foregoing  expression  of  the  non-periodic  part  of  p  +  Bp  is 

or  the  secular  term  of  Bp  is 

^{iM'-:^^^M')2E'f% 
which  is  the  required  formula. 


It  is  interesting  to  see  how  the  coefficient  ^|p-  is  made  up.     In  Prof.  Adams'  Memoir 
we   have 


-      %     4  (=-   I    ) 

where   it   may   he   remarked   that   the   terms 
and 

make    together   S.i^^  =  ^^,   and   that    it   is   in   fact   by   the    addition   of   these    terms 
that    Plana's  coefficient  ^f^  is  changed  into  -H^. 
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But  in  the  present  Memoir  the  coefficient  ^^  is  obtained  by  means  of  an  entirely 
different  set  of  component  numbers,  viz,  we  have 

^i^=-^^+tf+v+'f^+^^-^'^'+'if+ii-^¥■ 

I  had  imagined,  from  the  way  in  which  the  numbers  J-^  ~  Hr^  presented  them- 
selves, that,  if  they  were  omitted,  Plana's  value  ^"i^  would  have  been  obtained ;  but 
the  result  shows  that  this  is  not  so. 

As  just  deduced  from  the  formula  of  Prof.  Adams,  the  number  i||^  is  obtained 
as  follows,  viz. 

"^'(-HP-^-i-i+em+B-i-v^+m^-i-i+i-'^ 

=  -i-J-4+i-i-i-i  +  i  (=-1) 

where  ut  supra 

'm=ili-'i--'i-f-'f-W+V-V-i+H'-  +  V+i  +  i}; 

—  -^  is  a  number  occurring  in  his  Memoir,  and  which  is  in  effect  obtained  irrespectively 
of  the  new  periodic  terms,  and  —  ^  is  a  number  obtained  as  above,  irrespectively  of 
the  new  periodic  terms.  According  to  the  method  of  the  present  Memoir,  the  number 
-111^  was  obtained  in  the  form 


VI. 

If  the  investigation  were  pursued  further,  a  question  would  arise  as  to  the  proper 
form  to  be  given  to  the  arguments ;  for  in  these,  nt  +  e  seems  to  stand  in  the  place 
of  V,  the  value  whereof  is 

^  =  „f  +  e  -  (f  m=  -  s|p  mO  ne'f'f, 
say  v^nt+e  +  kne'f't',  and  it  might  be  considered  that  in  the  arguments  iit  +  e  should 
be  changed  into  nt  +  e+kne'f't^,  or,  what  is  the  same  thing,  that  t  should  be  changed 
T  +  kne'f'f,  but  that  g'  should  remain  unaltered  (this  assumes  that  there  is  not 
In  the  Sun's  longitude  any  term  corresponding  to  the  acceleration).  The  arguments, 
nstead  of  being  of  the  simple  form  kt,  would  thus  be  of  the  form  kt  +  k^f'P.  But  this 
would  not  only  increase  the  difficulty  of  integration,  but  would  be  inconsistent  with  the 
general  plan  of  the  solution ;   and  it  would  seem  to  be  the  proper  course  to  imagine  the 

cosine  or  sine  of  such  an  argument  to  be  developed  (  .    ^  -1-  k^f'i^  =   .    kt^  k^'f       kt\ 

in   such   manner  as   to   bring   the   secular  part   of  the  argument  outside  the  cos  or  sin ; 
this    is,    in    fact,    the    form    which    the    solution    takes    when    the    arguments    are    left 

throughout   in   their  original  form,   for  the  terms  of  the  form  f'f  "^9^  arg.  would  present 

themselves    in    the    subsequent    approximations.     But    I    shall    not    at    present    further 
examine  the  question. 
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Annexes  containing  the  Details  of  the  Calculation. 
Annex  1. 


Calculation  of  pai't  of  SP. 


For  cos  2; 


1 


BP=       ,3(1+1  cos  2v  -  2v')  Bp 
+  -^  (    —dsm2v—  2v')  Sv. 

•  2v',  see  Annex  3. 

1 


I- 1  cos  2t 

\-3e'        „     2T-£f' 
-  3  e'        „     2t  +  g' 


^  +  f  e'     cos  g' 

I  cos  2t     +  f  e'  (^  cos  2t  -  £f'     +  ^  cos  2t  +  g') 

3  0'     „     2t  —  / 

3e'     „    2T+g' 


+  ^e    cos  3 
+  t        ,.     2t 


(+3  +  ^=)    +^e' 
i-S  +  i^)    -|e' 
which  is  the  coefficient  of  Sp. 

And 

-  3  sin  2v  -  2v'  = 

-  3  sin  2t 

-Qe'        „     2t  - 

+  60'         „     2t  ■+ 


1 
)-  3  e'     cos  3', 
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Pi'oduct  is  = 

-  3       sin  2t  -  9  e'  (I  sin  2t  -  ^'  +  J  sin  2t  +  g') 

-(ie'     „     2t-/ 
+  ee'     „     2t  +  ^' 
=  -  3        sin   2t 

(-6-1=)     -^e'     „     2r-/ 
(+6-1=)     +fe'      „     2t  +  ^'; 
or,  since  p=l,  this  is  the  coefticieEt  of  hv. 


Calculation  of  part  of  Sy. 

gQ=      -£-^(-3sin2i;~2t.')Sp 

+  4i  (-  3  cos  1v  -  2v')  h<. 
For   cos  2v  ~  2v',  sin  2v  -  2v',  see  Annex  3. 


-  3  sin  2v  —  2v'  = 


1 


-  3  sin  2t 

-  6e'         „    2r-<j'  +  3  e'     cos/. 

-  6  e'         „     2t  +  y  j 

Pioduct   is   = 

-  3  sin  2t  -9e'(|sin2T-^'  +  ^ein2T+y) 

-  fie'  „  2t-/ 

-  6e'  „  2t  +  / 

=                                        —  3  sin  2t 

(-6-^-)         -Ve'  „  2t-/ 

(+6-1=)         +  I  e'  „  2r  +  / 
or,  since  /)  =  1,  this  is  the  coefficient  of  Zp. 


■  3  cos  2v  -  tv'  = 


1 


-  6e  „     2T-ir 

-  6  e'         „     2t  +  ^' 


-3e'     cosy. 
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Product   is    = 

-  3  cos   2t  -9e'(^cos2T-g' +  ^cos2T  +  g') 

~  6e'        „     2t  -  (^ 
+  6  e"         „     2T+y 
—  —  3  cos   2t 

(-6-1=)     _     -Ve'         „     2r~g' 
(+6-1=)  +  f  e'         „     2t  +  /; 

or,  since  p"  =  1,  this  is  the  coefficient  of  Sv. 

Annex  3. 
Calculation    of     .    2v  —  2v'. 

V  —    v  =   T  ~2e'  sin  g' 
2v  -  2v'  =  2t  -    e'  sin  g' 

COS  2)j  —  2v'  —  cos  2t 

+  sin  2t  .  4e'  sin  ^ 

=  cos  2t 

+  2e  „    2t-/ 

-2e'  „    2t     g' 

sin  2'U  -  2u'  =  sin  2t 

—  cos  2t  .  4e'  sin  ^' 
=  sin  2t 

+  2e'     „     2T-y' 

-  2e'     „    2t  +  /. 

The   expressions  are   calcniate<i   {post,   Annex    16)   as   far   as   mK 

Annex  4i. 
Calculation   of  a   part   of  SP. 

SP=p\{^  +  ^  cos  2v  -  2v')  S  4^  +  (3  sin  2i;  -  2v')  ^l . 

For  cos  2v  —  2v',   sin  2v  —  2v',   see   Annex   3. 
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J  + 1  COS  2v  —  2v'  = 

i 

+  f  cos    2t 

+  Se'        „     2t-/ 
-  Se'        ..     2r  +  g' 


+  I  e'       (  cos  2t 

+  }  „    S' 

+  1     (it  cos  2t-/       +  i  <  cos  2t  +  /  ) 

+  9/(1      „     2T-2y     +  i       „     2t  ) 

-  Oe'H      „     2t  +  i       „     2t  +  2i/) 

+  I  e'       i  cos  2g' 

+  ^'-  e'  (4  t  cos  2t  -  2/     +  i  *  cos  2t  +  2y), 


2T  +  ..7' 


(      !  +  ¥=)    +Ve 

(-!  +  ¥-)  +  f  « 

sin  2ji  - 

21,' = 

3 

sin    2t 

+  6e' 

,.       2T-J,' 

-  6e' 

„     2T  +  y 

2t-2<,' 
2t  +  2j' 


2    (  sin  g' 
+  ■¥-«'    »    25' 


6       Q  t  cos  2t— /  -  ^  (  cos  2t+3'  ) 

-  12e'(l  „  2t-2(,'  -  J       „  2t  ) 

-  12  e'  H  „  2t  -  i       „  2t  +  2rt 

-  s,le'(J  „  2t-2/  -  i       „  2r  +  2(7'), 
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which  is   = 

(_  6  -  6  =)    -  12  e'  t  cos  2t 

+  3  .,    2r-g' 

-  3  „     2t  +  / 

(6  +  Sj^  =)     +  ^  e'  ^^     2t  -  %J 

<6-^^=)     -  f  e'  „     2t  +  2/, 

and  observing  that  p*=l,  the  required  terms  are 


whence,  adding  the  two 


+  f                (COS    / 

(I-12-) 

-4fe' 

,     2t 

(J+3.) 

+  ¥ 

.     2t- 

(}-3-) 

-i 

2t  + 

+  1  e" 

.     2/ 

(¥+¥=■) 

+  A,i« 

,     2t- 

(f-J-) 

0 

,     2t  + 

Calculation  of  a  part  of  SQ,  viz. 

SO  -  p'  [(-  4  sin  2»  -  2»')  S  4  +  (3  oos  2»  -  2»')  ^1 , 

si  _ 


+  3  (  cos  jr- 

+  9  e'  „     2/. 


■  f  e'      i  sin  2t 

■J       (J!  sin  2t+j'  +  ii  sin  2t-<,'  ) 

-  9  .'(i  ,.  2t  +1       „  2t-2j-) 

-  9  c'  (i  „  2t  +  2y  +1  „  2t  ) 

■  ¥e'(i  ,.  2T  +  2jr'  +  i  ,.  2t-2(,'), 
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which   is   = 


„    a-r  +  j' 


t  sin  2t 

..     2t 

-</ 

„     2t 

^/ 

„     2t- 

-V 

,,     2t  +  2</-, 

Sti'_ 

2 

( 

+  ¥«■ 

6       (i  (  sin    2t  +  2/     -  I  (  sin  2t  -  ^'  ) 

+  lac's     »   2t  -  i     „   ar-a/) 

-  12  «■  a       „     2t  +  2y     -  i       „     2t  ) 

+  iy-e-ft       „     2t  +  2/     -  i       „     2T-25'), 

LCil    is    = 

(6  +  6  =)         12  e'  (  sin  2t 

-    3  „     2T-sr' 

+    3  „     ir  +  g' 

(_  6-3(1=)     _  iJ-e'  „     2t-2(7' 

(-6  +  ilf-)     +   J  e'  „     2t  +  2(/. 
Adding  tile  two  products  togetlier,  and  observing  that  p^  =  1,  tile  required  terms  are 

-  f  +  12  =)         Ye'  i  sin  2t 

-  3  -    3  =)    -  ¥ 

-  }  +    3  -)     +  i 

-¥-¥=)   -  ¥ «' 

-  i  +   *  =)  0 


2r-/ 
2t+/ 
2T-2y' 
2t  +  2^. 


AnwiC  6. 


Calculation  of  terms  in  SP,  viz. 


+  f  «' 


2t+/ 


■|e'         „     2/; 


V  Google 


221]         ON  THE   8ECULAE  ACCELERATION   OF  THE    MOOn'S   MEAN  MOTION.  547 

the  product  of  which   is 

9      (i      sin  2T  +  y       +  ^     siu  St-^'  ) 
+  S^^ih       „     2t  +  i       „     2t-2/) 

-   I  e-a       ..     2T  +  2y     +  ^       „     2t  ) 

+  ^e'(l       „     2r+2/     +*       „     2T-2y), 


(¥-i=) 

'¥«- 

sin  2t 

+  ! 

,.     2t-j' 

+  t 

,.     2t+i;' 

(¥  +  ¥■=) 

+  lfle' 

,.     2'--2y 

(-S  +  's^-) 

+   J    e' 

„     2t+2/ 

Calculation  of  terms  in  SO,  viz. 


,.     2t-/ 
„     2t  +  s' 


tile   product   of  wliicli   is 


9       (I  cos  2t-/  +  ^  cos  St  +  i/  ) 

-l!fc'(i  „     2T-2i,'  +i  „  2t          ) 

-  f  /(i  „     2t  +  i  „  2t  +  2/) 

-  ^'Vd  „     2t-2/  +  i  „  2r  +  2rt 


{     s^-  1=)  !^e'  cos  2t 

+    S  „     2t-/ 

+   !  „     ar  +  s^ 

(    ¥  +  ¥-)    +^6"  ,,    2'--2/ 

(     }+¥■-)     +   I    «'  »     2t+2s'. 
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Calculation  oi  n  j  SQdt. 

We  have 

r  ,  I  I 

n  I  Bin  iiat  dt  =  —  i  cos  ncit  H —  sin  nat, 
J  a.  na 

I  cos  natdt=  —  am  nat, 

and  in  all  the  arguments  a  is  taken  =  2. 


n  1  hQdt  =  -  if-e'        t  cos  2t 


„     2t-2/ 
„     2t  +  2/ 


(+  ^  +  ¥  =)  +  jyi  e'  sin  2t 

(-  fi+  I   =)  +  if  „     2t-/ 

(+  -h+  i  =)  +  U  -    2t+/ 

(-  ¥  +  Ya'=)  +  f^e'  „     2t-(7' 

{      0  +  ^  =)  +  Ji^  „     2T  +  2y. 


Calculation  of  BP  +  2nj  BQ  dt ;    viz.  this  i 


I  e'     t 


(-¥-*=)   -"«■ 

2t 

(+¥+¥-) 

+  ifle' 

sin  2t 

(+¥  +  ¥-)    +* 

2t-<,' 

(+  J   +¥=) 

+  ¥ 

..     2t-/ 

(-  1  -  i  -)   -  i 

2T+J,' 

(+  8  +¥-) 

+  ¥ 

,.     ST  +  y- 

(+1  +  0=)    +  |e- 

2/ 

(      0  +  0  -) 

0 

.,     2y 

(+¥  +  V=)     +  51  e' 

„ 

2t-2/ 

(+*+¥=) 

+  ¥  e' 

„     2t-2/ 

<     0  +  0  =)          0 

2T  +  2,,' 

(+  8  +  8  =) 

t   10. 

+  }  e' 

„     2t  +  2/. 

Calculation  of  hp  from 

the 

equation 

^  +  »-iip  =  mW  (SP+1„JSQ  dt)  . 
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1     ,  ,  2a       1   . 

.  _— ;  t  cos  Mit  +  7V  _  ^-.a  -  sm  raa( ; 

and  a  term  n  sin  waf,  gives  in  Sp, 

11-        , 

,  _   ^  -  sin  jia[, 

and  a  =  2,  and  therefore  -^— ^  =  -  J,  for  all  the  ai-gs.  except  ^',  2^';  for  these,  a  =  w 
and   therefore   r^ — — r  =  1. 


+  5  mV 

+  i  m^ 

+  ^  m?e' 

- 17  mV 

0 


2T-2y 

2r+2/ 


(+3  — )  +  3    m'  sin  g' 

(-"#-¥-)  -W»v  ..  2t 

(+¥-¥=)  +  a    »'■  ,,  2T-;,' 

(-1   -¥»)  -  fi   »■  „  'ir  +  </ 

(+  18  +  0  =)  +  18  mV  „  2/ 

(+¥  +  ¥=)  +  If   '»"«'  ,.  2t-2,' 

(      0  -  f  =)  _  }    mV  „  2T  +  2y. 


Calculation  of  -i-  ;   viz.  this  is 


-2nSp  +  mHi^lsQdt 


{-  3          =) 

-    3 

rfe'i 

(-3           =) 

-    3 

t^    t 

COS  / 

(_10-J,S=) 

-* 

»V 

„     2t 

(+  7  +¥=) 

+  ¥ 

»" 

„     2t-s' 

(-  1  -  1  =) 

-¥ 

»■ 

.,     2t  +  / 

(-  9  +  0  =) 

-    9 

»V 

,,     2/ 

(+3*+V=) 

+  l|i, 

rtV 

,.     2t-2/ 

(     0  +1)     ) 

0 

„     2T+2y' 

(-6            =) 

-    6    m= 

sin   / 

(+>?+¥=) 

+  -i^mV 

„     2t 

(-S  +  tt-) 

-  Jft»-  -. 

,.     2r-5- 

(+!!+«=) 

+  4#  m" 

.,     2t  +  (/ 

(-36+0  =) 

-  36  !»■«' 

„     29- 

(-¥+»=) 

-iijira-e' 

..     2t-2s' 

(+  i  +A=) 

+   ffl   m%- 

„     tT  +  2</ 
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Annex  12. 
Calculation  of  Bv  from  the  foregoing  value  of  -j- . 
We   have 

n  I  cos nat dt  =  -t sin nixt H ■„ cos nat, 

J  a  na' 


/.„ 


a  — "2,  for  all  the  arguments,  except  only  a  =  in,  2m,  for  the  alignments  g',  2^',  respectively. 


+  ft  ">' 

„     2T-,,' 

-»»•■ 

„     2r  +  s' 

-   1  me' 

„     V 

+  i%im'e' 

„     2t-2s' 

0 

„     2T+25' 

(+  H  +  «  -)     +  W 
(-  «  -  W  =)     -  W 


6  m-  cos  ^ 

m?  e  „     2t 

m^  „     2t-/ 

?ii^  „     2t  +  g' 


(-i+l«=)     ^-     ^    +!«->'      ■■     V 


(     0  -  M  =)     -    M 


.     2r-2g' 
„     2t  +  2^'. 


The  remaining  Annexes  relate  to   the   determination   of  the   non-periodic   or  secular 
terms  of  the  order  «i^,  in  Sp  and  Bv  respectively. 


Calculation  of  term  of  {n^  + 
We  have 


Annex  13. 
2)(^     „  fdvY\  5, 


^0"^ 


(l  +  2  +  m'~3=)  m" 

(-  9  +  18  =)  +  9     mV  cos  ^' 

(+  6  -  ¥  =)  -  ¥    »'"  »     2t 

{+21-i^fJ-=)  -  i|^  mV  „     2t-/ 

(-  3  +  M  _)  +  ^l    „V  „     2t+/ 


f  )i(V        ( 


„     2T-S' 
.,     St  +  Z 
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where,  in  the  second  factor,  the  arguments  not  oecuning  in  the  first  factor  are  omitted, 
as  not  giving  rise  to  any  non-periodic  term ;  and  so  in  other  similar  cases.  Hence 
term  of  product  is 

■  "  ■■  1 


i  ■ 

9     . 

i  ■ 

~¥  ■ 

i- 

--41. 

i- 

*  . 

i 

-  (i  +  ¥  -  ^  +  HP  +  U=)  +  'i''  t'lfrfe't. 


Calculation  of  tenn  of  m-it-hP. 
m^n'^SP,  the  part  involving  Sy  ia 
m^^-  X 
-    3  sin  2t 

+    f   «■  „     ir  +  if 


-3m 

t  sin  / 

-  tf  111%' 

.,     St 

+  a ».' 

.,     2t-/ 

-«»'" 

„     2T  +  sr- 

and   term   of  the   product   is 


+  4  ■  -  ^  ■        U 

+  i  ■       i  ■-  U 


:  15, 


Calculation  of  term  of  m^n^hP. 
mhfZP,  the  term  involving  hp  is 


+  f  e        cos  5 
+  1  „     2t 


+  I  m^  (  cos  3' 

+  5  mV  „     2t 

-I'm?  „     2t  - 

+  ^m=  „     2T-f 
+  &c 


y  Google 


552  ON  THE  SECULAR  ACCELERATION   OF   THE  MOON's  MEAN   MOTION.  [221 

and    term   of  the   product   is 


+  \  ■       I 


+  *■-! 


=  f|  +  |  +  Y-Ji^-^=)-^m%V(. 


Annex  16. 

Calculation   of     .     2v  —  %}',   as   far   as   m^. 
sm 

cos  2j)  -  Iv'  =  cos  2t  +  X  =      cos  2t 

—  Xsin  2t 

-iZ^cosSr, 

sin  2v  -  2w'  =  sin  2t  +  X  =      sin  2t 

+  X  cos  2t 
iX=sin2T, 
sre 

X  =  —  (4  +  6m)  e'        sin  g 

+  J^  m*  „     2t 

+  5^'-  mV  ,,     2t— y 

—  -^  mV  „     2T  +  g', 
1   thence 

Zsin2T  =  -(4+   6  m)e'  (4cos2t-5'     -icos2T  +  3') 

+  J,^  m^  ih  -  i   „  4r        ) 

+  y-mV  (icos/  -  i   .,  4T-y) 

-  J^mV  (i  „  /  -  4   „  4t+/), 


y  m^ 

(tt-«= 

+  J#m-e- 

COS   / 

-{2+  3  m)e 

„    2T-y 

+  (2  +  3  m)  e" 

„     2T+sr' 

-V"" 

„     *'■ 

-ftmV 

„     4t-/ 

+  iimV 

„     4t  +  / 
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i2T  =  -(44-  6«0e' 

aam2T  +  i,'     -isin2T- 

-/) 

+  Y'«' 

<i    „   *r 

) 

+  V  m^  e' 

a    „   4T-i,'     -  J    „  y- 

) 

--■,lm=e' 

«    „   *r+5'     -  i   „  / 

). 

(~H-«-) 

¥".'«'       mis' 

+  <2  + 

3m)e-          „     2t-s- 

-(2  + 

3  m)e'          „     2t-j' 

+ 

*»>'             „     *T 

+ 

W''e'         „     4t-/ 

- 

«.»■«■          „     4T+y'; 

X- 

2  (4  +  6to)  e'  sin  /  .  \'-  m=  sin 

2t 

-- 

22mV(icos2T-/  -  J  cos 

2t+j') 

=  - 

11  mV      cos2T-y 

+  nmV       „    2t-/, 

Z^  COS  2t  =  -  11  mV  (i  cos  4t  -  y  +  ^  cos^') 
+  llmV(i   „  4T  +  y  +  ^   „  /) 
-(-V  +  ¥=)     0  cos/ 

—  -^'-  mV        „   ir—ff' 


J"Bin2T  =  -ll  »>V(1 

8in4T-/  +  |sin/) 

-llm%'(i 

»  iT  +  j'  +  i  „  /) 

=(-¥- 

^=)-n  m-e'    sin/ 

-*f  m-e' 

„   It-/ 

and  tlienee 

+  ¥>»•«■ 

„  4r+y'; 

cos2!;-2ii'  = 

-  V-  "' 

+   1 

cos   2t 

-Ifm'e' 

.,     »■ 

+  (2+3   ,«)«■ 

„     2t-»' 

-(2+3    ,»).' 

„     2t+j' 

+  Jjlm- 

„     It 

(+H  +  ¥- 

)         +JA^iii-e' 

„     *r-i,' 

(-ft-V— 

)          -ffmV 

„     4t  +  /; 
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and 

ain  2v  —2v'=  1  sin   2t 


(-¥  +  ¥- 

)            0  m>  e- 

»    S' 

+  (2+   3  «.)«■ 

..   a'-y 

-(2+   8   ,n)e' 

.,   2'-+/ 

+  -.,lm. 

„     4t 

(   «  +  ¥  = 

)        +ifllm-e' 

„     Ir-s' 

(-H-V- 

/4«>i«»  17. 

„     iT  +  j-. 

Calculation  of  term  in  BQ. 

The  part  of  8Q  containing  Bv  is  ^  (-  3  cos  2v  —  2v")  Bv  ;  and  it  is  necessaiy  to  tind  in 
-7^  (—  3  cos  2y  -  2v')  the  coefficient  of  coa  g'  as  far  as  m^ ;  this  is  in  fact  requii-ed,  post 
Annex  21,  for  the  calculation  of  ?JiW  (C+j  BQ  dtj  . 


p'=\- 


-  3  m^e'      cos  ^' 

-  2  m^  „     2t 


2t-/ 
2T  +  y 


1-    i   m^ 
(3+2  m?)  e'      cos  < 


(-7-^.2.3=)        -  lOm^e' 
(+1-^.2.3=)       -    2  m^e' 


—   3    cos  2ii  —  2ij'  = 

+  ^  m=  e'         cos  g' 

-(6+    9  m)e'  „     'ir-g' 

+  (6+    9  m)  e'  „     2T  +  y 

&C, 
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where,  in  the  second  column,  the  omitted  terms  have  arguments  containing  4t,  and 
consequently,  do  not,  by  combination  wifch  the  first  column,  give  rise  to  any  term  with 
the  argument  g'.     The  term  ai'g.  ^'  arises  from  the  combinations 


cos    / 

..  / 

'(oos2tcos2t-j' 

=  4 

oal7--/  +  Jc<n/) 

'(  „  27    „  2t  +  / 

=  i 

„   ir  +  s'  +  i   „  ^ 

(  .,  2t   „   2r-!,- 

=  i 

..   iT-s'  +  i   „  /) 

(  „   2t   „  2t  +  <,' 

-1 

.,  *T+/  +  i   „  /) 

SO   that   the   required   term   is 

(V-  +  3g4  +  15+3  +  6-6=)  +  -L|imVcos/, 
and  annexing  this  to  the  terms  found  Annex   2,  the  part  of  SQ  which  contains  hv  i 


* 

mV 

COB 

/ 

-    3 

„ 

2t 

-  ¥ 

d 

2t-(/' 

+  1 

<f 

2t  +  / 

Calculation  of  term  of  m^n^BP. 
The  part  of  SP  involving  8v'  and  I 


+  ^  -nH 


IP^p  r{l  +  |cos2^-2ii')S^  +  (3sin2j;-2j/)^l; 


J  +  }cos2»-2/ 

= 

P'" 

J-tt"" 

3e' 

* 

i 

-KmV 

cos/ 

+  3 

t  cos  2/ 

2t 

+  % 

„     2t 

+  9e' 

„    2!,' 

2t-</ 

+  (3  +  |«)e' 

„     2t- 

/ 

2t+5' 

-(3  +  fm)8' 

..     Sr+Z 

+  &c. 
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where,  in  the  second  factor,  the  terms  belonging  to  the  arguments  which  contain  4t 
(i.e.  the  arguments  4t,  4-T-g',  ir  +  g')  are  omitted.  In  fact,  the  terms  in  question 
would,  in  the  product  of  the  second  and  third  factors,  give  rise  to  terms  with  arguments 
containing  4t,  and  as  there  are  no  such  terms  in  the  first  factor,  there  is  no  resulting 
secular  term. 

The  product  of  the  second  and   thii-d  factors  is 
(I  -  ft  m^)  e'  ( 

+  (2  -  fg  "'0  *  <=o«  ff' 

+  I  e'  „  2t 

—  ^m^  e'  i^t  +  ^  t  cos  2g'         ) 

+  f  (^tcos2T-g'      +i       „    2t  +  /  ) 

+  (9  +  ^m)e'  at   „    2t-2/     +  ^       „    2t  ) 

-(9+  ^m)e-  (i      „    2t  +  2</'     +  i       „    2t  ) 

+  ^e'  {\t   „    2T~2g-    +  \t    „    2t  +  2/), 

and  we  may  in  this  product  omit  the  terms  with  arguments  containing  2g',  since  the 
first  fector  does  not  contain  any  such  term.     The  product  then  is 


(-?»-«?=-'*?) 

(l-Vt'' 

rf)»' 

s 

+  a-  fl ' 

rf) 

icosy 

((I +  {-{)«'  +  (¥-¥)'»«'=) 

+  I  «- 

,,     2t 

+  s 

„     2t- 

+  I 

,,     2t- 

which  is  to  be  multiplied  by  the  first  faetor,  p,  and  the  whole  by  the  factor  m 
The  term  in  the  product  is 

+  i  .  I  .  %^' 
+  i  .  I  ■  -  m= 
+  i  .  I  .  -  I  m^ 
+  ^  .  I  .  im^ 
giving  the  term  f  mhi^e't,  which  was  found  above.  Annex  9,  and  the  new  terms 

(-W-i  +  J-i-H+A=)-W»''»'e''- 
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The  term  of  the  part  containing  Bv'  is  found  to  be  =0;    iu  fact  we  have 

p=  I     3  sin  2u  -  2?;'  = 

l-im-  3 


i  mV 


COS  t 


—  m=  „     2t 

—  f  mV       „     2t  — (/' 
+  ^  mV       ,,     2T+y 


3  sin  2t 

+  (6  +  9m)e'  „     2r-g' 

-(6  +  9m)e'  „     2t4-/ 


■  V-e' 


where   in   the  second   factor   the   terms  with  arguments  containing  4t  are  for  the  before- 
mentioned  reason  omitted. 

The  product  of  the  second  and  third  factors  is 

ij  {^  t  cos  2r  -  g'       ~  ^t  cos  2r  •¥  g'  ) 

+  (l2  +  lSm)e'(^     „    2T-2g'     -  ^      „   2t  ) 

-  (12  +  18  m)  e' (i     „   2t  -|     „    2t  +  2<7') 

+  ^       e'(i     „   2t-2</'     ~  i     „   2t  +  23') 

which,   omitting   the   terms   with   arguments   containing   2g',   is 

-  (fi  +  9m  +  6  +  9to)  =  ~  (12  +  18m)  e'    t  cos  2t 

+    3  „     2r-g' 

~    3  „     2r+g' 

which  is  to  be  multiplied  by  the  first  factor,  p,  and  the  whole  by  Hi^/i=.     The  term  is 
m^n^e't.         i  .  -  12.  -  1 


+  4- 


3  .- 


i 


Hence  the  entii'e  tenn  in  question  is  the  before-mentioned  value 


Calculation   of  term   in   mV-^lc+fsQdt). 
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We   have 

2  dv 
p  dt" 

mvlc+jiqdtj  = 

2+     1    vf 

-m^mV     t 

-     9     m^e'        cos  g' 

0              (  COS  (?' 

+   ^    m^            „     2t 

-    J^   m^           „     2t 

+  1^  mV          „     2T-g' 

+    ^   m'           „     2t-/ 

-   i^    mV          „     2t  +  / 

-     1    m'           „     2t-/ 

See  post  Annex  20. 

For  the  term  -  ^^^  mV  i  see  post  Annex  21 

The  term  in  the  product  therefor* 

is 

mM^e  t . 

2   .-iftA 

+ 

i- 

¥■  ■  -  ¥ 

+ 

i- 

if.-    2,1 

+ 

i-- 

¥■         J 

=(2 ,  -  ^^  -^ + H^+ u)'>r>-'^'^^^'  * 


We   have 
dv 


3   mV 

COB  y' 

J^«¥ 

..     2t 

Ij-mV 

„     2t- 

ij-  mV 

,.     2t  + 

+  2  m^ 
+  7  mV 
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SO  that  the  product  is 


2+  J    «■ 

(-  6  -  3  -)     -  9   mV 

cos  / 

(+¥  +  !=)     +-^  m' 

„     2t 

(+^  +  7=)     +J^mV 

„     2t-/ 

(-V      1=)     -¥»•"' 

„     2T  +  Sf'. 

^jinea^  21. 
Calculation  of  a  term  in  m=«^  [0  +  i  BQ dt) . 
The  part  ^  (-  ^  ain  2ii  -  2v')  Bp  of  SQ  gives 
4  (-  3  sin  2;!  ~  2v'}  = 


3 

!»• 

sin  / 

-  3           sill  2t 

--»# 

mV 

„     2t 

¥«■        „    2t    g 

+    il 

rf 

„     2t- 

+  I  e'        ,.     2t+/ 

-  n 

m^ 

„     2i  + 

and   we   have   thence   in   m%=S(2   tile   term 

m'ni/          i.-a.-iff. 

+  *■-¥■    a 

,     .                                       +  i-     i  ■-  H; 

that  is 

(^-«f- Si  =)  +  ■»•»*»<!'. 

The  part  4^  (3  cos  2y  -  2);')  &i  of  SQ  gives 

£!.(_3cos2„-2»')  = 

S!i  = 

m-' 

ip  mV         cos   <j' 

-    3 

cos   p' 

-    3                    „     2t 

-  ¥ 

mV 

,     2t 

-   ^1       »'          ,.     2t-/ 

+  W 

111- 

„     2t- 

+    *       «■          „     2T  +  y 

-W 

OT= 

„     2t  + 

See  ante,  Aunox  17. 
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and   we    have   thence   in   m^n^  BQ   the  term 

m^n  e'  ^  .       iiJ- .  ~    3 

+  J  .  -     3    .  -  J^ 

+  *■-¥■      ^"^ 

+  *  .         f    -  -  ^^ 
that  is 

(_  5^a  +  37  - 150.  _ ^  =)  _  1148  ^^  e- . 

and,  combining   this   with   the   other   term  just   obtained,   the   two   together  are 

and  this  term  in  m^i^SQ  gives  in  mw(G+i  BQdtj  the  term 

-  i|f5  iifhi  e"  (. 


Aimei:  22. 

Calculation  of  term  in  --  ^  So 
p  at   '^ 

We   have 

P 

am'-l|iim')e'     f 

-2l    J    m. 

+    9    mV         cos/ 

+     t    m^         ( 

cos  (/' 

-  ■¥  ""            .,     St 

+    5    m^e' 

„     2t 

-■^'"'e'          ,.     aT-y- 

-    i    mV 

„     2r-/ 

+  ^  mV          „     2t  +  / 

+     i    »• 

.,     2'-  + J- 

giving,   besides   the   term   fm^jie'(   already 

alien 

account   of,   the   term 

tn'ne't.         +-ifj».- 

1    . 

i 

+ 

i    . 

9   . 

} 

+ 

i    ■- 

¥  ■ 

5 

+ 

i    ■- 

iM. 

-i 

+ 

i    ■ 

¥■ 

i 

-(nF-J  +  ¥-¥  +  '#-«)-(-^  +  »P=)»Si  •»*»=«■(. 
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Calculation  of  tcmi  in  ^^  (c+  JBQdtj . 


We  have 

1_ 
P' 

1  +im' 

'-  -41^  m^e' 

'^ 

-  3  mV 

cos  g' 

+  2  m' 

,,     2t 

-  V-    ^^'e- 

C08  2t 

+  7  m¥ 

„     2r-s,' 

+    ^   mV 

„     2t-/ 

-  1  mV 

..     ^-r  +  S 

-     1    mV 

.     2t  +  / 

giving  the   term 

mW( 

-4F 

+  i.     2 

+  i.     7 

■       ¥ 

■  -  s 

and  this   completes   the   series   of  calculations. 
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222. 

ON   LAMBERT'S   THEOREM   FOR   ELLIPTIC   MOTION. 


[From   the    Monthly   Notices   of    the   Royal   Astronomical   Society,   vol.   xxii.   (1862),   pp. 
238—242.] 

The  theorem  refeii'ed  to  is  that  which  gives  the  time  of  description  of  an  elliptic 
ai'c  in  terms  of  the  radius  vectors  and  the  chord.  The  demonstration  given  by  the 
author  in  his  "Insigniores  Orbitse  Cometarum  Proprietates,"  Augs.  1761,  depends  upon 
a  series  of  geometrical  propositions  of  great  elegance,  which  may  be  thus  stated. 


Let  FQ  be  a  line  given  in  magnitude  and  position,  E  a  given  point  on  this  line, 
§/■  a  line  given  in  magnitude  only,  the  position  thereof  being  determined  by  assigning 
a  value  to  its  variable  inclination  to  the  line  FQ.  With  F,  f,  as  foci  describe  an 
ellipse  passing  through  the  point  Q  (the  axis  major,  ^FQ  +  Qf,  is  of  course  a  constant 
magnitude).  Take  0,  the  centre  of  the  ellipse,  and  join  GQ;  through  E  draw  a  chord, 
MEN,  conjugate  to  the  diameter  CQ  and  meeting  it  in  G.  Then  treating  the 
inclination  as  variable. 
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1^.  The  locus  of  (?  is  a  circle  passing  through  E,  and  having  its  centre  on  the 
line  FQ. 

¥.  The  semiehord  OM  or  GN,  and  the  sum  F3f+FN'  of  the  radius  vectors  are 
respectively  constant. 

3°.  The  elliptic  area  NFM,  divided  by  the  square  root  of  the  latus  rectum,  is 
a  constant. 

It  may  also  be  mentioned,  that  taking  20  to  represent  the  external  inclination 
(supplement  of  the  angle  FQf),  and  if,  moreover,  a  is  the  semiaxis  major,  e  the 
eccentricity,  and  u,  u'  the  eccentric  anomalies  of  the  points  M,  N,  then  the  square 
root  of  the  latus  rectum,  or  say  Vl  —  e^  at  sin  9,  and  moreover  EM,  EN,  FM,  FN, 
ccosM,  ecosw',  esinw,  esinw',  consists  each  of  them  of  a  constant  part,  plus  a  part 
which  «  eos5;  these  expressions  give  as  above  GM —GN=^ {EM  +  EN)  — cowsiiaat, 
FM -\- FN  =  c<yaEtM\\, ;  and  they  give  moreover  e cos m  +  e cos m' =  constant ;  esinw  — esinw' 
=  constant;  «  —  ?('  =  const.     The  expression  for  the  area  is 

^0?  vl  —  e^  [u  —  u'~(e  sin w  —  e sin  «')), 

and  consequently  the  area  divided  by  Vl  -  e^  is  a  constant;  that  is,  the  area  is,  as 
stated  above,  proportional  to  the  square  root  of  the  latus  rectum. 

Hence,  assuming  the  dynamical  theorem  that  for  a  given  central  force  at  F, 
varying  inversely  as  the  square  of  the  distance,  the  time  of  describing  the  elliptic  ai-c 
is  proportional  to  the  area  divided  by  the  square  root  of  the  latus  rectum,  the  time 
of  describing  the  elliptic  arc  is  constant.  But  in  the  extreme  case,  where  the  point 
/  lies  in  the  line  FQ  produced  in  the  direction  from  F  to  Q,  the  ellipse  reduces 
itself  to  a  finite  right  line,  length  FQ  4-  Qf,  which  is  considered  to  be  described  by  a 
body  falling  from  the  extremity  with  an  initial  velocity  zero ;  and  the  arc  MN  is  a 
portion  thereof  given  in  magnitude,  and  having  for  its  centre  the  point  H  (whei-e 
EH  is  the  diameter  of  the  before-mentioned  circle,  the  locus  of  G).  Hence  the  time 
of  describing  the  elliptic  arc  is  equal  to  the  time  of  describing,  under  the  action  of 
the  same  central  force,  a  given  right  line,  and  as  such  it  is  at  once  obtainable  in 
the    form 

(0  -  ^'  -  (sin  0  -  sin  0')} 

where  <p,  ^'  are  functions  of  the  major  axis  FQ  +  Qf,  and  of  FM,  FN,  oi',  what  is 
the  same  thing,  of  FQ+Qf,  and  of  the  choixi  MN  and  sum  of  the  radius  vectors 
FM,  FN.  The  preceding  is  the  geometrical  mode  of  getting  out  the  result,  without 
the  assistance  of  any  expression  for  the  elliptic  area,  and  latus  rectum,  and  assuming 
only  that  we  know  the  formula  for  rectilineal  motion ;  but,  if  the  expressions  for  the 
elliptic  area  and  latus  rectum  are  obtained,  then  the  expression  for  the  time  is  known, 
and  the  problem  is  solved,  without  the  necessity  of  passing  from  the  ellipse  to  the 
right   line. 
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221.     It   is   well   known   that   Plana,   developing  the    explanation  given    by   Laplace 
for  the   secular   variation   of   the    moon's    mean    motion,   obtained   in   the    expression    of 

the   true   longitude   the  terras  -(|m^-.^]^m*)  j"(e'=-£'^)jid(,  and  that   Prof.  Adams  in 

his  memoir  "On  the  Secular  Variation  of  the  Moon's  Mean  Motion,"  Phil.  Trans,  t.  143 

(1853),  pp.  397—406,  corrected   this   into  -(fm^-^^jK")  ( (^' -  E''')  ndt     The    validity 

of   the   correction   was  a  good   deal    discussed,   and   it   was    interesting   to   establish   the 
result   by   an   entirely   independent  method. 
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